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in logic and philosophy were tested by Mr. Venn with this 
problem, which, though simple in reality, was solved by 
very few of those who were ignorant of Boole’s Logic. 
Other evidence could be adduced by Mr. Venn of the need 
for gome better moans of logical training. To enable the 

student to test his skill in the solution of induetive 
logieal problems, I have given (p. 127) a series of ten 
problems graduated in difficulty. 

To prevent misapprehension, it should be mentioned 
that, throughout this edition, I have aubstituted the name 
Logical Alphabet for Logical Abecedarium, the name applied 
in the first edition to the exhaustive series of logical 
combinations, represented in terms of A, B,C, D (p. 94). 
Tt was objected by some readers that Abecedarium is a 
Jong and unfamiliar name. 

To the chapter on Units and Standards of Measure~ 
ment, T have added two sections, one (p. 325) containing 
a brief statement of the Theory of Dimensions, and the 
other (p. 319) discussing Professor Clerk Maxwell's very 
original suggestion of a Natural System of Standards for 
the measurement of space and time, depending upon the 
dimensions and rapidity of wayes of light. 

Jn my description of the Logical Machine in the 

jcat Transactions (vol. 160, Pp. 498), I said 
“It is rarely indeed that any invention is made without 
some anticipation being sooner or later discovered ; but up 
to the present time I am totally unaware of even a single 
previous attempt to devise or construct a machine which 
should perform the operations of logical inference; and it 
is only, I belicve, in the satirical writings of Swift that an 
allusion to an actual reasoning machine is to be found.” 
Before the paper was printed, however, I was able to refer 
(p. 518) to the ingenious designs of the late Mr. Alfred 
Smee os attempts to represent thought mechanically. 
Mr. Smee’s machines indeed were never constructed, and, 
if constructed, would not have performed actual logical 
inference. Tt hus now just come to light, however, that 


en 
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inferences founded on what Hamilton called “ Ultra- total 
distribution." Another curious point about Stanhope’s 
@evice is, that one slide can be drawn out and pushed in 
again at right angles to the other, and the overlapping 
part of the slides then represents the probability of * 
conclusion, derived from two premises of which the pro- 
abilities are respectively represented by the projecting 
parts of the slides, Thus it appears that Stanhope had 
studied the logic of probability as well as that of certainty, 
here again anticipating, however obscurely, the recent 
progrees of logical acience, It will be seen, however, that 
between Stanhope’s Demonstrator and my Logical Machine 
there is no resemblance heyond the fact that they both 
perform logical inference. 

In the first edition I inserted a section (vol. i, p. 25), on 
“Anticipations of the Principle of Substitution,” and T 
have reprinted that section unchanged in this edition 
(p. 20). Tremark therein that, “Tn such a subject as logic 
it is hardly possible to put forth any opinions which have 
not been in some degree previously entertained. The 
germ at least of every doctrine will be found in earlier 
writings, and novelty must arise chiefly in the mode of 
harmonising and developing ideas” T point out, as 
Professor T. M. Lindsay hind previously done, that Beneke 
had employed the name and principle of substitution, and 
‘that doctrines closcly approximating to substitution were 
stated by the Port Royal Logicians more than 200 years 


ago. 

T have not been at all surprised to learn, however, that 
other logicians have more or less distinctly stated thia 
Principle of substitution during the Inst two centuries. 
As my friend and successor at Owens College, Professor 
Adamson, has discovered, this principle ean be traced back 
to no less a philosopher than Leibnitz. 

‘The remarkable tract of Leibnitz, entitled “Non inelegans 


u vets ae tare Opera Philosophica qua extant, Erdinaan, Pary_I. 


xii PREFACE T0 THE SECOND EDITION. 


hypothesi) fet 4 < € Q E, Dem.” Thus Leibnitz 
preciscly anticipates the mode of treating inference with 
‘two simple identities described at p. 51 of this work, 

Even the mathematical axiom that ‘equals added to 
equals make equals,’ is deduced from the principle of 
substitution. At p. os of Erdmann’s edition, we find: “Si 
eidem addantur coincidentia fiunt coincidentia, Sid & B, 
erit A + C a B+ C. Nam siin propositions A + 6 « A 
+ C (quie est vera per s¢) pro A seme! substituas B (quod 
facere licet per Def. L quin A x B) fet A+ Ca B4O 
QE Dem.” This is unquestionably the mode of deducing 
the several axioms of mathematical reasoning from the 
higher axiom of substitution, which is explained in the 
section on mathematical inference (p, 162) in this work, 
and which had been previously stated in my Substitution 
of Similars, p. 16. 

‘There are one or two other brief tracts in which Leibnita 
anticipates the modern views of logic. Thus in the 
eighteenth tract in Erdmann’s edition (p. 92), called 
“Fundamenta Caleuli Ratiocinatoris, ho says: “Inter ea 
quorum unum alteri substitui potest, salvis calculi legibus, 
dicetur esse equipollentiam.” There is evidence, also, that 
he had arrived at the quantification of the predicate, and 
that he fully understood the reduction of the universal 
affirmative proposition to the form of an equation, which 
is the key to an improved view of logic. ‘Thus, in the 
tract entitled “ Difficultates Quadam Logicw,"* he says: 
“Omne A est B; id est equivalent AB et A, seu A non 
2 est non-ene” 

8 curious to find, too, that Leibnitz was fully ac- 
quainted with the Laws of Commutativeness and “Simpli- 
city” (as Thave called the second law) attaching to logical 
symbols, In the “Addenda ad Specimen Caleuli Univer- 
salis” we read as follows.* “Tranapositio literarum in 
eodem termino nibil mutat, ut ab coincidet cum ba, seu 
animal rationale ot rationale animal.” 

1 Erdmann, p. 102. 2p B® 
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surprising. But the fact is that the copy of Leibnits’ 
works of which I made occasional use, was one of the 
edition of Dutens, contained in Owens’ College Library. 
‘The logical tracts in question were not printed im that 
edition, and with one exception, they remained in manu- 
script in the Royal Library at Hanover, until edited by 
Erdmann, in 1839-40. The tract “ Difficultates Quedam 
‘Logiem,” though not known to Dutens, was published by 
Raspe in 1765, in his collection called Guvres Philosophi- 
ques de few Mr Leibnite; but this work had not come to 
my notice, nor docs the tract in question seem to con- 
tain any explicit statement of the principle of substi- 
‘tution. 

It is, I presume, the comparatively recent publication of 
‘Leibnitz’ most remarkable logical tracts which explains 
the apparent ignorance of logicians as regards their con- 
tents and importance. Tho most learned logicians, such 
as Hamilton and Ueberweg, ignore Leibnitz' principle of 
substitution, In the Appendix to the fourth volume of 
Hamilton's Leetwres on Metaphysics and Logic, is given 
an elaborate compendium of the views of logical writers 
concerning the ultimate basis of deductive reasoning: 
Leibnitz is briefly noticed on p. 319, but without any 
hint of substitution. He is here quoted as saying, “ What 
‘are the same with the same third, are the same with each 
other; that is, if A be the same with B, and @ be the 
some with B, it is necessary that A and 0 should also 
be the same with one another, For this principle flowa 
immediately from the principle of contradiction, and is 
the ground and basis of all logic; if that fail, there is no 
longer any way of reasoning with certainty.” This view 
‘af the matter seems to be inconsistent with that which he 
adopted in his posthumous tract. 

Dr. Thomson, indeed, was acquainted with Loibnits’ 
‘tracts, and refers to them in his Outline of the Necessary 
Tews of Thought. He calla them valuable; nevertheless, 
he seems to have missed tho really valuable point; for, in 
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and Co-ordination. Reusch is elsewhere spoken of as the 
“colebrated Reusch ;* nevertheless, I have not been able to 
find a copy of his book in London, even in the British 
Museum Library; it is not mentioned in the printed 
eatalogne of the Bodleian Library; Messra. Asher haye 
failed to obtain it for me by advertisement in Germany ; 
and Professor Adamson has been equally unsuccessful 
From the way in which the principle of substitution is 
mentioned by Reusch, it would seem likely that other 
Togicians of the early part of the eighteenth century woro 
acquainted with it; Int, if so, it is still more curious that 
recent historians of logical science have overlooked the 
doctrine. 

Tt is a strange and discouraging fact, that true views of 
logic should have been discovered and discussed from one 
to two centuries ago, and yet should have remained, like 
George Bentham's work in this century, without influ- 
ence on the subsequent progress of the science, Tt may 
be regarded as certain that none of the discoverers of 
tho quantification of the predicate, Bentham, Hamilton, 
Thomson, De Morgan, and Boolo, were in any way assiated 
by the hints of the principle contained in previous writers. 
As to my own views of logic, they were originally moulded 
hy a careful study of Boole’s works, as fully stated in my 
first logical essay? As to the process of substitution, it 
‘was not learnt from any work on logic, but is simply the 
process of substitution perfectly familiar to mathematicians, 
and with which I necessarily became familiar in the course 
of my long-continued study of mathematics under the late 
Professor De Morgan. 

T find that the Theory of Number, which I explained in 
the eighth chapter of this work, is also partially anticipated 





1 Hamilton's fees 319. 


Bes I 326 

2 
Henarls on Bonits Syston ad Om te Raeton ee Loge and ithe 
snatice, London 1804, p. 5 
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logic; but it is well known that the results of Lully’s 
method were usually of a fanciful, if not absurd character. 
A much cloger analogue of the Logical Alphabet is 
probably to be found in the Logical Square, invented by 
John Christian Lange, and described in a rare and un- 
noticed work by him which I have recently found in the 
British Museum.' This square involved the principle of 
bifureate classification, and was an improved form of the 
Ramean and Porphyrian tree (see below, p. 702), Lange 
seams, indeed, to have worked out his Logical Square 
into a mechanical form, and he suggests that it might be 
employed somewhat in the manner of Napier's Bones 
(p. 65). There ie much analogy between his Square and 
my Abacus, but Lange had not arrived at a logical system 
enabling him to use his invention for logical inference in 
the manner of the Logical Abacus, Another work of 
Lange is said to contain the first publication of the well 
known Eulerian diagrams of proposition and syllogism,* 
Since the first edition was published, an important 
work by Mr. George Lewes has appeared, namely, his 
Problems of Life and Mind, which to a great extent treats 
of scientific method, and formulates the rules of philo- 
sophising. I should have liked to discusa the bearing 
of Mr. Lewes’ views upon those here propounded, but 
I have felt it to ba impossible, in a book already filling 
nearly 800 pages, to enter upon the discussion of a 
yet more extensive book. For the same reason I have 
not been able to compare my own treatment of the subject 
of probability with the views expressed by Mr. Venn in 
his Zogie of Chance. With Mr. J. J. Murphy's profound 
and remarkable works on Habit and Intelligence, and on 
The Scientific Basis of Faith, I was unfortunately unac- 
quainted when I wrote the following pages. They can- 
not safely be overlooked by any one who wishes to 





Taventos Novum Quadrati Logici, &e., Gissm Hassnrum, 1714, 
¥ See Veberseng'e Sytem of Logic, dv,, translated by Lindsay, p. 302, 
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paychological and philosophical analysis. “If the book 
really corresponded to its title, Mr. Jevons could hardly 
have passed so lightly over the question, which he does 
not omit to raise, concerning those undoubted principles 
of knowledge commonly called the Laws of Thought... . 
Everywhere, indeed, he appears least at ease when he 
touches on questions properly philosophical; nor is he 
satistactory in his psychological references, as on pp, 4, 5, 
where he cannot commit himself to a statement without 
an accompaniment of * probably, ‘ almost, or ‘ hardly,” 
Reservations are often very much in place, but there are 
fundamental questions on which it is proper to make up 
one’s mind.” 

‘These remarks appear to me to be well founded, and T 
must state why it is that [have ventured to publish an 
extensive work on logic, without properly making up my 
mind as to the fundamental nature of the reasoning 
process, Tho fault after all is one of omission mther than 
of commission. It is open to me on a future occasion to 
supply the deficiency if I should over feel nble to under- 
take the task, But I do not conceive it to be an essential 
part of any treatise to enter into an ultimate analysis of 
ite subject matter. Analyses must always end somewhere 
‘There were good treatises on light which described the 
laws of the phenomenon correctly before it was known 
whether light consisted of undulations or of projected 
particles. Now we have treaties on the Undulatory 
Theory which are very voluable and satisfactory, although 
they leave us in almost complete doubt as to what the 
vibrating medium really is So I think that, in the 
present day, we need a correct and scientific exhibition 
of the formal Jaws of thonght, and of the forms of 
reasoning based on them, although we may not be able 
to enter into any complete analysis of the nature of those 
Jaws, What would the science of geometry be like now 
if the Greek geometers had decided that it was improper 
to publish any propositions before they hnd decided o 
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Scientific Method, and not a book on psychology and 


Tt may be objected, indeed, as the Spectator objects, 
that Mill's System of Logic is particularly strong in the 
discussion of the psychological foundations of reasoning,” 
so that Mill would appear to have successfully treated 
that which I foel myself to be incapable of attempting at 
present. If Mill's analysis of knowledge is correct, then 
T have nothing to say in excuse for my own deficiencies. 
But it is well to do one thing at a time, and therefore 
I have not occupied any considerable part of this book 
with controversy and refutation. What I have to eay of 
‘Mill's logic will be said in a separate work, in which his 
analysis of knowledge will be somewhat minutely ana- 
lysed. It will then be shown, I believe, that Mill's 

ical and philosophical treatment of logic has not 
yielded such sutisfactory results as some writers seem to 
deliove, 

Various minor but still important criticisms were made 
by Professor Robertson, a few of which have been noticed 
in the text (pp. 27, 101). In other cases his objections 
hardly admit of any other answer than such as consists 
$n asking the reader to judge betweon the work and the 
criticism. Thus Mr. Robertson asserts! that the most 
complex logical problems solved in this book (up to p, 102 
of this edition) might be more easily and shortly dealt 
with upon the principles and with the recognised methods 
‘of the traditional logic. The burden of proof here lies 
upon Mr, Robertson, and his only proof consists in a 
‘single case, where he is able, as it seems to me accidentally, 
to get a special conclusion by the old form of dilemma 
It would be a long labour to test the old logic upon every 
romult obtained by my notation, and I must leave such 
readers as are well acquainted with tho syllogistic logic to 
Pronounce upon the comparative simplicity and power of 
the new and old systems, For other acute objections 


* Mind, vol. i. p. 222, 
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formule only give a limit to the heat-history of, say, the 
éarth’'s crast in the solid state. We are Jed back to the 
time whon it became solidified from the fluid condition, 
‘There is discontinuity in the history of the solid mattor, 
Tut still discontinuity which is within our comprehension. 
Still further back we should come to discontinuity again, 
when the liquid was formed by the condensation of heated 
gaseous matter. Beyond that event, however, there is 
no need to suppose further discontinuity of law, for the 
gaseous matter might consist of molecules which had been 
falling together from different parts of space through infinite 
post time, As Professor Clifford says (p. 481) of the 
bodies of the universe, “What they have actually done 
is to full together and get solid. If we should reverse 
the process we should see them separating and getting 
cool, and as a limit to that, we should find that all these 
bodies would be resolved into molecules, and all these 
would be flying away from each other, Thero would be 
‘no limit to that process, and we could trace it as far back 
as ever we liked to trace it.” 

Assuming that I have erred, T should like to point out, 
that I have erred in the best company, or more strictly, 
being a speculator, I have been led into error by the best 
physical writers. Professor Tait, in his Sketch of Ther 
modynamics, speaking of the laws discovered by Fourier 
for the motion of heat ina solid, says, “ Their mathematical 
expressions point also to the fact that a uniform distribu 
tion of heat, or a distribution tending to became uniform, 
must have arison from eome primitive distribution of heat 
of a kind not capable of being produced by known laws 
from any previous distribution.” In the latter words it 
will be seen that thers is no limitation to the laws of 

d I had carefully referred to 
] it is not unnatural 
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to countenance the same view, for he says? “ This is only 
‘one of the cases in which a considerntion of the dissi- 

of energy leads to the determination of a superior 
limit to the antiquity of the observed order of things." 
The expression “observed order of things” is open to 
much ambiguity, but in the absence of qualitication 1 
should take it to include the aggregate of the laws of 
nature known tous, Ishould interpret Professor Maxwell 
ax moaning that the theory of heat indicates the occurrence 
‘of some event of which our science cannot give any 
farther explanation, The physical writers thus seem not 
to be so clear about the matter as Profossor Clifford 
assumes. 

So far as T may venture to form an independent 
opinion on the subject, it is to the effect that Professor 
Clifford is right, and that the known laws of nature do 
not enable us to assign a “beginning,” Science leads us 
backwards into infinite past duration, But that Professor 
Clifford is right on this point, is no reason why we should 
suppose him to be right in his other opinions, some of 
which I am sure are wrong, Nor is it a reason why other 
parts of my last chapter should be wrong. The question 
only affects the single paragmph on pp, 744-5 of this 
book, which might, IT believe, be struck out without 
necessitating any alteration in the rest of the text, It 
is always to be remembered that the failure of an arga- 
ment in favour of a proposition docs not, generally 
speaking, add much, if any, probability to the contra 
dietory proposition, I cannot conclude without expressing 
my acknowledgments to Professor Clifford for his kind 
expressions regarding my work as a whole, 

4 Theory of Heat, 1871, p. 245. 


2, Tue Cunerxurs, 
Wor Hears, 
Hawrsread, N.W. 
August ‘5 1877. 
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made the practico-ground of the reasoning powers, because 
they furnish us with a great body of precise and successful 
investigationa, In these scionces we moot with happy 
instances of unquestionable deductive reasoning, of ux- 
tensive genenilisition, of happy prediction, of satisfactory 
verification, of nice calculation of probabilities, We can 
note how the slightest anological clue has been followed 
up to a glorious discovery, how rash generalisation has 
at length heen exposed, or a conclusive experimentum 
erucis has decided the long-continued strife between two 
rival theories. 

Tn following ont my design of detecting the general 
methods of inductive investigation, I have found that the 
more elaborate and interesting processes of quantitative 
induction have their necessary foundation in the simpler 
science of Formal Logic. ‘The earlier, and probably by 
far the least attractive part of this work, consists, there- 
fore, in a statement of the ao-called Fundamental Laws 
of Thought, and of the all-important Principle of Substi- 
tution, of which, a3 I think, all reasoning is a develop- 
ment, The whole procedure of inductive inquiry, in its 
most complex cases, is foreshadowed in the combinational 
viow of Logic, which arises directly from these fundamental 
frinciples. Incidentally I have described the mechanical 
arrangements by which the use of the important form 
called the Logical Alphabet, and the whole working of 
the combinational system of Formal Logic, may be ron- 
dered evident to the eye, and casy to the mind and 
hand, 

The study both of Formal Logic and of the Theory of 
Probabilities has led me to adopt the opinion that there 
is no such thing as a distinct method of induction as 
contrasted with deduction, but that induction is simply 
an inverse employment of deduction. Within the last 
century a reaction has been setting in against the purely 
empirical procedure of Francis Bacon, and physicists have 
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accurate observation, for successful experiment, and for 
the sure detection of the quantitative laws of naturo. 
As it is impossible to comprehend aright the value of 
quantitative laws without constantly bearing in mind the 
degree of quantitative approximation to the truth probably 
attained, I have devoted a special chapter to the Theory 
of Approximation, and however imperfectly I may have 
treated this subject, T must look upon it as a very essential 
part of a work on Scientific Method. 

It then remains to illustrate the sound use of hypo- 
thesis, to distingnizh between the portions of knowledgo 
which we owe to empirical observation, to accidental dis- 
covery, or to scientific prediction. Interesting questions 
arise concerning the accordance of quantitative theories 
and experiments, and I point out how the successive 
verification of an hypothesis by distinct methods of ex- 
periment yields conclusions approximating to but never 
attaining certainty. Additional iustrations of the general 
procedure of inductive investigations are given in a 
chapter on the Character of the Experimentalist, in which 
T endeavour to ¢how, moreover, that the inverse use of 
deduction was really the logical method of such great 
masters of experimental inquiry as Newton, Huyghens, 
and Farday, 

Tn treating Generalisation and Analogy, I consider the 
precautions requisite in inferring from one case to another, 
or from one purt of the universe to another part; the 
validity of all such inferences resting ultimately upon 
the inverse method of probabilities. The treatment of 
Exceptional Phenomena appeared to afford an interesting 
subject for a further chapter illustrating the various modes 
in which an outstanding fact may eventually be explained. 
The formal part of the book closes with the subject of 
Classification, which is, however, very inadequately treated, 
T have, in fact, almost restricted myself to showing that 
GU clossification is fundamentally carried out upon the 
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questionable phenomena of the human mind and feel- 
ings. 

Tt is approximately certain that in freely employing 
illustrations drawn from many different sciences, I have 
frequently fallen into errors of detail. In this respect I 
must throw myself upon the indulgence of the reader, 
who will bear in mind, as I hope, that the scientific facts 
are generally mentioned purely for the purpose of illus- 
tration, so that inaccuracies of detail will not in the 
majority of cases affect the truth of the general principles 
illustrated. 


December 15th, 1873. 
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the old, recognises essential identity, even when disguised 
by diverse circumstances, and expects to find again what 
was before experienced. It must be the ground of all 
reasoning and inference that what ts true of one thing will 
be true of its equivalent, and that under carefully asvertained 
conditions Nature herself. 

Were this indeed a Chaotic Universe, the powers of mind 
employed in science would be useless to us. Did Chance 
wholly take the pias of order, and did all men 
come out of an ite Lottery, to use Com 4 ox= 

jion, there could be no reason to expect the like reault 
in like ciroumstances. It is possible to conceive a world 
in which no two things should be associated more often, in 
the long run, than any other two things. The frequent 
conjunction of any two events would then be purely 
fortuitous, and if we expeoted conjunctions to recur con- 
tinually, we should be See Tn such a world we 
might recognise the same kind of phenomenon as it ap- 
from time to time, just as we might recognise a 
marked ball as it waa occasionally drawn and re-drawn 
from a ballot-box; but the apy of any phenomenon 
would be in no way indicated by what had gone before, 
nor would it bo a sign of what was to comenfter, In such 
a world knowledge would be no more than the memory of 
coincidences, and the reasoning powers, if they existed 
at all, would give no clue to the nature of the present, and 
no of the future, 
ily the Universe in which we dwell is not the 
result of chance, and where chauce seems to work it is 
our own deficient faculties which prevent ua from reeog- 
nising the operation of Law and of Design. Tn the material 
framework of this world, substances and forces present 
themselves in definite and stable combinations. ed 
- id. 








are not in perpetual flux, as ancient philosophers 

Element remains element; iron changes not into 

With suitable precautions we can caloulate upon finding 
the same thing again endowed with the same properties, 
The constituents of the globe, indeed, appear in almost 
endless combinations; but each combination bears its fixed 
character, and when resolyed is found to be the compound 
of definite substances, Misapprehensions must: palpi 
oveur, owing to the limited extent of our experience. e 
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The Powers of Mind concerned in the Creation of Scrvence. 


Tis i partof the veciee of this work to investigate the 
nature of mind, ‘ople not uncommonly suppose that 
logic is a branch 7 aRuaiee because reasoning is a 
mental operation. On the same ground, however, we 

might angue that all the sciences are branches of psy~ 
cio As will be further srpleiaetp T adopt the opinion 

Mr. Herbert Spencer, that logic is really an objecti 
Oey like mathematics or mechanics. Only in an ine 
ey manner, then, need I point out that the mental 
OWES CIN] in the acquisition of knowledge are 2 
uly th three in number. They are substantially aa Pro 
Bain has stated them! :— 
1. The Power of Discrimination. 
2, The Power of Detecting Identity. 
3. The Power of Retention. 
We exert the firsts power in every act of perception. 
can we have a sensation or focling unless we dia- 
criminate it from something else which preceded. Con- 
sciousness would almost seem to apanist in the break 
between one state of mind and the next, just as an induced 
current of electricity arises from the beginning or the 
ending of the primary current, We are always engaged in 
discrimination ; and the rudiment of thought which exists 
in the lower animals probably consists in their power of 
feeling difference and being agitated ere 

Yet had we the power of discrimination only, Science 
could not be created. To know that one feeling differs 

another gives purely negative information. Tk cannot 
teach us what will happen. In such a state of intellect 
each sensation would stand out distinct from every other; 
there would be no tie, no bridge of affinity betwoen them, 
We want a unifying power by which the present and the 
future may be linked to the past; and this seems to be 
accomplished by a different power of mind. Lord Baoon 
hus pointed out that dilferent men possess in very different 
degrees the powers of discrimination and identification. It 
may be said indeed that discrimination neceasarily implics 
the action of the opposite process of identification and 30 

1 ‘the Sena anc the Intellect, Second Bay pp. 5, 3255 de. 
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an attribute cannot be 
truly deseribed this 








seek All traths cannot be proved, 
would be an endless chain of 

and it is in self. iRevient cut He this Ut we find the 

it t foundations, 


—presence or absence, affirmation or i i 


| 


natives. 
Hence I to this law the Law of for 
eT pre prastts aie ie the Lav 08 Bay 


deny. Here the fneonvenient name by hie it has as been. 
eae Law of Excluded Middle, 


it may be allowed that these laws are not is 

forani: distinct laws; they ape: 

aspects of the same truth, und acl ee 
fens ant inp the see "put ee 5 
been found possible to state these characters 

identity and difference in less than the threefold 
‘The reader may perhaps desire some information as to the 
mode in which these Jaws have been stated, or the 
way in which they have been regarded, by p! y 
in different ages of the world, Abundant eh n 
on this and many other points of 
found in Ueberwog's System of Logic, of which an 
translation has been vet by Professor TM. 
(900 pp. 228-281), 


The Nature of the Laws of Ientity and Difference. 


A pines at eee ae dificult Lae 
@ nature and authority of theee f 
lacnaty nd Difference. Are they Te of ‘ 
Laws a Thine Do they belong to a or 
nature 7 one hand % may fo sail 
mental existence, and must cher 20 
ws of that which formed it. Science is i 
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the conditions of thought impressed upon it. Before a 
feruraie can ba borate abe eaten eatee jcteanty ties 
tinguish the mistaken conclusion from all other assertions, 
Are the Laws of Identity and Difference the 

condit of all consciousness and all existence? Must. 





f 
ee hold true, alike of things material and immaterial? 
and if so, can we say that they are only subjectively trus 


ya need hardly dwell upon the question whether 
fic treats of language, notions, or things. As reasonably 
might we debate alia a mathematician treats of 
symbols, quantities, or things. A mathematician certainly 
treat of symbols, but only oa the instruments 
whereby to facilitate his reasoning concerning quantities ; 
and as the axioms and rules of mathematical science must 
be verified in concrete objects in order that the calenla- 
tions founded upon them may have any validity or utility, 
it follows that the ultimate objects of mathematical science 
are the things themselves, In like manner I conceive that 
the logician treats of language so far aa it is essential forthe 
iment and exhibition of thought, Even if reasoning 
ean take place in the inner consciousness of man without 
the use of any signs, which is doubtful, at any rate it 
cannot become the subject of discussion until by some 
om of material signs it is manifested to other persons. 
‘he logician then uses words and symbols as. instruments 
‘of reasoning, and leaves the nature and peculiarities of 
language to the grammarian, But signs again must 
+ Pure Tagic, or tho Logio of Quality apart from Quantity, 1864, 
BPs 10, 16, 22, 29, 30, Be. 
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staff, string, or other kind of measure may be employed 
to represent the length of ono object, and according as it 
agrees or not with the other, 6o must tho two objects 
agree or differ, Tn this case the proxy or sample represents 
dengite but the fact that lengths can be added and 

Itiplied renders it unnecessary that the proxy should 
always be ns large as the object, Any standard of 
convenient size, such as a common foot-rule, may be made 
the medium of comparison, ‘The height of a church in 
one town may be carried to that in another, and objects 
existing immovably at opposite sides of the earth may be 
vicationsly measured against each other, We obviously 
employ the axiom that whatever ia true of a thing as 

ands its length, is true of its equal. 

‘o every other simple phenomenon in nature the same 
principle of substitution is applicable, We may compare 
weights, densities, degrees of hardness, and degrees of all 
other qualities, in like manner, To ascertain whether two 
sounds are in unison we need not compare them directly, 
but a third sound may be the go-botwoen. If a tuning- 
fork is in unison with the middle C of York Minster 
ongan, and we afterwards find it to be in unison with the 
same note of the organ in Westminster Abbey, then it 
follows that the two organs are tuned in unison, The 
rule of inference now is, that what is true of the tuning- 
fork as regards the tone or pitch of its sound, is true of 
any sound in unison with it. 

‘he akilful employment of this substitutive process 
enables us to make measurements beyond the powers of 
our senses, No one can count the vibrations, for instance, 
of an organ-pipe. Bat we can construct an instrument 
called the siren, so that, while producing a sound of any 
piteh, it shall register the number of vibrations consti- 
tubing the sound. Adjusting the sound of the siren in 
wnieon with an oOngan-pipe, we measure indirectly the 
number of vibrations belonging to a sound of that pitch. 
To measure @ sound of the same piteh is as good as to 
measure the sound itself. 

Sir David Brewster, in a somewhat similar manner, 
succocded in measuring the refractive indices of irrogular 
ents of transparent minerals. It was a troublesome, 

and sometimes impracticable work to grind the minerals 
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Experience gives us the materials of knowl : induction 
digests those materials, and yields us general knowledge. 
When we possess such knowledge, in the form of 
general propositions and natural laws, we can usefully 
apply the reverse process of deduction to ascertain the 
exact information required atany moment, In its ultimate 
foundation, then, ail knowledge is inductive—in the sense 
that it is derived by a certain inductive reasoning from 
the facts of experience. 

It is nevertheless true,—and this is a point to which 
insufficient attention has been paid, that all reasoning 
is founded on the principles of deduction. I call in 
question the existence of any method of reasoning which 
can be carried on without a knowledge of deductive pro- 
cesses. I shall endeavour to show that induction ts really 
the inverse process of deduction. There is no mode of 
ascertaining the laws which are obeyed in certain pheno- 
mena, unleas we have the power of determining what 
results would follow from a given law. Just as the 
process of division necessitates a prior knowledge of multi- 
plication, or the integral calculus rests upon the obser- 
vation and remembrance of the results of the differential 
calculus, so induction requires a prior knowledge of 
deduction. An inverse process is the undoing of the 
direct process. A person who enters a maze must either 
trust to chance to lead him out again, or he must carefully 
notice the road by which he entered. The facts furnished 
to us by experience are a maze of particular results; we 
might by chance observe in them the fulfilment of a law, 
but this is scarcely possible, unless we thoroughly learn 
the effects which would attach to any particular law. 

‘Accordingly, the importance of deductive reasoning is 
doubly supreme. Even when we gain the results of in- 
duction they would be of no use unless we could deduc- 
tively apply them. But before we can gain them at all 
we must understand deduction, since it is the inversion of 
deduction which constitutes induction. Our first task in 
this work, then, must be to trace out fully the nature of 
identity in all its forms of occurrence. Having given any 
series of propositions we must be prepared to develop 
deductively the whole meaning embodied in them, and 
the whole of the consequences which flow from them, 
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manner, believing that in the present 
cain a, tr wt al 
advantage than metap! juestions 
shia may underlie any Aalto ia aprleiere t soe 
noun tes usually 
th epi that obj su r 


eae esaing 
certain fences ae eens 


aa ate ts whi 
Pree Not Ais ia tongn te for anything which 
to any one or more of the 
ition, prs nae “transparent object,” Not A will 


represented. “pein terms by Roman letters, or 
eal siatiy lateors™ onthe tate anata ts 

be highly convenient, [ shall nary ae Pe Stn 
1, So. 





the negative terms corresponding to 
Thus PA wacane Ai vl non ioe ul 


Expression of Identity and Difference, 

To denote the relation of sameness or identity I unhesi- 
tatingly adopt the n =, 80 long used by mathematicians 
to denote equality, ‘This symbol) wns originally appropriated 

1 Formal Logie, p. 38. 












“pole in ia" Bishops are ttle of the 
Lords.” This latter relation involves identity, 
‘but requires careful discrimination from simple identity, as 
will be dre further on. 

When wit ey sign of equality we join two nouns or 


logical on 
= The least dense es 
we signify ¢ a the object ied of objects denoted by 
denot the other, in 
everything except the Pasig aes general formula 


must be taken to mean that A sults symbols for the 
same object or ip of objects, identity may some- 
times sey from the mere imposition of see babi may 
also arise from the deepest Jaws of the constitution of 
nature ; a when we say 
TES dome te essing inertia, 
us plants = Dicotyledonous plants, 
Plagihedral quartz is = Quartz crystals causing 
the ed eee of att © to rotate. 
We shall need cai ly to distinguish between relations 
of terms which can be modified at our own will and those 
which are fixed a bl em the laws Le nature; but at 


We are consi onl ae mode of expression 
Lisa ‘be the same inal ther =: 
Sometimes, but much fur t Seoaeatly: we rognire 


symbol to indieste difference or the absence of complete 
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and B allows us indifferently to place A where B was, or 
coral mectingy waiob wo can beeww upen The tut 

it we can Ww upon the 8 
used in this formula consistently with its truth, Thus if 





‘we first: specify only the meaning of the sign om, we may 
60) that A Os the weight Of Br than O ta also the weight 
of A. Similarly 


If C is the father of B, C is the father of A; 

If 0 is a fragment of B,C is a fragment of A; 

If C isa quality of B,C in quality of A; 

If Cis a species of B, C is a epecics of A; 

If C is the equal of B, 0 is the equal of A; 
and so on ad infinitum, 

We may also endow with special meanings the letter- 
tenna A, B, and ©, and the process of inference will never 
be false. Thuslet the sign co mean “is height of,” and let 

A=Snowdon, 
B= Highest mountain in England or Wales, 
,, O = 3,590 feet; 
then it obviously follows since “3,590 feet is the height 
of Snowdon,” and “Snowdon=the highest mountain in 
England or Wales,” that, "3,590 fot is the height: of the 
i in i or Wales,” 


mountain in England 
ne result of this general bs es Sees is thatwe 
may in aggregate or complex whole replace any part 
brits arlreuael without ataetoe the who! Toa fs ig 
to make a difference ; but if in replacing a part T make no 
difference, there is no alteration of the whole Many 
inferences which have been very imperfectly included in 
logical formulas at once follow. I remember the late Prof. 
De Morgan remarking that all Aristotle's logic could not 
oe that “Because a horse is an animal, the head of a 
jorse is the head of an animal.” I conceive that this 
amounts merely to replacing in the complete notion Aead of 
@ horse, the term “horse,” by its equivalent some animal or 

an animal, Similarly, since 
The Lord Chancellor =The Speaker of the House of 


Lords, 
it follows that 
Tho death of the Lord Chancellor = The death of the 
s of the House of Lords; 
and any event, circumstance or thing, which stands in a 
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The Propagating Power of Similarity. 


‘The relation of similarity in all its degrees is reciprocal, 
So for as things are alike, either may be substituted for the 
other; and this may perhaps be considemd the very 
meaning of the relation. But it is well worth notice that 
there is in similarity a peculiar power of extending itself 
among all the things which are similar. To render a 
number of things similar to each other we need only 
render them lar to one standard object, Each coin 
struck from a pair of dies not only resembles the matrix 
or original pattern from which the dies were struck, but 
resembles every othor coin manufactured from the same 
original pattern. Among a million such coina there are 
not less than 999,500,000 pairs of coins resembling 
each other. Similars to the same are similars to all. It 
is one great advantage of printing that all copies of a 
document struck from the same type are necessarily 
identical each with each, and whatever is true of one copy 
will be tre of every copy, Similarly, if fifty rows of 
pipes in an organ be tuned in perfect unison with one row, 
vgnally the Principal, must be in unison with each 
other. Similarity can reproduca or propagate itself 
ad infinitum ; for if a number of tuning-forks be adjusted 
in perfect unison with one standard fork, all inatruments 
tuned to any one fork will agree with any instrament 
tuned to any othor fork. Standard measures of length, 
capacity, weight, or any other measurable quality, ara 
propagated in the same manner. So far as copies of the 
omiginal standard, or copies of copies, or copies again of 
those copies, are accurately executed, they must, all agree 
gach with every other. 

Tt is the capability of mutual substitulion which gives 
such great value to the modern methods of mechanical 
construction, according to which all the parts of a machine 
are exact facsimiles of a fixed pattern, The rifles used in 
the British army are constructed on the American inter- 
changeable system, 0 that any part of any rifle can be 
substituted for the same part of another. A bullet fitting 
one rifle will fit all others of the same bore Sir J. 
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process of substitution.’ The Port-Royal logiciana ap; 
to have entertained nearly equivalent views, for Does. 
considered that all moods of the asyllogiem might be 
Hite under one mest principle? Of two premises 
they regard one as the containing ition (propositio 
ected and the other as the i cophcties proposition, 
uaeoe peopcalo must always be affirmative, and 
aes that ky which a ubetituticn is made; 
former may or may not be negative, and is that in 
which a substitution is effected. They also show that 
this method ie embrace certain cases of complex reason- 
ing which hud no place in the Aristotelian syllogism, 
aye views probably constitute the greatest improvement 
doctrine made up to that time since the days 
of eetoanine But i true reform in logic must consist, 
uot in expl cart in one way or another, 
but in ene away wil the narrow yestrictions of 
the Aristotelian system, and in showing that there exists 
an infinite variety of logical arguments iromediately 
deducible from the pearls of substitution of which the 
ancient syllogisrn forms but a small and not even the 
most important part, 


The Logie of Relatives. 


rea nL a lant branch of logic 
which may be ci e fic of Relatives, If I angue, 
for instance, that jem bane Bernoulli was, sh Aen 
of John, and John the brother of James, therefore Daniel 
was the nephew of James, it is not possible to prove 
this conclusion by any simplo logical process. We re- 
quire at any rate to assume that the son of a brother is 
anephow. A simple logical relation is that which exists 
between properties and circumstances of the same object 
ur clas, But objects and classea of objects may also be 
related according to all the properties of time and space. 
I believe it may be shown, indeod, that where an inference 
concerning such relations is drawn, process of sub- 
stitution is really employed and an identity must exist; 


* Substitution of Similars (18 
* Port-Koyat age ta il lear Boynes, pp. 212-219 


Part ILL chap. x. and 





CHAPTER I. 


TERMS, 





EvEkY proposition oxprosses the resemblance or diffor- 
ence of Ke things denoted by its terms As inference 
treats of the relation between two or more propositions, so 
a proposition expresses a relation between two or more 
terms, In the portion of this work which treats of 
deduction it will ba convenient to follow the usual order 
of exposition. We will consider in succession the various 
kinds of terms, propositions, and arguments, and we com- 
mence in this chapter with terms. 

The simplest and most palpable meaning which can 
Delong to a term consiste of some single material object, 
such as Westminster Abbey, Stonehenge, the Sun, Sirius, 
&e. It is probablo that im onrly stages of intalloct only 
concrete and as things are the objects of thought. 
‘The youngest child knows the difference between a hot and 
acold body. The dog can recognise his master among a 
hundred other persons, and animals of mueh lower intel- 
ligence know and discriminate their haunts, In all such 
acts there is judgment concerning the likeness of physical 
objecta, but there is little or no power of analysing each 
object and regarding it as a group of qualities, 

The dignity of intellect begins with the power of 
separating points of agreement from those of 0G. 
Comparison of two objects may lead us to perceive that 
they are at once like and unlike. Two fragments of rock 
may differ entirely in outward form, yet they may have the 
same colour, hardness, and texture. Flowers which agree 
in colour may differ in odour, The mind learns to regard 


CO 








may 
thought of separately in the mind though they exist not 
separately in nature. We can think of thi 


only the actual 
objects examined, but all others which pire to 
he our 


ly set any limits to the nomber of 
ol which may fall into any such class. At this point 
we begin to perceive the power and generality of thought, 
which enables us in 1 single act to trent of indefinitely 
‘or even infinitely numerous objects. We can eafely assort 
that is true of any one object coming under a 
class is true of any of the other objects so far as they 
the common qualities implied in their belonging to 

class, We must not place a thing in a class unless 


class in general 5 Dut it remains a matter of important 
ofl eee how fur ee what psa we 
con us to assign lace of objects in 
that general system of classification which constitutes the 
body of science. 
Twofold Meaning of Genoral Namea, 
Etymologically the mexning of a name is that which we 
are. easihe of piss @ name is used, Nowevery 
‘name causes us to think of some one or more of 


Peapijectstabscateg to 2°clam; it may also cause us to 
‘think of the common qualities seman by thoze objects, 
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A namo ia said to denote the object ae 


ar meaning. Crystal is the name 
of any substance of which the molecules are arranged in 
a regular geometrical manner, The substances or objects 
= Dar sin racer erage neeas gummy cre 
of having the molecules so arranged forms the intent of 


a and all opaque erystals are includ 
sain ‘als; here the inclusion is in extension, We 
many ave Inclusion of meaning in to intension. 


For, a3 all ls are material substances, the qualities 
implied by the term material substance must be among 
those implied by crystal. Again, it is obvious that while 
in extension of meaning opaque crystals aro but a part of 
crystals, in intension of meaning crystal is but part of 
opaque crystal We increase the intent of meaning of a 
term by joining to it adjectives, or phrases equivalent to 
adjectives, and the removal af such adjectives of course 
ney ae pease arene ami LS evorina ig np 
changes of meaning, the followi -important law 
Fetes apace Ven ida tntand oh ening of tan a 
increased the extent is deorcased ; and vice versal, when the 
vatent is inereased the intent 1s decreased. In short, as one is 
nt ers yo oa changes Tho number af 
w refers only to logis ie number 
ines in ihe wee may be a rapid 
increase without the intensive meaning of the name being 
altered. The law will only be verified, again, when there 
ig a real change in the intensive meaning, and an adjective 
may often be joined to a noun without making a change, 
Elementary metal ig identical with metal; mortal man 
with man; it being a property of all metals to be clementa, 
and of all men to be mortals, 
There is no limit to the amount of meaning which a 
term may huve, A term may denote one object, or many, 
or un infinite umber; it may imply a single quality, if such 
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vedness ; Wat this latter torm has one single meaning—the 
quality alone. Thus it arises that abstract terms are in- 
ees of plurality, Red objects are numerically distinet 
each from each, and there are multitudes of such objecta ; 
bot redness isu single quality which runs through all 
those objects, and is same in one as it is in another. 
Tt ds true that we may speak of rednesses, meaning different 
kinds or tints of redness, just as we may speak of colowre, 
meaning different kinds of colours, But in distinguishing 
kinds, degrees, or other differences, we render the terms so 
far concrete. In that they are merely red there is bata 
single nature in red objects, and so far as things are merely 
eoloured, colour is a single indivisible quality. Redness, 
so far es it is redness merely, is one and the same every- 
where, and possesses absolute oneness. In virtue of this 
unity we acquire the powor of truuting all instances of 
such quality as we may treat any one. We possess, in 
short, general knowledge. 





Substantial Terms. 


Logicians appear to have taken Little notice of a class of 
terms which partake in certain respects of the character of 
abstract terms and yet are undoubtedly the names of con- 
crete existing things. These terms are the names of 
substances, such a3 gold, carbonate of lime, nitrogen, &e. 
We cannot spoak of two golds, twenty carbonutes of lime, 
or a hundred ni ns. There is no such distinction 
between the parts of a uniform substance as will allow of 
a discrimination of numerous individuals. The qualities of 
colour, lustre, malleability, density, &e, by which we 
oa as gold, extend through its substance irrespective of 

jeular size or shape. So far as a substance is gold, it 
is one and the same everywhere; so that terms of this 
kind, which [ propose to call substantial terms, possess 
the peculiar pay of abstract terma Yot they are no’ 
abstract; for gold is of course a tangible visible body, 
entirely concrete, and existing independently of other 
bodies. 


Tt is only when, by actual mechanical division, we break 
up the uniform whole which forms the meaning of a 
substantial term, that we introduce number. Piece of gold 





in between unity and plurality, wn! 
we consider the principles of mi 


Collective Terms. 


name spplying to any man, The vi ble kingdom is 
the name of the whole re ona, ‘but “plant” 


ae and is therefore callative as regards those parts. 


called partitien, is possible, there we deal in reality with a 
collective whole. ‘Thus the greater number of general 
terme are at the same time collective as regarde each 
individual whole which they denote. 

Tt need hardly be pointed out that we must not infor of 
a collective Ww! what we know only of the » nor af 
the a what we know only of the whole. The relation 
if whole and part is not one of identity, and does not 
allow of substitution. There may nevertheless be qualities 
which are true alike of the wi and of its parts, A 
number of pipes tuned in unison produce an aggre- 
gate of which is of exactly the same pitch as each 


i Robertaon has critisisod imy introduction of “ Substantial 
ena (Sind, roi. p 210), mr objet, perhaps erect, that the 
eee gates ies cay ng fo a 

‘mi 
toa 


a 
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Hatiscriy bepress staclirta ana uusrenst eear 
alitics may be present equally in minutest as 
ithe whole. Mes cain oats of ths gear ere 
pure carbonate of lime is the same a9 the naturo of the 
smallest particle. In the case of abstract terms, again, we 
cannot draw a distinction between whole and part; what 
is true of redness in any case is always true of redness, 90 
far ag it is merely rad. 





Synthesis of Terms, 


We continually combine simple terms together so as to 
new terms of more complex meaning. Thus, to 
increase the intension of meaning of a term we write it 
ith an adjective or a phrase o} adjectival nature. By 
ji “brittle” to “metal,” we obtain a combined term, 
“brittle metal," which denotes a certain portion of the 
metals, namely, such as are selected on account of pos- 
sessing the quality of brittleness, As we have already 
vecn, “brittle metal” possesses less extension and greater 
intension than metal. Nouns, prepositional phrases, parti- 
ee phrases and subordinate propositions may also be 
to terms eo as to increase their inteusion and 
decrease their extension. 

In our symbolic lan; wo need some mode of indi- 
eating this junction of terms, and the most convenient 
device will be the juxtaposition of the letter-terms, Thus 
if A mean brittle, and B niean metal, then AB will mean 
brittle metal. Nor need there be any limit to the number 
of letters thus joined together, or the complexity of the 
notions which they may represent. 

‘Thus if we take the letters 








as pavecrslees: 
= of specific gravity 10°5, 
1 = spelling above 1000" G, 

Y= good conductor of heat and electricity, 
then we can form a combined term PQRSTYV, which will 
denote “a white monovalent metal, of specific gravity 10°5, 
melting above 1000" G., and a good conductor of beat and 
electricity.” 
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immediate exclusion, The criterion of false reasoning, as we 
shall find, is that it involves self-contradiction, the nffirm- 
ing and ing of the same statement. We might repre- 


sent the object of all reasoning as the separation of the 
consistent and possible from the inconsistent and imposai- 
ble; and we cannot make any statement except a truism 
without implying that certain combinations of terms are 
contradictory and excluded from thought. To assert that 
“all A’s are B's” is equivalent to the assortion that “ A’s 
which are not B's cannot exist.” 

Tt will be convenient to have the means of indicating 
the exclusion of the self-contradictory, and we may use the 
familiar sign for nothing, the cipher o. Thus the second 
law of thought may be symbolised in the forms 

Aa=o =o ABOa=o0 


inconceivable. Close exists between this 
‘and its mathematical significati 
Certain Special Conditions of Logical Symbols. 


Jn order that we may argue and infer truly we must 
treat our logicul symbols according to the fundamental 
lawa of Identity and Difference. But in thus using our 
symbols we shall frequently meet with combinations of 
which the meaning will not at firet sight be apparent. If 
in one case we learn that an object is " yellow and round,” 
and in another cage that it is “round and yellow," there 
arises the question whether these two descriptions are 
identical in meaning or not. Again, if we proved that an 
object was “round round,” tho meaning of such an oxpros= 
sion would be open to doubt. Accordingly we must take 
notice, before weeding further, of certain special lawa 
which govern the combination of logical terma. 

In the first place the combination of a logical term with 
iteelf is without effect, just as the repetition of a statement 
does not alter the meaning of the statement; “a round 
round object” is simply “a round object.” What is 
yellow is ly yellow; metallic metals cannot 
differ from motals, nor cireular circles from circles. Tn our 
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time or space, Tho sweetness of sugar is neither before 

nor after its weight and solubility. The hardness of a 

metal, its colour, weight, opacity, malleability, electric and 

op prep pcieannryr py argent 

™ every itin community, 

See takns nen afer tha chen. In our words and symbols 

we cannot observe this natural condition; we must name 

one quality first and another second, just as someone must 

be the first to sign a potition, or to walk foremost in a pro- 
cession. In nature tl is no such precedence. 

I find that the opinion here stated, to the effect that 
relations of space and time do not opply to many of our 
ideas, is clearly adopted by Hume in his celebrated) Zren- 
tiee on Human Nature (vol. ip. 410). He eays:’—* An 
object may be said to be no where, when its parts are nobso 
situated with respect to each other, as to form any figure 
or quantity ; nor the whole with respect to other bodies so 
as to answer to our notions of contiguity or distance. Now 
this is evidently the case with ‘all our perceptions and 
objects, except of sightand feeling. A moral reflection 
cannot be placed on the right hand or on the left hand 
of a passion, nor can a smell or sound be cither of a ciroular 
ora square figura, These objects and ition, 80 far 
from requiring any particular place, are absolutely incom- 
patible with it, and even the imagination cannot attribute 
it to them.” 

A little reflection will show that knowledge in the 
highest perfection would consist in the simultaneous pos- 
session of a multitude of facta To peeeiet a 
science perfectly we should have every fact present: with 
‘every other fact, We must write a book and we must road 
it successively word by word, but how infinitely higher 
would be our powers of thought if we could the 
whole in one collective act of conaciousness ! Boorarstl 
with the brutes we do possess some slight: approximation 
to such power, and it is conceivable that in the indefinite 
future mind may acquire an increase of capacity, and be 
leas rvstricted to the piecemeal examination of a subject. 
But I wish here to make plain that there is no logical 
foundation for the successive character of thought and 
reasoning unavoidable under our preeent mental conditions. 

1 Book i, Purt iv., Section 5, 
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muat describe metal a2" hard and opaque,” or “ ie and 
hurd,” but in the metal itself there is no such dil ice of 
order; the properties are simultaneous and coextensive in 


ee a ea oy le, 
that AB is identical with BA, or AB = BA. Similarly, 
ABC = ACB = BCA = &e. 
Boole first drow attention in recent years to this pro- 
(ould Togical terms, and he called it the property of 
veness.! He not only stated the law with the 
utmost clearness, but pointed out that it is a Law of 
rather than a Law of Things. I shall have in 
various parte of this work to show how the necessary im- 
of our symbols expressed in this law clings to 
our modes of expreasion, and introduces complication into 


“bricks of a house,” “ twelve square feet." with “ twelve feet 
square,” “the water of crystallization” with “ the crystalliza~ 


between A killing B and B killing A. The law of com- 
mutativeness simply asserts that difference of order does 


relation, 

. 
se ln a Ta Ppa ut We a 
‘Simplicity and of Commutativences, 


CHAPTER IIL 
PROPOSITIONS, 


‘We now proceed to consider the variety of forms of pro- 
ositions in which the traths of science must be expressed. 
if shall endeavour to show that, however diverse these 
forms may be, they all admit the application of the ane 
same aa of inference that what is true of a thing is 
true of the like or same. This principle holds tras what~ 
ever be the kind or manner of the likeness, provided 
proper regard be had to its nature. Propositions may 
assert an identity of time, space, manner, quantity, degrea, 
4 any other circumstance in which things may agree or 
iff, 


‘We find an instance of a proposition concerning time in 
the following:—* The year in which Newton was born, 
was the year in which Galileo died." This proposition 
expresies an approximate identity of time between two 
events; hence whatever is true of the year in which 
Galileo died is true of that in which Newton was born, 
and vice versd. “Tower Hill is the place where Raleigh 
was executed " expresses an identity of place; and what- 
ever is true of the ono spot is true of the spot otherwise 
defined, but in reality the sume. Tn ordinary language we 
have many propositions obscurely expressing identities 
of number, quantity, or degree, “So many men, so many 
minds,” is a proposition concerning number, that is to say, 
an equation; whatever is true of the number of men is 
true of the number of minds, and vice versd. “Thedensity 
of Mars is (nearly) the same os that of the Earth,” “ Tho 
force of gravity is directly as the product of the masses, and 
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To establish Deal as the lineata of Cesar, all material 
ciroumstances must be shown to agree If the modern 
Wroxeter is the ancient Uriconium, there must be the like 
- paar of all features of the country not subject to 
iteration by time. 
Such identities must be expressed in the form A= 5, 
‘We may say 
Colour of Pacific Ocean = Colour of Atlantic Ocean. 
Smell of rotten egy =Smell of hydrogen sulphide. 
In these and similar propositions we assert identity of 
single qualities or causes of sensation, In the same form 
we may also express identity of any group of qualities, as 


in 
Axde = Copper. 
eal = Landing-place of Cassar. 

A multitude of propositions involving singular terms fall 
inw the same form, as in 

The Pole star =The elowest-moving star, 

Jupiter = The greatest of the planets. 

The se planet = The planet having seven satel- 


The Queen of England = Tho Empresa of India, 
The number Many The even prime number. 
Honesty = The best policy. 

In mathematical and scientific theories we often meet 
with simple identities capable of expression in the same 
form, Thus in mechanical science “ The process for finding 
the resultant of forces =the process for finding the re- 
sultant of simultaneous velocities." Theorems in geometry 
often give results in this form, as 

Kquilatoral triangles = Equiangular triangles. 
Circle = Finite plane curve of constant curvature, 
Circle = Curve of least perimeter. 

The more profound and important laws of nature aro 
often expressible in the form of simple identiti i 
addition to some instances which have ulready been given, 


I may sogsee, 
Crystals of cubical system =Crystals not possessing 
the power of double refiaction, 
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Partial Identities. 


A second highly i it kind of proposition is that 
whieh I epee When we say 
that “All mammalia are vertebrata,” we do not moan that 
mammalian animals are identical with vertebrate animals, 
but only that the mammalia form a part of the elavs verte- 
trata, Such a proposition was regarded in the old logic as 
asserting the inclusion of one class in another, or of an 
object in a class, It was called a universal affirmative pro- 
position, because the attribute vertebrate was affirmed of the 
whole subject mammalia ; but the attribute was said to be 
wadistrituted, because not all vertebrata were of necessity 
involved in the proposition. Aristotle, overlooking the im- 
portance of simple identities, and i almost denying 
their existence, unfortunately founded his system upon the 
notion of inclusion in a closs, instead of adopting the basis 
of identity. He regarded inference as resting upon the rale 
that what is true of the containing class is true of the 
contained, i of the vastly more general rule that 
what is true of @ class or thing is true of the like. Thus 
he not only reduced logic to a fragment of its proper self, 
bat Sestroyed the deep analogies which bind together 
logical and mathematical reasoning. Hence a crowd of 
defects, difficulties and errors which will long disfigure the 
first and siraplest of the aciences, 

It is si evident that the relation of inclusion rests 
upon the relation of identity. Mammalian animals cannot 
be included among vertebrates unless they be identical with 
part of the ve tes, Cabinet Ministers are included 
almost always in the class Members of Parliament, because 
they are identical with some who sit in Parliament, We 
may indicate this identity witha part of the larger claas in 
various ways; as for instance, 

Mammalia = part of the vertebrata, 
Diatomacem = a class of plants. 
Cabinet Ministers = some members of Parliament: 











i 
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‘be the whole) of the vertebrata and the maznmalia, If itis 
asked What part? the ition affords no answer, except 
that it is the part whic! mammalian; bot the assertion 
“mammalian = some vertebrate” tells us no more. 

Tt is quite likely that some readers will think this 
mode of representing the universal affirmative proposition 
artificial me couipltonted) I will not andere to con= 
vinco them of the opposite nt this point of my exposition. 
Justification for it will be found, not so much in the im~ 
mediate trentment of this proposition, as in the general 
harmony which it will enable us to disclose between all 
parts of reasoning. I have no doubt that this is the 
critical difficulty in the relation of logical to other forms of 
reasoning, Grant this mode of denoting that “all A’s are 
P's.” and T fear no further difficulties ; retuse it, and we find 
want of and endlegs anomaly in every direction, It 
is on gen ids that I hope to show overwhelming 
‘reasons for seeking to reduce every kind of proposition to 
the form of an identity, 

Tmay add that not a few logicians have accepted this 
view of the universal affirmative proposition, Leabnita, in 
his Dificultates Quadam Logic, adopts it, saying, “Omne 
A est B; id est mquivalent AB et A, seu A non B ost non- 
ens” Boole employed the logical equation «= ay con- 
currently with x = oy ; and Spalding? distinctly says that 
the proposition “all metals are minerals” might be de- 
scribed as an assertion of partial identity between the two 
classes. Hence the name which I have adopted for the 
proposition, 

Limited Identities. 
An important class of propositions have the form 
AB 


expressing the identity of the class AB with the class AC. 
In other words, “ Within the sphero of the class A, all the 
B's are all the C's ;" or again, “ The B’s and C's, which are 
A's, are identical.” But it will be observed that nothing is 
asserted concerning things which are outside of the class 
A; and thus the identity is of limited extent. Tt is the 
proposition B = C limited to the sphere of things called A, 

1 Encyclopedia Britannica, Bighth Bd, art, Logic, acct. 37, wote, 
Sv0, reprint, p79. 
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infinitely more common than that of likeness, 


from all ing things in the world. Diversit; 
alzicut tl ene ders ite life, to thought what 
motion is toa river, The ‘an object involves 


its discrimination from all other objecta, it we may 
nevertheless be said to detect resemblance as often as we 
detect difference, Wo cannot, in fact, assert the existence 
of @ difference, without ab the same time implying the 
existence of an 
If I compare mercury, for instance, with other metals, 
and decide that it ix not solid, here is.a difference between 
and solid expressed in a negative propo- 
sition; but there must be implied, at the same time, an 
ot between mercury and the other snbstances 
which are not solid. As it is impossible to separate the 
vowels of the alphabet from the consonants without at the 
same time eeparating the consonants from the vowels, so 1 
cannot select as the object of thought solid things, without 





thereby throwing together into another class all things 
which are not solid. The very fact of not possessing a 
ty, constitutes a new quality which may be the ground 





a wae cds : 

of ju it and classification. In this point of view, 
agreement and difference are ever the two sides of the same 
net of intellect, and it becomes equally possible to express 
the same judgment in the one or other aspect. 

Between atfirmation and negation there is accordingly a 
perfect equilibrium. Every a! ve proposition implies 
A negative one, and wie vers. Ib is even a matter of in- 
difference, in a logical point of view, whether a positive or 
nogative term be used to denote a given quality and the 
class of things possessing it. If the ordinary state of a 
man’s body be callod good health, then in other circumstances 
he is said not fo be in good health ; but we might equally 
deseribe him in the latter state as sickly, and in his normal 
condition he would be not sickly. Animal and vegetable 
substances are now called mic, 90 that the other sub- 
stances, forming an immensely greater part of the globe, are 
described negatively as tnorgunw. But we might, with at 
least equal logical correctness, have described the propon- 
derating class of substances as nvineral, and then vegetable 
and animal substances would have been non-mineral. 
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but not by it. Difference is incapable of beco the 
perce omer) ihonty. Ge dolled sp bee 


agreement 
Laareshh jects which admits of deductive reason- 
ing; and it will always be found advantageous to empl 
propositions in the form which exhibite clearly the in 
agreements. 
, Conversion of Propasitions. 

The old books of logic contain many rules concerning 
the conversion of propositions, that is, the transposition of 
the subject and predicate in such a way as toobtain a new 
proposition which will be true when the original ee 
tion is true, The reduction of every proposition to the form 
of an identity renders all such rules and processes needless, 
Identity is essentially reciprocal, If the colour of the 
Atlantic Ocean is the same as that of the Pacitie Ocean, 
that of the Pacific mut be the same as that of the Atlantic, 
Sodium chloride being identical with common salt, common. 
aalt must be identical with sodium chloride, Ifthe number 
of windows in Salisbury Cathedral equals the number of 
days in the year, the number of days in the year must 
equal the number of the windows. Tord Chesterfield was 
not wrong when he said, “I will give anybody their choice 
of theee two truths, which amount to the same thing; Ho 
who loves himself best is the honestest man; or, The 
honestest man loves himself best.” Scotus Erigena exactly 
expresses this reciprocal character of identity in saying, 
“There are not two stndies, one of philosophy and the 
other of religion; true philosophy is true religion, and true 
religion is true philosop| hy 

A mathematician would not think it worth while to 
mention that if «= y then alsoy =, He wouldnot con- 
sider these to be two equations at all, but one equation 
accidentally written in two different manners, In written 
symbols one of two names must come first, and the other 
second, and a like succession must perhaps be observed in 
our thoughts: but in the relation of identity.there is no 
need for succession in order (gee p. 33); each is simul- 
ee equal and identical to the other. Theso remarka 
will hold true both of logical and mathematical identity ; 
so that I shall consider the two forms 


| 
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the Sle fhe ee bie of meen i is gosh 
the same as ‘intended meaning of 


onal. 

‘When general names form the terms of a proposition we 
may apply « double interpretation. ‘Thus 

Exogens = Dicotyledons 
means either that the pb qualities which belong to all exogens 
are the same as those which belong to all dicotyledons, or else: 
that every individual falling under one name falls equally 
under the othor. Hence it may be said that there aro two 
distinet fields of logical thought. We may argue either by 
the qualitative meaning of names or ei the quantitative, 
that is, the extensive meaning. Every argument in- 
volving concrete plural terms might be converted into 
one involving o} abstract singular terms, and vice 
versed. But there are reasons for believing that the 
intensive or qualitative form of reasoning is the primary 
and fundamental one. Itis sufficient to point ont that the 
extensive eng a name isa changeable and fleeting 
thing, while tho intensive meaning may novertheless remain 
Very numerous additions have been lately made 

to tho oxtensive meanings both of planet and element. 
Every iron steam-ship which is made or destroyed adds to 
or subtracts from the extensive meaning of the name 
steam-ship, without necessarily affecting tho intensive 
meaning. Stage couch means as much as ever in one way, 
but in extension the class is nearly extinct, Chinese 
railway, on the other hand, is a term represented only by a 
single instance ; in twenty years it may be the name of a 
large class, 


he 
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Immediate Inference. 


Probably the simplest of all forms of inference is that 
which has been called Immediate Inference, becuuse it can 
be performed upon a single proposition. It consists in 
joining an adjective, or other qualifying clause of the same 
natare, to both sides of an identity, and asserting the 
equivalence of the terma thus produced. For instance, 
since 

Condustors of electricity ~ Non-clectrica, 
it follows that 

Liquid conductors of electricity = Liquid non-electrica. 
If we suppose that 

Plants = Bodies decomposing carbonic acid, 
it follows that 

Microscopic plants = Microscopic bodies decomposing 

curbonic acid. 
In general terms, from the Stee, 
A= 


we can infer the identity 
AC = BC, 
This is but a case of plain substitution; for by the first 
Law of Thought it must be admitted that 
, AC = AO, 
and if, in the eecond side of this identity, we substitute 
for A its equivalent B, we obtain 
AC = BC, 
Tn like manner from the partial identity 
A=AB 
we may obtain 
A AC = ARC 
by an exactly similar act of substitution; and in every 
other case the rule will be found capable of verification by 
the principlo of inference, The process when performed as 
here described will be quite free from the liability to error 
which I have shown ' to exist in “Immediate Inference by 
added Determinants,” as described by Dr. Thomson.* 


' Blomentary Lessons in Logic, ». 86, 
© Outline of the Lawes of Thought, § 87. 
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In the second formula we have an identity and a differ- 
ence, and we are able to infer a difference ; in the third we 
have two differences and are unable to niake any inference 
at all. Because A and C both differ from B, we cannot 
tell whether they will or will not differ from each other. 
The flowers and leaves of a plant may both differ in colour 
from the earth in which the grows, and yet they may 
diffor from each other; in other eases the leaves and stem 
meéy both differ from the soil and yet agree with each other. 
Whore wo have differonce only we ean make no inference; 
where we have identity we can infer. This fact gives great 
countenance to my assertion that inference proceeds always 
through identity, but may be equally well effected in pro- 
positions asserting difference or sone 

Deferring a more complete discussion of this point, T 
will only mention now that arguments from double identi 
occur very frequently, and are usually taken for granted, 
owing to their extreme simplicity. In regard to the equi- 
valence of words this form of inference must be constantly 
employed. Tf the ancient Greek yadxés is our copper, then 
it must be the French cwivre, the bare Aupfer, the Latin 
euprum, becanse these are words, in one sense at least, 
equivalent to copper. Whenever we can give two detini- 
tions or expressions for the same term, the formula apes 
thus Senior defined wealth as “ All those thine, and those 
things only, which are transferable, are limited in supply, 
and are directly or indirectly productive of pleasure or 
preventive of pain.” Wealth is also equivalent to " things 
which have value in exchange ;" hence obviously, “things 
which have value in exchange = all those things, and those 
things only, which are transterable, =" | Two expressions 
for the same term are often given in the same sentence, and 
their equivalence implied. Thus Thomson and Tait say," 
“The naturalist may be content to know matter as that 
which can be perceived by the senses, or a5 that which 
can be acted upon by or can exert force” I take this to 
mean— 

Matter = what can be perceived by the senses ; 
Matter = what can be acted upon by or can exert 
force, 





1 Tyaatiae om Naturat Phifovophy, vol. 4. p. 16%. 
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a term we substitute ite definition, or vice versd, ‘The very 
of a definition is to allow a single noun to be 
em in place of « long descriptive phrase. Thus, 
wheu we esy " A circle is a curve of the aecoud degree,” we 
may substitute a definition of the circle, getting “A curve, 
all points of which are at equal distances from one point, is 
‘a curve of the second degree," rabaraeal dommas af tie pecs 
itions here given are exactly those shown in the sym- 
ic statement, but in this and many other cages it will be 
suificient to state them in ordinary elliptical language for 
anke of brevity. In scientific treatises a term and its 
definition are often both given in the same sentence, as in 
“The weight of a body in any given locality, or the force 
with which the earth attracts it, is proportional to its 
mass." ‘The conjunction or in this statement gives the 
force of equivalence to the parenthetic phrase, so that the 
propositions really are 
Weight of a body =fowe with which the earth 


‘nttmcts it, 
Weight of « body = weight, &e. proportional to its 


mass, 

A slightly different case of inference consists in substitul- 
ing ina ‘ition of the form A = AB, a definition of the 
worm B. Thus from A= AB and B= € we get A= AC. 
For instance, we may say that “ Metals are elements” and 
“ Eloments are incapable of decomposition.” 

Metal = metal element. 

Element = what is incapable of decomposition. 
Hence 

Metal = metal ineapable of decomposition. 

It is almost needless to point out that the form of these 
arguments does not suffer any real modification if some 
of the terms happen to be negative; indood in the last 
example “ intendla of decomposition” may be treated as 
a negative term. Taking 

A = metal C = capable of decomposition 
B=element ¢= incapable af decomposition ; 
the propositions are of the forms 
= AB 
Bee 
whence, by substitution, 
A 
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‘Af _woput A for Neptune, B for planet, and ( for “ having 
then by. the : 


rel motion,” by. nding tive: 
term ¢, we denote “not having ake moon” The 
premises now fall into the forms 
A=AB @) 
B= Be, (2) 
and by substitution for re Bypnd a9 before, we obtain 
= ABe, 


if) 
‘What is called in the old Leste irks? ccna 
may be deduced without any real variation in the symbols. 
Particular quantity is indicated, 2s before mentioned 
(p. 41), by joining to the term an indefinite adjective of 
quantity, such ws some, « part of, certain, &e,, meaning that 
an unknown part of the term enters into the proposition 
as subject, Considerable doubt and ambiguity arise out of 
the question whether the part may not in some caves be 
the whole, and in the syllogism at least it must be under- 
stood in this sense.t Now, if we take a letter to represent 
this indefinite part, we need make no change in our 
formul to express the syllogism Dari and Ferio. Con- 
sider the example— 

Some metals are of less density than water, (1) 

All bodies of less density than water will float 


upon the surface of water; hence {2) 
Some metals will float upon the surface of 
water. (3) 


A= some metals, 
B= body of lees ain't than water, 
© = floating on the surface of water 
then the propositions are evidently as before, 
A= AB, (1 
B=80C; ¢ 
hence A= ABC, One 
‘Thos the syllogism Dari does uot really differ trom 
bara If the reader prefer it, we can readily employ a 
distinct symbol for the indefinite sign of quantity. 
Let P = some, 
Q = metal, 
Band © having the same meanings as before. Then the 
promises become 


* Blementory Lessons in Logit, pp. 67, 79 
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PQ = PQB, (a) 
B=BC; (@) 
honee, by substitution, oe 


Re seapel thot the Sorvenia Look ierttde pliceed 
a ‘more com! 
there is no difference whatever. 

The mood Ferio is of exactly the same character as 
Darii or Barbara, except that it involves the use of a 
negutive term, Take the example, 

EO are ietemthen ees all directions do 
not doubly refract Tight ; 

Some crystala are bodies equally elastic in all direc- 
tions; therefore, some crystals do not doubly 


refract light, 
Assigning the letters as follows — 
A= some , 
B= bodies equally clastic in all directions, 
C = doubly refracting light, 
¢ = not doubly refracting light, 
Our ent is of the same form as before, and may 
be concisely stated in one line, 
A= AB = ABe. 
If it is preferred to put PQ for the indefinite nome erystals, 


we have 

PQ = PQB = PQBe. 
‘The only difference is that the negative term ¢ takes the 
place of © in the mood Darii, 


Ellipsis of Terms in Partial Identities, 


‘The reader will probably have noticed that the conclu- 
sion which we obtain from premises is often more full than 
that drawn by the old Aristotelian processes, Thus from 
“Sodium is a metal,” and “ Metals conduct electricity,” we 
inferred (p. 55) that “Sodium = sodium, metal, conduct- 
ing lectneity* Whereas the old logic simply concludes 
that “Sodium conducts electricity.” Symbolically, from 
A= AB, and B = BC, we get A = ABC, whereas the old 
logio gets at the most A= AC, It is therefore well to 
show that without employing any other principles of 
inference than those abonay described, we may infor 
A= AC from A = ABC, though we cannot infer the latter 


oe 
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more fall and accurate result from the former. We may 
show this most simply as follows :-— 

By the first Law of Thought it is evident thab 

nd if we have gi ihe eon A =az0, 

a we have given ition A = , we may 
sinter both the A at second side of the above, 


ol 
Betton Ga rope ob tiga aie ereeemet ea 

vat @ property of logical sym! @ e 
Law of Simplicity (p. 33) some of the repeated letters may 
‘be made to coalesce, and we have 

A=ABC.C 
Substituting again for ABC its equivalent A, we obtain 
AwAC, 


the desired result. 

By a similar process of reasoning it may be shown that 
wo can always drop ont any term appearing in one member 
of a proposition, provided that. we substitute for it the 
whole of the other member. ‘This process was deacribed in 
my first logical Essay,' as Intrinsic Blimination, but it 
might perhaps be better entitled the Ztipsis of Terms. 
It elect pelea arte is eee terms strict 
substitutive reasoning. 


Inference of a Simple from Two Partial Identities. 


Two terms may be connected together by two partial 
identities in yet another manner, and a case of inference 
then arises which is of the highest importance In the 


‘two premises 
A=AB (i 


B=AB (2 
the second menaber of each is the same; so that we can by 
obyious substitution obtain 

Th ‘one hat, “B 

us, in plain geometry we readily prove that “ Every 
equilateral triangle is also an equiangular triangle,” and we 
can with equal ease prove that “Every equiangular triangle 
is an ae fateral triangle” Thence by substitution, as 
explained above, we pass to the simple identity, 

uilateral tangle = equiangular triangle. 
* Pure Logic. pm 19. 
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Wo thus prove that one class of triangles is entirely 
Beceem po ph ai 


epee our rhe them. 
severe seein ae inference arises 
from the fa me eet Hea the: faecicotint more simple and general 
than either of the premises, and contains as much informa- 
tion as both of them put together. It is on this account 
constantly employed in inductive investigation, as will 
bo more fully explained, and it is the natural 
mode by which we arrive at a conviction of the truth of 
simple identities as existing between classes of numerous 


Inference of a Limitud from Two Partial Identities. 


We bave considered some it which sre of the 
ype treated by Aristotle in the first figure of the syllogism, 
there exist two other types of argument which employ 
4 pair of partial identities. If our premises are as shown 
ie these symbols, 
B= on 8 


B= 
ibstit for B eith ii i 
(0d by both des ve oe caste 
3, 


CB, 
A proposition of the uaa nehisb: we haye called a limited 
identity (p. 42). Thus, for example, 
Potaseium = potassium metal (@ 
Potassium = potassium capable of floating on 
‘water @) 


Potassium metal = potassium capable of flodt- 


on water, oo 
‘This is really a syllogism of the mood Darapti in the 
that we obtain a conclusion of a more exact 
than the old Sine ‘ism gives, From the premises 
* Potassium is a metal” “Potassium floats on water,” 
Aristotle would havo inferred that “Some motals float on 
water.” Bub if inquiry were made what the “some 
‘imetals" are, the answer would certainly be “ Metal which 
is potassium.” Hence Aristotle's centbeatee simply leaves 
out some of the information afforded in the premises: it 


Par ntunpea leben aces ae oIAl 
Crier aes ing. From these distinct 
antes syllogism the process of substitution is 





Tew process incurs the ible objection 
tediously minute nceurate. ey ree 
Miscellaneous Forms of Deduetive Inference. 


The more common forms of deductive reasoning ie 
been exhibited and demonstrated on the p ile 

substitution, there still remain many, in fact an in 
munber, which may be explained with nearly een’ ease, 
‘Such as involve the use of disjunctive propositions will be 
described in a later chapter, and several of the syllogistic 
moods which include negative terme will be more con- 
vei treated after we have introduced the symbolic 

second and third laws of though. 

We sometimes mect: with a chain of propositions which 
allow of repeated substitution, and form an Se 
called in the old logic a Sorites, Take, for instance, the 


premises 
Tron ig a metal, (1) 
Metals are good conductors of electricity, (2) 
Good conductors of electricity are useful for 
telegraphic purposes. (3) 
It obviously follows that 
Tron is useful for telegraphic purposes. (4) 
Now if we take our letters thus, 
A = Iron, B= metal, good conductor of 


electricity, D = useful pare ener purposes, 
the premises will assume the forms 


A= AB, 1) 

B= BC, (2) 

c=cpD. G) 
For B in (1) we can substitute its equivalent in (2) 
obtaining, 23 before, 

A= ABO. 


Substituting for C in this intermediate result its equivalent 
us given in (3), we points the Se conclusion ) 
@) 


‘The full interpretation in that Tron és tron, metal, good 
conductor of electricity, weeful for telegraphic purposes, which 
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substituting for A in the id side of (1) its i 
ae) Roca aot second side of (1) its expression 


= 
ABO, 
ope by weet Os Do over and over again we 
obviously get ‘proposition 
A= Ant . IK. 

But Dr. Thomson is mistaken in supposing that we can 
obtain in this manner a definition of copper. Strictly 
speaking, the above proposition is only a iption of 
copper, and all the ordinary descriptions of substances in 

ific works may be summed up in thisform. Thus we 
may aseert of the organic substances called Paraffin that 
she are all saturated hydrocarbons, incapable of uniting 
with other substances, produced by heating the alcoholic 
iodides with zinc, and so on. Jt may be shown that no 
amount of ordinary description can be equivalent to.n de- 
finition of any substance, 





Fallacies. 


Thave hitherto been engaged in showing that all the 
forms of reasoning of the old syllogistic logic, and an 
indefinite number of other forms in addition, may be 
readily and clearly explained on the single principle of 
substitution, It is now desirable to show that the same 
principle will prevent us falling into fallacies So long 
as wo oxactly observe the one rule of substitution of 
equivalents it will be impossible to commit a paruloyism, 
that is to break any one of the elaborate rules of the 
ancient system. ‘The one new rule is thus proved to be as 
powerful as the six, eight, or more rules by which the cor- 
rectness of syllogistic reasoning was guarded, 

Tt was a fundamental rule, for instance, that two nega- 
tive premises could give no conclusion, If we take the 


propositions 
Granite is not 2 sedimentary rock, (a) 
Basalt is not a ecdimentary’ rook, (2) 


we ought not to be able to draw any inference concerning 
the relation between granite and basalt, Tuking our 
letter-terms thus: 

A=granite, B=sedimentary rock, C = basalt, 
the premises may be expressed in the forms 
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ae at! 1) 
(2) 
‘We have in this fan tre gateranteed teense: 


ly rule of the 

Tt eat remembered, indeed, that foie the 

twa} turning medi ‘ition into an 

affirmative alos 45); and a Ash the old rule 

tive premises would thus be circumvented. 

Let us try. a premises (1) and (2) when eae 
stated take the forms 4 
= a 


‘The reader will find it ings ‘by the rule of — 
tion to discover a relation between A and ‘Three term: 
occur in the above premises, namely A, b, andC; but ie 
eee combined that no term ooourring in one has its 
wivalent stated in the other, No substitution 
yt be made, and the principle of the fifth rule of 
ey ih m holds true. Fallacy is impossible 
be a mistake, however, to suppose that the 
heel of negative terme in beth premises of a 
Ree tenders them incapable of yielding a conclusion, 
rule informed uz that from two negative premises 
no conclusion could be drawn, but it is a fact that the rule 
in this bare form does not hold universally true; and T 
am not aware that any precise explanation has boca given 
of the conditions under which dt is or is not imperative. 
Consider the following exampl 
Whatever is not metallic is not capable of power- 
ful magnetic influence, (a 





Carbon is not metallic, (2) 
nfots carina is ix not capable of Spe meee 
Here we res two distinctly nm: Qa) ae 


Q oe shee yield a Perici Paid negative conclu- 
The ay logistic rule is actually falsified in its bare 
Sy heat statement, In this and many other cases we 
can conyert the ions into aflirmative ones whieh will 
yield a conclusion by substitution without any difficulty. 





fi B = metallic, 
le of powerful magnetic influence. 


(@) 


A=Ab, @ 
and substitution for } in (2) by means of (1) gives the 
conclusion 


A= Abe, ® 
Our principle of inference then includes the mle of 
negative premises whenever it is true, and discriminates 
correctly between the cases where it does and docs not 
whe | paralogt ently called the Fallacy of Und 
ism, anciently lacy fis 
tributed J Middle, is also easily exhibited and imfallibly 
ayoided by our system. Let the premises be 
Hydrogen is an clement, (t) 
metals are elements. (2) 
According to the syllogistic rules the middie term “element.” 
is here undistributed, and no conclusion can be obtained ; 


A = carbon, 
O = capabl 
The premises Se ylaes 


The premises then become 

A= AB, (1) 

co=CcR. (2) 

The reader will here, as in a former poge (p, 62), find it 

impossible to make any substitution. ‘Theonly term which 
occurs in both premises is B, but it is difforently combined 
in the two premises. For B we must not substitute A, 
which is equivalent to AB, notto B, Nor must we confuse 
together CB ond AB, which, though they contain one com- 
mon letter, are different pgate terms. The rule of sub- 
stitution gives us no right to decompose combinations ; 
and if we adhere rigidly to the rule, that if two terms are 
stated to be equivalent we may substitute one for the other, 
wwe cannot commit the fallacy. Itis apparent that the form 
of premises stated above is the same as that which we 
obtained by translating two negative premises into the 
affirmative form. 
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Tho oh{ fallacy, technically called the ZWicit Process 
the Major Term, is more easy to commit and more difficult 
to detect than any other breach of thesyllogistic rales, In 
‘our system it could hardly occur. From the premises 

All planots are subject to gravity, & 





Fixed stars are not planets, 2} 
are might inndvertently but fallaciously infer that, “ Fixed 
stare are not subject to gravity." To reduce the premises 
to symbolic form, let 

A = planet 
x = pa star 
= subject to gravity ; 
then we have the reepestiican a! 
A=AC 1) 
B= Ba, 2) 

‘The reader will try in vain to produce from these premincs 
by legitimate substitution any relation betwoen Ti and C; 
Baguld not then commit the fallacy of asserting that B is 
mM 

There remain two other kinds of paralogism, commonly 
known as the fallacy of Four Terms and the Ilicit Process 
of the Minor Term. They are so evidently impossible 
while we obey the rule of substitution of equivalents, 
that it is not necessary to give any illustretions, When 
there are four distinct terms in two propositions as in 
A=B and © = D, there could evidently be no opening for 
substitution. As to the Mlicit Process of the Minor Term 
it consiate in a flagrant eubetitution for a term of another 
wider term which is not known to be equivalent to it, 
and which is therefore not allowed by our rule to be 
substituted for it, 





CHAPTER V. 


DISJUNCTIVE PROPOSITIONS, 


Ty the previous chapter T have exhibited various cases 
of deductive reasoning by the process of substitution, avoid- 
ing the introduction of disjunctive proposition ‘but we 
cannot long defer the consideration of this more complex 
class of identities. General terms arise, as we have seen 

. 24), from. classifying or mentally uniting together all 
eee which agree in certain quulifics; the value of this 
union consisting in the fact that the power of knowledge 
is multiplied thereby. In forming auch classes or general 
notions, we overlook or abstract the points of difference 
which exist between the objects joined together, and fix our 
attention only on the points of agreement, But every 
process of thought may be said to have its inverse Y 
which consista fa undoing the effects of the direct process. 
Just as division undoes multiplication, and evolution un+ 
does involution, so we must. have a process which undoes 
preemlisaton, or the operation of forming general notions. 

his inverse process will consist in distinguishing the 
separate objects or minor classes which are the constituent 
parts of any wider class, If we mentally unite together 
certain objects visible in the sky and call them planets, we 
shall afterwards need to distinguish the contents of this 
general notion, which we do in the disjunctive proposi- 
tion— 

A planet is either Mercury or Venus or the Earth or 
rPerhae ie or Neptune. 

Having formed the very wide class “ vertebrate animal,” 

we may specify its subordinate classes thus:—"A verte- 
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Drate animal is cither a mammal, bird, reptile, or fish.” 
Nor is there any limit to the number of possible alterna~ 
tives. “An exogenous plant is either a ranunculus, a 
Bears teins ay or it belongs to some one of-the 
seventy natural orders of exogens at it recog 
‘nized by botanists,” Accathedsal.ctareh io england thal 
be either that of London, Canterbury, Winchester, Salis- 
bury, Manchester, or of one of about twenty-four cities 
possessing such churches. And if we were to attempt to 
ify the meaning of the term “star,” we should require 

to enumerate as alternatives, not only the many thousands 
of stars recorded in catalogues, but the many millions un~ 


Whenever we thus distinguish the a of a general 
notion we e! a disjunctive proposition, in at least one 
side of which are several alternatives joined by the so- 
called disjunctive conjunction or, a contracted form of other. 
eer be some Hime Hed ee - ‘thus con- 

one proposition ; we ray call it the diszunetive or 
renadeariacca, and we any Seren inquire into its 
nature. ‘This relation is that of ignorance and doubt, 
giving rise to choice, Whenever we classify and abstract 
we must open the way to such uncertainty, By fixing our 
attention on certain attributes to the exclusion of others, 
we necessarily leave it doubtful what those other attributes 
are The term molar tooth" bears upon the face of it 
that it is of the wider term “tooth.” But if we 
meet with the simple term “tooth” there is nothing to in- 
dicate whether it is an incisor, a canine, or a molar tooth. 
This doubt, however, may be resolved by further informa- 
tion, and we have to consider what are the appropriate 
logical processes for treating disjunctive propositions in 
connection with other propositions disjunctive or otherwise, 


Expression of the Alternative Relation, 


In order to represent disjunctive propositions with con- 
venience we require a sign of the alternative relation, 
jnivalent to one pening at least of the little conjunc- 
eetiec asttrertienily as in common lai ¢. I pro- 
to use for ted the symbol 4. nay inst 
essay 1 followed the practice of Boole eae lopted 

¥ 


—~ ' 
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exists exact analogy between mathematical mt 
logical alternation. We shall find that the is im- 
fe and that there is such profound difference 
ical and mathematical terms as should prevent our 
uniting them by the same symbol, Accordingly I have 
chosen « sign}, which seems side suggest whatever 
of analogy mi i without implying more. 
‘The exact meaning of the symbol we will now proceed to 
investigate. 


4 
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Nature of the Alternative Relution, 


Before treating disjunctive propositions it is indispens- 
able to decide whether the alternatives must be considered 
exclusive or unexclusive, By exclusive aliernatives we 
mean those which cannot contain the same things. Ti we 
say “Arches are circular or pointed,” it is certainly to be 
understood that the same arch cannot be described as both 
circular and pointed. Many examples, on the other hand, 
can readily be suggested in which two or more alternatives 
| may hold true of the same object, Thus 
\ Luminous bodies are aelf-luminous or luminous by 


Teflection. 

It is undoubtedly possible, om the laws of optics, that the 
sume surface may at one and the game moment give off 
light of its own and reflect light from other bodies. We 
speak familiarly of deaf or dumd pereons, knowing that the 
muajority of those who are deaf birth are also dumb, 

‘here can be no doubt that in a great many cases, 
perhaps the greater number of cases, alternatives are 
exclusive as a matter of fact. Any one number is 
incompatible with any other ; one point of time or place 
is face of all others, Roger Bacon died either in 
1284 or 1292; it is certain that be could not die in both 
years. Henry Fielding was born either in Dublin or 
Somersetshire; he could not be born in both places. 
There is eo 1nuch more precision and clearness in use 
of exclusive alternatives that we ought doubtless to select 
them when possible. Old works on logic aecordingly 
contained a rule directing that the Membra dividentia, the 
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parts of a division or the constituent species of a genus, 
should be exclusive of each other, ber 
At is no doubt owing to the great prevalence and oon- 
venience of exclusive divisions that the majority of Jogi 
clana have held it neceszary to make every alternative im 
a disjunctive pion exclusive of every other one. 
Aquinas consi: that when this was not the case the 
proposition was actually false, and Kant ted the 
same opinion? A multitude of statements to the same 
effect might readily be quoted, and if fhe question were 
to be determined by the weight of historical evidence, 
it would certainly go against my view. Among recent 
jicians Hamilton, as well as Boole, took the exclusive 
side, Bot there are authorities to the opposite effect. 
Whately, Mansel, and J, S, Mill have all pointed out that 
we may often treat alternatives as Compossib/e, or true at 
the same time, Whately ake ug an example? “ Virtue 
tends to procure us either the esteem of mankind, or the 
favour of God,” and he adds— Here both members are 
troo, and pneeruenly, from one being affirmed we are not 
authorized to deny the other, Of course we are left to 
conjecture in each case, from the context, whether it is 
meant to be implied that the members are or are not 
exclusive.” Mansel says “We may happen to know that 
two alternatives cannot be true to; 80 that the 
affirmation of the second necessitates the denial of the 
first; but this, as Boethius observes, is a material, not a 
formal consequence.” Mul bas also pointed cut the 
absurdities which would arise from always interprating 
ulternutives as exclusive, “If wo assort,” he saya’ “ that 
a man who bas acted in some particular way must be 
either a knave or a fool, we by no imeans assert, or intend 
to assert, that he cannot be both.” Again, “to make an 
rntirely unselfish use of Liat se power, & man must be 
either a saint or a philosopher, ...... Doce the dia- 
junctive premise necessarily imply, or must it be construed 
4% Supposing, that the same person cannot be both a 











1 Mansel’s Aldrich, 4, ond Protegomena Logica, p, 221. 
* Rlomente fe se Bock I ane uct. 4. P 
Al Hudimenta, p. 104. 
: Beamttatin of Sir W. Homilton' F Phclouphy, pp. 453-454 
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saint and a philosopher? Such a construction would be 
q I discuss this subject fully because it is really the point 


which mates from that of Bool 
Tn his | of agit puree he expreealy mays, 
“Tn strictness, the “and, ‘or, interposed between 


the terms descriptive of two or more clasies of objects, 
imply that those classes are quite distinct, so that no 
member of one is found in another." This I altogether 
dispute, In the ordinary use of these conjunctions we do 
not join distinct terms only; and when terms so joined 
do prove to be efter an ao is by virtue of a tacit 
promise, something in the meaning of the names and 
our knowledge of them, which teaches us that they are 
distinct, If onr knowledge of the meanings of the 
words joined is defective it will often be impossible 
to decide whether terms joined by conjunctions are 
exclusive or not. 

Tn the sentence “Repentance is nob a single act, bat 
a habit or virtue,” it cannot be implied that a virtue is 
not ahabit; by Aristotle's definition it is. Milton has the 

ion in one of his sonnets, * Unstain'd by gold or 
fee," where it is obvious that if the fee is not hie gold, 
fhe gold is meant. to be a fee or bribe, ‘Tennyson has the 
expreeeion “wreath or anadem.” Most readers would be 
quite uncertain whether a wreath may be an anadem, or 
an aradem a wreath, or whether they are quite distinct or 
quite the same, From Darwin's Origin of Species, 1 
take the expression, “When we see any part or organ 
developed in a remarkable degree or manner.” In this, or 
is used twice, and neither time exclusively, For if 
and organ are not synonymous, at any rate an organ is @ 
part, And it is obvious that a part may be cl ed at 
the same time both in an extraordinary degree and an 
extraordinary manner, although such cases ay be eom- 
paratively rare, 

From a careful examination of ordinary ae it will 
thus be found that the meanings of terms joined by “and,” 
“or" vary {rom absolute identity up to absolute contrariety, 
There is no logical condition of diatinctness at all, and 
when we do cl exclusive alternatives, it is because 
our subject demande it. The matter, not the form of an 
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‘expression, points out whether terms are exclusive or not.’ 
Tn bill, policies, and other kinds of legal documents, it 
ig sometimes necessary to express very distinetly that 
alternatives are not exclusiva, The form 4 is then 
used, and, as Mr. J. J. Murphy has remarked, this form 
coincides exactly in meaning with the symbol 4. 

In the first edition of this work (vol. $, p. 81), T took 

the disjunctive proposition “ Matter is solid, or liquid, or 
,” and treated it as an instance of exclusive altern- 
‘tives, remarking that the same portion of matter cannot be 
at once solid and liquid, properly ‘ing, and that still leas 
can we suppose it to be xolid and geseous, or solid, liquid, 
and gasoous all at tho same time, But the experiments of 
Professor Andrews show that, under certain conditions of 
ture and pressure, there is no abrupt change from 
the Ste to the gaseous state. The same substance may be 
in such u state us to be indifferently described as liquid and 
| ene In many cases, too, the transition from solid 1 
iquid is gradual, so that the properties of solidity aro at least 
partially joined with those of liquidity. The proposition 
then, instead of being an instance of exclusive alternatives, 
seems to afford an excellent instance to the opposite effect. 
When euch doubts can arise, it is evidently impossible to 
treat alternatives as absolutely exclusive by the logical 
nature of the relation. It becomes purely a question of 
the matter of the proposition. 

The question, as we shall afterwards see more fully, ix 
one of the greatest theorctical importance, because it 
concerns the true distinction between the sciences of 
Logic and Mathematics. It is the foundation of number 
that every unit shall be distinct from every other unit; 
bat Boole imported the conditions of number into the 
science of Logic, and produced a system which, though 
wonderful in its results, was not « system of logic at all. 


Laws of the Disjunctive Relation. 


‘In considering the combination or synthesia of terms 
(p. 30), we found that certain laws, those of Simplicity 


+ Pure Logie, pp. 76, 77- 
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and Commutativeness, must be observed. In uniting 
terms by the disjunctive symbol we shall find that the 
same or closely samilar laws hold true. The alternatives: 
of either member of a disjunctive proposition are certainh 

commutative. Just as we cannot Property distingui: 

between rich and rare gems and rare a gems, 90 we 
mut consider as identical the expression rich or rare gema, 
and rare or rick gems. In our symbolic language we may 


aay 

A+ B=BEA 
The order of statement, in short, has no effect upon the 
meaning of an aggregate of alternatives, 30 that the 
Taw of Comrutativeness holds trae of the disjanetive 


symal 

As we have admitted the possibility of joining as alter- 
natives terms which are not really different, the question 
arises, How shall we treat two or more alternatives when 
they are clearly shown to be the same? If we lave it 
assorted that P is Q or R, and it is afterwards proved that 
Q is bat another name for R, the result is that P is either 
Ror R, How shall we interpret such astatement? What 
would be the meaning, for inatance, of “ wreath or anadem ” 
if, on referring Lo a dictionary, we found anadem described 
aga wreath? I take it tobe self-evident that the meaning 
would then become simply “wreath.” Accordingly we 
may affirm the general law rere 


Any number of identical alternatives may always be 
reduced to, and are logical, jivalent to, any one of 
those alternatives. This is Aine, which distinguishes 
mathematical terme from logical terms, because it obviously 
does not apply to the former, L pore to call it the Law 
¥ Unity, fee it must really be involved in any 

ion of a mathematical wnit. This law is closely 
analogous to the Law of Simplicity, AA =A; and the 
nature of the connection is worthy of attention. 

Few or no logicians except De Mor have adequately 
noticed the close relation between combined and disjunctive 
terms, namely, that every disjunctive term is the nogative 
a a corresponding corabined term, and tice versd. Consider 

term 


Mallcable denge metal. 
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‘How shall we describe the class of things which are not 
malleable-dense-metals? Whatever is included under that 
term must have all the qualities of mealieability, denseness, 
and metallicity.. Wherever any one or more of the qualities 
is wanting, the combined term will not apply. Hence the 
‘negative of the whole term is 

Not-malleable or not-dense or not-metallic. 

In the above the conjunction or must clearly be inter- 
preted as unexclusive; for there may readily be clieals 
which are beth not-malleable, and not-dense, and perhaps 

eat the same time, If in fact we were raquired 
to use or in a strictly exclusive manner, it ld be 
requisite to specify seven distinct alternatives in order to 
describe the negative of a combination of three terms. 
‘The negatives of four or five terms would consist of ae 
or thirty-one alternatives. This consideration alone ig 





angnage. 
Expressed symbolically, we may say that the negative 


ABC 
he not-A or notB or not-O; 
adhe 
Bocewotally the nate of 
+Q4R 


seh 
Brey disjunctive term, then, is the negntive of, a 
combined term, and vice versd. 
Apply this result to the combined term AAA, and its 
nogative is 
atata 
Since AAA is by the tan of Seppe equivalent to A, 
soa + a + a must be equivalent to a, and the Law of 


ge holds trae, Each Jaw thus necessarily, presupposes 
1e oth 


Symbolic expression of the Law of Duality. 


We may now employ our symbol of alternation to 
earmee a aS and formal manner the third Funda. 
mental Law of T ‘hought, which I have called the Law 

of Duality (p. 6). Taking A to represent any class or 
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object or , and B other class, ol set so pay 
we may Ce fo er gale. tt vb 
nob agree. Thus we may say 












A= AB 4 Ab, 
This formula which will henceforth be constantly 
em and it lies at the basis of reasoning. 


e reader may perhaps wish to know why A is inserted 
in both alternatives of the second member of the identity, 
and why the law is not stated in the form 

A=B +b. 

But if he will consider the contents of the last section 
(p. 73), he will’ see that the Inter expression cannot be 
correct, otherwise no term could have a corresponding 
negative term. For the negative of B 4 6 is iB, ar asclf- 
contradictory term; thus if A were identical with Bb, 
its negative a would be non-existent. To say the least, 
this result would in most cases be an absurd one, and T 
see much reason to think that in a strictly logical pero of 
view it would always be absurd. In all probability w 
ought to assume as a fundamental logical axiom that 
term has its negative in thought. We cannot think at 
without separating what we think about from other things, 
and these things necessarily form the nogative notion.! 
i follows that an; ee of the form A = B+d is 
just as self-con tory as one of the form A = Bd, 

It is convenient to recapitulate in this place the three 
Laws of Thought in their symbolie form, thas 


Law of Identity Bien 
Lew of Contradiction Aa = 0, 
Law of Duality A=ABy} Ab 


Variims Forms of the Disjunctive Proposition, 


Disjunctive sitions may oceur in a great variety of 
forms, of whiou the ald logicians took insufficient notice. 
‘There may be any number of alternatives, each of which 
may be a combination of any number of simple terms. A 
proposition, again, may be disjunctive in one or both 
members. The proposition 


2 Pare Logie, 7. 65. See also the exticin of this paint ty De 
Morgan in the Atheneum, No. 1892, goth January, 1864; p. #55- 
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ee gases are electrics or conductors 
of electricity 


ity 
is an example of tho doubly disjunctive form. The inean- 
ing of iat, pecpettion is Mie whatever falls under any 
‘one or more alternatives on one side must fall under one 
or more alternatives on the other side. From what has 
oan said before, it is apparent thet the proposition 
+B=C4D 
will correspond to 


ab = ed, 
each metber of the latter being the negative of a member 
of the former proposition. 

Az an instance of a complex disjunctive Kiet I 
may give Senior's definition of wealth, w 
stated, amounts to the proposition “ "Wealth is what is 
transferable, limited in supply, and either productive of 
pleasure or preventive of pain? 

Let A = wealth 
me transferable 
= limited in 
32 Pip re cage 8 Se 
E = preventive of pain. 
‘The definition takes the form 
A=BCD+E); 
but if we develop the alternatives by a method to be 
afterwards more fully considered, it becomes 
A = BCDE } BCDe } BCAE. 

An example of o still more complex proposition is 
found in De Morgan's writings® ax flows" He, must 
have been rich, and if not absolutely mad was weakness 
itself, subjected either to bad advice or to most unfayour 
able cirenmstances.” 

Fe If we assign the letters of the alphabet in succession, 
hus, 


B=rich 

© = absolutely mad 

D = weakness itsclf 

E = subjected to bad advice 


* Poole’ Laws Thought, p. 106, Si Pure Logi ). 
went Sign Me gota. Cambs Pink Peake Sat. 
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F = subjected to most unfavourable circumstances, 
the proposition will take the form 
Y A= ABC YD (E+ F)}, 
aud if we develop the alternatives, expressing some of 
the different cases which may happen, we obtain 
A = ABC + ABeDEF } ABeDES 4. ABcDeF. 

The above gives the atrict logical interpretation of the 
sentence, and the first alternative ABC is capable of de- 
velopment into eight cases, according as D, E and F are or 
are not present, Although from our knowledge of the 
matter, we may infer that weakness of character cannot he 
asserted of a person absolutely mud, there ix no explicit 
statement to this effect. 


Lnference by Disjunctive Propositions, 

Before we can make a free use of disjunctive proposi- 
tions in the processes of inference we must consider how 
disjunctive terms can be combined together or with 
simple terms. In the first place, to combine a simple term 
with a disjunctive oue, we must combine it with every 
alternative of tho disjunctive term. A vegetable, for 
instance, is either a herb, a shrub, or a tree. Hence an 
exogenous vegetable is either an exogenous herb, or an 
exogenous shrub, or an exogenous tree. Symbolically 
stated, this process of combination is as follows, 

A(B4C) = ABY AC. 

Secondly, to combine two digjunctive terms with each 
other, combine each alternative of one with each alterna- 
tive of the other, Since flowering plants are cither 
ext 3 or endogens, and are at the same time either 
hehe shrubs or trees, it follows that there are altogether 
six alternatives—namely, exogenous herbs, exogenous 
shrubs, exogenons trees, endogenous herbs, endogenous 
shrubs, endogenous trees. This process of combination is 
shown in the general form 

(A+B) (Cf D4+E) =AC+AD + AE+ BC} BD 4 BEL 

Tt is hardly necessary to point out that, however 
numorous the terms combined, or the alternatives in those 
terins, we may effect the combination, provided each alter- 
native is combined with each alternative of the other 
terms, as in the algebraic process of multiplication. 








term to each side of an identity even eougt one or 
ligjanctive, us let 
ByC 


Now it is self-evident that 
AD = AD, 
and in one side of this identity we may for A substitute 
its equivalent B + ©, obtaining 
* AD = BD4CD. 

Since “n gnscous element is either hydrogen, or oxygen, 
or uitrogen, or chlorine, or fluorine,” it follows that “a free 
gaseous element is either free hydrogen, or free oxygen, 
or free nitrogen, or free chlorine, or free fluorine,” 

jis process of combination will lead to most useful ine 
forences when the qualifying adjective combined with both 
sides of the proposition is a negative of oue or more alter- 
natives. Since chlorine is a coloured gas, we may infer 
that "a colourless gaseous element is either (colourless) 
hydrogen, oxygen, nitrogen, or fluorine” The alternative 
peuerne disappears because colourless chlorine does not 
exish Again, since “a tooth is either an incisor, canine, 
Dicuspid, or molar,” it follows that “a not-incisor tooth is 
either canine, bicuspid, or molar.” The general rule is that 
from the denial of any of the alternatives the uffirmation 
of the remainder can be inferred. Now this result clearly 
follows from our process of substitution; for if we have 
the proposition 





A=BtC+D, 
and we insert, this expression for A on ane side of the self 
evident identity 
Ab = Ab, 
we obtain Ab = ABB} ABC } AbD; 
and, as the first of the three alternatives is self-contra- 
dietory, we strike it out according to the law of contra- 
diction: there remains 
Ab=Ai04A5D. | 
‘Thus our system a includes and explains thet mood of 
the Disjunctive Syllogism technically called the modus 


10 POnens, 
Bot the reader must carefully observe that the Disjunc- 
tive Syllogism of the mood ponendo (ollens, which affirms 
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one alternative, and thence infers the denial of the rost, 
cannot be held’ true inthis system. If I say, indeed, that 
Water is either salt or fresh water, 

it seems evident that ““water which is salt is not fresh.” 
But this inference really proceeds from our knowledge that 
water cannot be atonee salt and fresh. This inconsistency 
of the alternatives, as T have fully shown, will not always 
hold. Thus, if I say 

Gems are either rare stones or beautiful stones, (1) 
it will obviously not follow that 

A rare gem is not a beautiful stone, (2) 


that 

A beautiful gom is not a rare stone, ) 
Our symbolic method gives only true conclusions ; for if 
we 


A=gem 
B = rare stone 
C = beautiful stone, x 
the proposition (1) is of the form . 
A=By;C 
hence AB=B4BC 
and AC = BC}C; 
but these inferences are not equivalent to the false ones 


(2) and (3). eoabes> 

We can readily represent disjunctive reasoning by the 
modus ponendo tollens, when it {x valid, by expressing the 
inconsistency of the alternatives explicitly, Thus if wo 
resort to our instance of 

Water is oither salt or fresh, 
and take 
A = Water B=salt C = fresh, 
then the premise is apparently of the form 
‘A = AB}AC; 

but in reality there is an unexpressed condition that “ what 
is sult is not fresh,” from which follows, by a process of 
inference to be afterwards described, that “what is fresh 
is not salt.” We have then, in letter-terms, the two pro- 
positions 





Hf we substitute these descriptions in the original pro- 
position, we obtain 
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Rinnahuenee 

we 

‘AB = ABo + ABEO 
or AB = ABe; 


that is, 

Water which is salt is water salt and not fresh, 
Tshould weary the reader if I attempted to illustrate 
the multitude of forms which disjunctive reasoning may 
take; and as in the next chapter we shall be constantly 
treating the subject, I must here restrict myself to a single 
instance. <A very common process of reasoning consists in 
the determination of the name of a thing by the successive 
exclusion of nlternatives, a process called by the old name 

abscissio infiniti, Take the case = 
Red-coloured metal is either copper or gold (1) 


Copper is dissolved by nitric ack (2) 
This specimen is red-coloured metal GQ) 
This specimen is not dissolved by nitric acid (4) 
Therefore, this specimen consists of gold ) 
‘Let us assign the letter-symbols thus— 
A = this specimen D = gold 
B=red-coloured metal E = dissolved by nitric acid. 


C = copper 

Assuming that the alternatives copper or gold are 
intended to be exclusive, as just explained in the case of 
freah and salt water, the premises may be atated in the 





3) 
2) 
(3) 
A= Ae 4) 
Substituting for C in (1) by means of (2) we got 
B= BCdE }- BeD 
‘From (3) and (4) we may infer likewise 
A=ABe 


and if in this we substitute for B ita equivalent juat 
stated, it follows that 

A= ABCdEe + ABcDe 
pha firet of the alternatives being contradictory the result 


A= ABcDe 
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which contains a full description of “this specimen,” as 
furnished in-the premises, but by ellipsis asserts that it is 
gold. It will be observed that in the symbolic expression 
(1) I have explicitly stated what is certainly implied, that 
copper is not gold, and gold not copper, without which 
condition the inference would not hold good. 


CHAPTER VL 
THE INDIRECT METHOD OF INPEBENCE. 


‘Tur forms of deductive reasoning as yet considered, are 
mostly cases of Direct: Deduction as distinguished from 
those which we are now about to treat. The method of 
Tndirect Deduction may be described as that which points 
out what a is, by showing that it cannot Boanyuning 
else, We can dofine a certain egies a map, cither by 
colouring that space, or by colouring all except the space ; 
the first mode is positive, the second negative. The 
difference, it will be readily seen, is exactly analogous to 
that between the direct and indirect les of proof in 
geometry. Euclid often shows that two lines are equal, by 
showing that they cannot be unequal, and the proof rests 
upon known number of alternatives, greater, equal or 
less, which are alone conceivable. In other aie for 
instance in the seventh proposition of the first book, he 
shows that two lines must meet in a particular point, by 
showing that they cannot meet elsawhere, 

In logic we can always define with certainty the utmost 
number of alternatives which are conceivable. The Law 
of Duality (pp. 6, 74) enables us always to assert that any 

ity or circumstance whatsoever is either present or 
absent. Whatever may be the meaning of the terms A 
and B it is certainly trae that 
A= ABY Ad 
B=AB4aB, 
' These are universal tacit premises which may be em- 
poyed in the solution of every problem, and which are 
invariable and necessary conditions of. all thought, 
G 





62 THE PRINCIPLES OF SCIENCE. fomar. 





that they need not be laid down. The Law of 
Con Tae ition of all thought and of 
CE et TE i al us to 
reject from further consideration all eke which imply the 
2 Seog) ob and absence of the same ea Now, when- 
bring both these Laws of ought into explicit 
La method of substitution, we employ the 
Thiet fethod of Inference. [t will be found that we 
can treat not only those arguments already exhibited 
ooonting to the direct, method, but we can include an 
infinite SR altitude of other arguments which are incapable 
of pation by Bi hes dead means. 
especially those of France, have held 
ina the ee Method of Proof has a certain inferiority 
to the direct method, which should prevent our using it 
except when obliged. But there are many truths which 
‘we can prove only indirectly, We can prove that a 
number is a prime only by the purely indixect method of 
showing that it is not any of the numbers which have 
divisors, and the remarkable proceas known a3 Eratos- 
thenes' Sieve is the only mode by which we can select: the 
prime numbers! It beara a strong analogy to the indirect: 
method here to be described. We can prove that the side 
and diameter of a square bash aren ‘bat only in 
the negative or indirect: manner, by that the con- 
trary supposition inevitably leads to cont iction.? Many 
other demonstrations in various branches of the erred 
matical sciences proceed upon a like method. Now, if 
there is only one important truth which must be, and can 
only be, proved indirectly, we may say that the process is a 
necessary and sufficient one, and the question of its com- 
‘parative excellence or usefulness ia not worth discussion. 
‘As u matter of fact I believe that nearly half our logical 
conclusions reat upon its employment, 


See Hoag, Phlonphical Transaction, 17725; ol. Isl p, 327. 
Histoire dex Mathematiques, vol. i. 239. Penny 
Oty article “ Eratosthenes.”” 
lid, Book x. Prop. £17. 





‘Simple Tlustrations. 


invest eae meaning, Any who 
sumer: i we can 
draw from the above proposition an apparently different 


wh ach ee seed eat canbe v ES aviciee! ts 


complete eb eM ete aha 
otek ‘has been called Contrapositive Con- 
8 is as follows — 
"Fim by he Law of Duality we know that 
either Metal or Not-metal, 
If it be metal, we know that it is by the premise am 
element ; we should thus be sup that the same — 
is an element and got elise which is in 


alternative, then, the not-element =H be 
of inference symbolically wo 





aes ovine 
We orth by th La Dusty the tema no Bi 


b= Ab+ab, 
For A in this proposition we substitute its adept oe 
given in (1), obtainin, 
®, Sy Amt ak 
But according to the Law of Contradiction the term 
AB) must be exeluded from thought, or 


December 1868 ; Fourth 1. ive 
Pptbciepnerbes Cynetbete ced iv. 
@ 
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AB) = 
‘Hence it results that bis either at all, or it is ab; 
and the conclusion is ming 


= ab. 

As it will often be necessary to rofer to a conclusion of 
this iad T ait call rear a8 ae uel. the sea Bani be 
Proposition of the original, reader ni bo 
cautioned to arn that from air A’s are B’s it does not 
follow that all not-A’s are not-B’s, For by the Law of 
Duality we have 

a=aB4+ab, 
and it will not be found possible to make any eubstitution 
in this by our original premise A= ARB, It still remains 
gpahite, therefore, whether not-metal is element or not- 


one ae of the Contrapositive prope given above 
is exactly the same as that which Buclid applies in the 
case of geometrical notions. De Morgan describes Euclid’s 
os follows 1:—* From every not-B is not-A he a2 
wery A is B, thus; If it be possible, let this A be 
noe, teed every not-B is not~A, therefore this A is not-A, 
which is al 3 whence Ais 3B” Now De Morgan 
thinks that thi is entirely needless, because common 
logic gives the inference without the use of any 
metrical reasoning. I conceive however that logic gives 
the inference only by an indirect process. De Morgan 
claims “to see identity in Every A is B and every not-B 
is not-A, by a process of thought a to ay! e 
‘Whether We to syllogism or not, T claim that it ia not 
prior to the laws of thought and the process of substitutive 
inference, by which it may be undoubtedly demonstrated. 





Employment of the Contrapositive Proposition, 


‘We can frequently employ the contrapositive form of a 

proposition by the ‘method of substitution; and certain 

moods of the ancient ayilogiam, which we have hitherto 

passed over, “ike thus be satisfactorily comprehended in 

= Sagas T ss for hace the following syllogism in 
8 moo 


2 Philosophical Mogasine, Dee. 1852 3 P. 437. 
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Whales are not true fish ; for’ do not respire water, 
whereas true Easting oak 
Tet us take 


A=Ae ) 
PS See 
ow, cont ‘ition we obtain from 
ey 


cable 
and we can substitute this expression for ¢ in (1), ob- 
A= Abe 


or “ Whales are not true fish, not iting water.” 
The mood Cesare does not really differ from Camestres 
in the order of the premisos, and it could be ex- 
hibited in an exactly similar manner. 

‘The mood Baroko gave much trouble to the old logicians, 
who could not reduce it to the first figure in the same 
manner as the other moods, and were obliged to invent, 

i for it and for Bokardo, a method of Indirect 
closely analogous to the indirect proof of Euclid. 

Now these moods require no exceptional treatment in this 
system. Let us take as an instance of Baroko, the argu- 


ut 

All heated solids give continuous spectra (1) 

Some nebulw do not give continuous spectra (2) 
a gome nel are not heated solids (3) 

i ¢ little word some as an indeterminate adjec~ 
ecatecectes to which we assign a symbol like any 
other adjective, lot 

A=some 

B=nebule 

C = giving continuous spectra 

D = heated solids 
The premises then become 

D=De 1) 
AB = ABe 2) 

Now from (1) we obtain by the indirect method the con- 
trapositive proposition 
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c=ed 
and if wo substitute this expression for ¢ in (2) we have 
AB = ABad i 
tho full meaning of which is that “come nebulm do not 
give continuous spectra and are not heated solids,” 

‘Wo might similarly apply the contrapositive in many 
other instances. Take the it, “ All fixed stara are 
self-luminous; but some of the heavenly bodies are not 
self-luminous, and are therefore not stars.” Taking 
our terms 

A = fixed stars 
B = self-luminous 
C = some 
D = heavenly bodies 
we have the premises 
A= AB, 8 
2) 


CD =10D 
Now from (1) we can draw the contrapositive 
b=ab 


and substituting this = fg for bin (2) we obtain 
‘1D =abCD 


which ipthes the conclusion of the argument that some 
heavenly bodies are not fixed stars, 


Contrapositive of a Simple Identity. 

The reader should carefully note that when we apply 
the process of Indirect Tnforence to a simple identity of 
‘the form 

A=B 
we may obtain further results. If we wish to know what 
is the term not-B, we ae bet fais) by the Law of Duality, 
= Ab }al 
and substituting for A we obtain 
b = Bb-ab = ab. 

Bat we may now also draw a second contrapositive ; for 

we havo 


a=aB+ad, 
and substituting for B its equivalent A wo have 
a=aA pub =ab. 
Hence from the single identity A = B we can draw 
the two propositions 
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a=ab 

b= ab, 
and observing that these propositions have s common term 
hwo ca make & ew eo |, getting 

e= 


This result is in strict accordance with the fundamental 
inciples of inference, and it may be a question whether 
it is not a self-avident result, independent of the steps of 
deduction by which we have reached it, For where two 
‘classes are coincident like A and B, whatever .is true of 
the one is true of the other ; what is excluded from the one 
must be excluded from the other similarly, Now as @ 
‘bears to A exactly the same relation that } to B, the 
identity of cither pair follows from the identity of the 
other pair. In every identity, equality, or similarity, we 
may argue from the negative ths one side to the nega~ 
tive of the other. Thus at ordinary temperatures 
Mercury = liquid-metal, 
hence obviously 
_ _ Not-moroury = not liquid-motal ; 
or since 
Sirius = brightest fixed star, 
it follows that whutever star is not the brightest is not 
Siring, and wice versé, Evory correct defi is of the 
form A = B, and may often require to be applied in the 
equivalent negative form. 
Lot us take oa an illustration of the mode of using this 
result the angument following: 
Vowels are letters which can be sounded alone, (1) 
‘The lottor w cannot be sounded alone ; 2) 
Therefore the letter w ie not a vowel. (3) 
Here. Raat a eee and a com ance 
thing it definition (2), leading to exclusion e 
thing from the class defined. 
Taking the terms 
A= vowel, 
B = letter which can be sounded alone, 
C = letter w, 
the premises are plainly of the forms 
A=B, 1 
O=10. (2, 
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Now by the Indirect method we obtain from (1) the 
Contrapositive 


tod laser in 2) theta fr wo ae ® 
a ee Ss 


Miscellaneous Examples of the Method. 


‘We can apply the Indirect Method of Inference however 
many may be the terms involved or the premises con- 
cog rae terms. As the working of the method ia 
best i from examples, I will take a case of two 
premises forming the syllogism Barbara: thus 

Tron is metal a) 
Metal is element. Q@) 
If we want to ascertain what inference is possible concern- 
ing the term Jron, we develop the term by the Law of 
- Iron must be either metal or not-metal ; irow 
which is metal must be either element or not-element ; 
and similarly iron which ix notmetal must be either 
element or not-element. There are then altogether four 
alternatives among which the description of iron must be 
contained ; thus 


Tron, metal, element, (a) 
Tron, metal, not-element, (8) 
Tron, not-metal, element, ¢ 


Tron, not-metal, not-element. ( 
Our first premise informs us that iron is a metal, and if 
we substitute this description in (7) and (8) we shall have 
self-contradictory combinations. Our second premise like- 
wise informs ns that metal is element, and applying this 
description to (8) we again have self-contradiction, so that 
thera eae only (a) ss a description of iron—our 
inference is 
Tron = iron, metal, element, 
eS represent this process of reasoning in general symbols, 


A=iron 
B= metal 
C = element, 
‘The premises of the problem take the forms 





5 A=AB 8 
By the Law of Duality we have 4 
Ww we have 

A=AB+ Ad ) 

A=AO+4 Ac, 4) 
Now, if we insert for A in the second side of (3) its 
description in (4), we obtain what I shall call the develop- 
ment of A with respect to B and C, namely 

A = ABC } ABe }- ADC 4. Abe, 5) 
Wherever the letters A or B appear in the second side of 
(5) substitute their equivalents given in (1) and (2), and 
resulta stated at full length ate 
A = ABO} ABCc 4 ABLC 4 ABUCe, 

Peele three alternatives break the Law of Contradiction, 
30 


A= ABC}0+0+0= ABC, 
This conclusion is, indeed, no more than we could obtain 
by the direct process of substitution, that ia by eubstituting 
for B in (1), its hers in (2) as in p. $5; it is the 
tic of the Indirect process that it gives all 
possible logical conclusions, both those which we have 
previously obtained, and an immense number of others or 
which the ancient logic took little or no account, From 
the same premises, for instance, we can obtain a description 
of the class not-clement or c, By the Law of Duality we can 
develop ¢ into four alternatives, thus 
e = ABe 4 Abe} aBe } abo. 
Tf we substitute for A and B as before, we got 
= ABCe + ABbe 4 aBCe+} abe, 
and, striking out the terms which break the Law of 
Contradiction, there remains 
c= ale, 

or what is not element is also not iron and not motal. 
This Indirect Method of Inference thus furnishes a 
cute solution of the following problem—Given any 

of logical premises or conditions, required the 
description of any class of objects, or of any term, ax 
ees i 

steps of the of inference mi us 
stated— ~ 


1. By the Law of Duality dey: the utmost number 
of alternatives which may exist in the description of the 
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required class or term as regards the terms involved in the 


2. For each term in these al eronires substitute its 
Or ion as given in the promi 
trike out every Bienaitva which is then found to 
ioe the Law of Contradiction. 


terms may be equated to the term im 
oiler egibo hated aaesin.s 


Mr. Venn's Problem. 


The need of some logical m¢ powerful and 
ive than the old Togie oth “Aristotle i is peel 
illustrated by Mr, Venn in his most, intoresting and 
article on Boole's logic.’ An easy example, re y Bote 
wei cedertbchitad aid of my method as simply deseril 
in the Elementary Lessons tn Logic, was proposed in 
examination and Jecture-rooms to some hundred and fifty 
students as a problem in ordinary logic. It was answered 
hy, at most, five or six of them. It was afterwards set, 
a8 an example on Boole’s method, to a small class who 
had attended a few lectures on the nature of these 
symbolic methods. It was readily answered by half or 
more of their number, 

‘The problem was as follows:—" The members of « board 
were of them either bondholders, or shareholders, but 
not both ; and the bondholders as it happened, were all on 
the board. What conclusion can be drawn?” The con- 
clusion wanted is, “No shareholders are bondholders,” 
Now, as Mr. Venn says, nothing can look simpler than the 
following reasoning, when stated :—"There can be no 
bondholders who are shareholders; for if there were they 
must be either on the board, or off it, But they are not 
on it, by the first of the given statements; nor off it, by 
the second.” Yet from the want of any systematic mode 
of treating such a question only five or six of some 
hundred and fifty students could succeed in so simple a 
problem. 


Mind, ly Review of Pa and Philosophy ; 
Octane Hie Ray hoe ronsber it 
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‘By symbolic statement tho problem is instantly solved. 


A = member of board 
B = bondholder 
fae “= © = shareholder 
premises are evident]; 
Sas +A00 


But substituting for A in the fret hs fe B in the third 
alternative we get 

© = ABCc+ ABO 4 ALC + @ABC 4 a0, 
‘The first, second, and fourth alternatives in the above are 
self-contradictory combinations, and only these; striking 
them out there remain 

C= ADC + obC = 10, 

the required answer, This symbolic reasoning is, I believe, 
the exact equivalent of Mr. Venn's reasoning, and I do 
not believe that tho result can bo attained in a sim 
manner. Mr. Venn adds that he could adduce oll 
similar instances, that is, instances showing the necessity 
of a better logical method. 


Abbreviation of the Process. 


Befors proceading to further illustrations of the use of 
this method, 1 must point ont how much its practical 
oe be simplified, and how much more easy 
it is than would appear from the description, When wo 
want to effect at all a thorough solution of a logical 
problem it is best to form, in the first place, a complete 
series of eters of terms involved in it. It 
there be two terms A and B, the utmost variety of 
combinat IE papal ud ear 
al 


Ab ab, 
‘The term A appears in the first and second ; B in the first 
and third; @ in the third and fourth; and 6 in the second 
and ere Seren somaya 
A= 
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must ascertain which of these combinations will be 
readers”. selfcantsad lictory substitution; the second 
pre ae all are bie re out, and there will remain 
y 


ba. 
Hence we draw the following inferences 
A=AB, B= AB, a=ab, b=ab. 
Exactly the same method must be followed when a 
Veer involves @ greater numberof terms. Thus by the 
w of Duality the three terms A, B, ©, give rize to eight 
conceivable combinations, namely 


ABC (a) abo (©) 

ABo (8) aBe (o) 

Alc 7) ab (») 

Abe (3) abe. (¢ 
Se eee ae the first We 
of these; for B we must select ( i (©, (0; ¢ 


consists of (a), (7), (€) (a); bof (), i «(n), (@), and so on. 
low if we want to investignte completely the meaning 
of the premises A=AB ) 
B=BC aie 
we meres each of the eight combinations as re, 
premise ; (7) and (8) are contradicted by (1), ant 
(5) by Gh a that there rernain onl; 


anc (a) 
aBC (¢) 
abC (7) 


abe, G 
‘To describe any term under the conditions of the lees 
@) and (2), we have simply to draw ont the proper com- 
binations from this list; thus, A is represented only by 
ABC, that is to say 


A= ABC, 
¢= abe, 
aren two alternatives thus stated, 
= ABC }aBC; 
and for b we have 
3 = ab0 4 abe. 


When we bave a problem involving four distinct terms 
we need to double the number of combinations, and as 
we add each new term the combinations become twice 


88 numerous, Thus 





A,B produce fonr combinations 

A, B,C, » » 

A, B,C, D » — dixteen 

A,B,C,D,B % thirty-two? 

A, B, O, D, EF » — gixty-four 
and 0 on. 

1 propose to call any such series of combinations the 

Logical Alphabet, Tt in logical science a position 
the importance of which cannot be exaggerated, and as 


reader who may wish to employ the Alphabet in logical 
questions, I haye had printed on the next page a complete 
series of the combinations up to those of six terms At 

‘yery commencement, in the first column, is placed a 
single letter X, which might seem to be superfluous. This 


& 


ieee ocean 3 recndeite omer te complete the 
analogy with the Arithmetical Triangle there described. 

‘The reader ought to bear in mind that thongh the Logical 
Alphabet secms to give mere lists of combinations, 

0 ions are intended in every case to constitute the 
development of a term of a proposition Thus the four 
combinations AB, Ad, @B, ad really mean that any class X 
is described by the following ition, 

X= XAB + XaB 4 Xab. 
Tf we select the A‘s, we obtain the following proposition 
= +Xab. 


Thus whatever group of combinations we treat must be 


conceived a8 of a higher class, summum genus or 
universe symbolised in the term X ; but, bearing this in 
mind, it is needless to icate our formule by always 


introducing the letter. inference consists in passing 
from propositions to propositions, and combinations per se 





-n 
aa 


Senses. 
see 
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In jel poi 
the Logical Alphabet is infinitely extended. Every 
tayo cmsaas which an bn toon Sec 


two, The extremely id imerense in the number of 


few qualitios at a time, 

When pnnleesploting the prapesties tithe A lnbabee t 
am often inclined to think that Pythagoras ved the 
deep logical importance of duality; for while unity was 
the symbol of identity and harmony, he described the 
number two us the origin of contrasts, or the symbol of 
diversity, division and separation. The number four, or 


Iden verses ascribed to hagoras, he conjures his 
Brsiiits Berisenous wie 4 


“ By him who stampt The Four upon the Mind, 
Four, the fount of Natarv’s endless atream,” 


Now four and the higher powers of duslity do represent 
in this logical system the numbers of sombiiatione which 
can be generated in the absence of logical restrictions. 
The followers of Pythagoras may have shrouded their 
master’s doctrines in mysterious and superstitious notions, 
but in many points tl doctrines seem to have some 
basis in logical philosophy. 

The Logical State. 
To a person who has ance comprehended the extreme 
i and utility of thie Logiaal Alphabet the 
i process of inference becomes reduced to the 
i of a few uniform operations of classification, 
and climination of contradictories, ical 
deduction, even in the most complicated jong, 
becomes a mutter of mere routine, and the amount of 


+ Whewoll, History of the Inductive Soiences, vole i ps 223. 








Renee ae 
meaning of rendered clear. Bat the 
Seal thors often found to be considerable The 
‘mere “writing down of sixty-four combinations of six 
Gates etch fot smal tas ante puree) 
five of the si: com! 
have pantea teceminad in ce ae, with each Hair, 
The reqnisite comparison is often of a very tedious 
character, and considerable chance of orror intervenes, 

T have given much attention, therefure, to lessening both 

ah minal mental labour of the process, eats 
several devices which may be adopted for 
path rea risk of mistake, 

In the fixat place, a3 ‘the same sets of combinations ocour 
over and over again in different problems, we may avoid 
the labour of writing them out by having the seta of 
letters ready printed upon small sheets of writing- ting: paper. 
Tt has also been suggested by a correspondent np any 
one series of combinations were marked upon the margin, 
of asheet of paper, and a slit cut between each pair of 
combinations, it would be easy to fold down any particular 
combination, and thus strike it out of view. The cam- 
binations consistent with the premises would then remain 
in a broken series, This method answers sufficiently well 
for ocensional use. 

A more convenient mode, however, is to have the series 
o) letters shown on p. 94, engraved upon 4 common school 

slate, of such a size, that the letters may occupy 
Loe ta third of the space on the left hand side of 
the slate. The conditions of the problem can then be 
written down on the unoccupied part of the slate, and the 
proper serice_ of combinations being chosen, the contra- 
lictory combinations can be struck out with the pencil 
I have used a slate of this kind, which I call a 
‘Slate, for more than twelve years, and it has say 
much trouble. It is hardly possible to apply this 
to problems of more than six terms, owing to 
the large number of combinations which would require 
examination, 
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three-sided rectilinear figure, with or without three equal 
angles,” the last alternatives really express a property of 
triangles, namely, that some triangles have three equal 
angles, and geome do not have them. If we put P= 
“Some,” meaning by the indefinite adjective “Some,” one 
or more of the undefined properties of triangles with three 
equal angles, and take 

A= triangle 

B = three-sided rectilinear figure, 

© = with three equal angles, 
then the knowledge implied is expressed in the two 
propositions 

PA = PBC 
A = pBa 
These may also be thrown into the form of one pro- 
position, namely, 
A=PBC +} pBe; 
but these alternatives cannot be reduced, and the propo- 
sition is quite different from 
A=BC + Be, 


Illustrations of the Indirect Method, 


A great variety of argnmenta and logical problems 
might be introduced here to show the comprehensive 
character and powers of the Indirect, Method. We ean 





An 


© = rectilinear figure ; 
then the definition is of the form 
A= BO, 

If we take the series of ¢ight combinations of three 
letters in the Logical Alphabet (p.o4) and strike out 
thoas which are inconsistent with the definition, we have 
the following result:— ABC 

aBe 
ab 
abe, 
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or by the process of Ellipsis before described (p. 57) 
A=Ac 
Third Example, 


As a somewhat more complex ee I take tho 
argument thus stated, one which could not be thrown into 
the syllogistic form :— 

" All metals except gold and silver are opaque; there- 
fore what is not opaque is either gold or silver or 
ia not-metal.” 

There is more implied in this statement than is. dis 
tinctly asserted, the full meaning being as follows: 


‘All metals not gold or silver are opaque, (t) 
Gold is not opaque but is a metal, (2) 
Silver is not opaque but is a metal, (3) 
Gold is not silver. (4) 

Taking our letters thus— 

A = metal C = silver 
B= D = opaque, 
we may state the premises in the forms 
‘Abe = AbeD (1) 
B= Abd (2) 
C=ACd G) 
B= Be (4) 


To obtain a complete solution of the question we take 
the sixteen combinations of A, B, ©, D, and striking out 
eed are incousistent with the premises, there remain 
only 

ABed 

AbCd 

AbkD 

abeD 

abed, 

The expression for not-opaque things consists of the 

three combinations containing ¢, thus 





d=A¥od + AbCd | abcd, 
or d=Ad(Be + BC) 4 abed. 
In pete Tanguage, what is not-opaque is either metal 
which is gold, and then not-silver, or silver and then not 


gold, or else it is not-metal and neither gold nor silver, 
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A=ABe } AdC, (1 ) 
De= DeBC, (2 
DE= DEhe. (3) 
As five terms enter into these premises it is requisite to 
troat their thirty-two combinations, and it will be found 
that fourteen of them remain consistent with the premises, 


namely 
aBCDe abCdE 
ABode aBCdE abCde 
A’CIE aBCde abeDE 
AbCde aBalE abedB 
aBede abede, 

If we examine the first four combinations, all of which 
contain A, we find that they none of them contain D; or 
again, if we select those which contain D, wo havo only 
two, thus— 





D=aBCDe 4 abcDE. 
Houce it is clear that no A ia D, and vice versd no D is A, 
We might diw many other conclusions from the same 
premises ; for instanceo— 
DE = abcDE, 
or D and E never meet but in the abeence of A, B, and C, 


Fallacies analysed ty the Indirect Method. 


Tt has been sufficiently shown, perhaps, that we can by 
the Indirect Method of Inference extract the whole truth 
from a series of propositions, and exhibit it anew in any 
required form of conclusion. But it may algo need to be 
shown by examples that so long as we follow comectly 
the almost mechanical rules of the method, we cannot fall 
into any of the fallacies or patalogisms which are often 
conimitted in ordinary discussion. Tat us take the example 
of a fallacious argument, previously treated by the Method 
of Direct Inference (p. 62), 

Granite is not a sedimentary rock, Gi 
Basalt is not a sedimentary rock, (2 
and Tet us ascertain whether any precise conelusion can be 
drawn concerning the relation of granite and basalt. 
Waking as before 
A = granite, 
L = sedimentary rock, 
C = basuit, 
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that is, “a fixed star is nut a planct, but is either subject 
‘or not, as the case may be, to gravity.” Here we have no 
conclusion concerning the of fixed stars and 
gravity. 





The Logteal Abreus, 

The Indirect Method of Inference has now been sufli- 
ciently described, and a eareful examination of its powers 
will show that it is capable of giving a full analysis and 
solution of every question involving only logical relations. 
‘The chief difficulty of the method consists in the 
uumber of combinations which may haye to be examined ; 
not only may the requisite labour become formidable, but 
a considerable chance of mistake arises. I bave therefore 
given much attention to modes of facilitating the work, 
and have succeeded in reducing the method to an almost 
mechanical form. It soon appeared obvious that if the 
conceivable combinations af the Logical Alphabet, for any 
number of letters, inatead of being printed in fixed ordor 
on a piece of paper or slate, were marked upon light 
moyable picees of wood, mechanical arrangemonts could 
pees devised for selecting any required class of the 
combinations. The labour of comparison and rejection 
might thus be immensely reduced, This idea was first 
carried out in the Logical Abacus, which I have found 
useful in the lecture-room for exhibiting the complete 
solution of logical problems. A minute description of the 
construction and use of the Abacus, together with figures 
‘of tho parts, has already been given in my essay called 
The Substitution of Sinvilars* und I will here give only 
4 general description, 

¢ Logical Abacus consists of a common school black- 
board placed in a sloping position and furnished with four 
horizontal and equi-distant ledges. The combinations 
of the letters shown in the first four colamns of the 
Logical Alpbabet are printed in eomewhat large type, 
so that euch letter is about an inch from the neighbour- 
ing one, but the letters are placed one above the other 
instead of being in horizontal lines os in p, o4. Each 
combination of letters is separately fixed to the surface of 


+ Pp. 55—59, 8i—25, 





be 
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mechanical manner that exclusion of self-contradictories 
which was formerly done upon the slate or upon paper. 
Accordingly, from the combinations remaining in the upper 
Tine we can draw any inference which the . 
If we raise the A’s we find only ons, that is 0, 50 
that A must be C. Tf we select the c's we again find only 
one, which is @ and also 3; thus we prove that not-C is 
not-A and not-B. 

When a disjunctive proposition occurs among the 
premises the requisite movements become rather more 
complicated. Take the disjunctive argument 

A. in either B or C or D, 
A is not Cand not D, 

my ‘Therefore A is B. 

premises are represented accurately as follows -— 

A=AB+SAC} dp a) 
A= Ac (2) 
A= Ad. (3) 

As there are four terms, we choose the serics of sixteen 
combinations and place them on the highest ledge of the 
bourd but one. @ raise the a’s and out of the A’s, which 
remain, we lower the d's But we are not to reject all the 
A's as contradictory, because by the first premise A’s 
may be cither B's or O's or D's, Accondingly out of the 
Ab’s we must select the e's, and out of these again the a's, 
so that only Abed will remain to bo rojocted final; 
Joining all the other fifteen combinations together again, 
and Freeeatig to premise (2), we raise the a's and lower 
the AC's, and thus reject the combinations inconsistent 
with (2); similarly we reject the AD's which are iucon- 
sistent with (y). It will be found that there remain, in 
addition to all the eight combinations containing a, only 
one containing A, namely tr 








whence it is apparent that A must be B, the ordinary 
conclusion of the argument. 

Tn my “ Substitution of Similars” (pp. 56-—s9) I have 
described the working upon the Abacus of two other 
logical problems, which it-would be tedious to repeat in 
this place, 
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The Logical Abacus soon suggested the notion of a 
Logical Machine, which, after two unsuccessful attempts, 
I succeeded in constructing in & comparatively simple and 
effective form. The details of the Logical Machine have 
been. fully described by the aid of plates in the Philo- 
sophical Transactions? and it would be needless to repeat 
the account of the somewhat intricate movements of the 
machine in this place, 

The appearance of the machine is shown in a 
plate facing the title-page of this volume. It somewhat 
resembles a very sinall upright risus or organ, and has a 

ining-twenty-one ‘These keys are of 
gia tear cece Shara the ‘yertan or 
letters A, a, B, 4, C, oD, d, w Ib -hasyasporcfteei beet 
employed in our logical notation. When letters occur on 
the left-hand side of a proposition, formerly called the 
subject, each is rey entsn by a key on the left-hand half 
of the keyboard ; but when they occur on the right-hand 
side, or as it used to be called the _predivate of the pro- 
» the letter-keys on the t-hand side of the 
eon are the proper representatives. ‘The five other 
keys may be called operation re to distinguish them 
from whe letter or term keys. ey stand for the stops, 
ee and disjunctive conjunctions of a proposition. 
The middle key of all is the copula, to be pressed when 
the verb é& or the sign =is met, Tho key to the extrene 
right-hand is called the Full Stop, because it should bo. 
pressed when proposition ix complete, in feat in the 
R @ of the full stop. The key to the extreme 
left-hand is used to terminate an argument or to restore 
the machine to its initial condition; it is called the Finis 
key. ‘Tho last keys but one on the right and left com- 
lete the whole series, and represent the conjunction or in 
ita ewer meaning, or the aign 4- which I have 
employed, according as it occurs in the right or left ay 
ide of the prmpoaltion. The whole keyboard ig arranged 
05 shown on the next page— 


ential Machines, Also Philosophical Transactions, [1870] vol. 160, 


p. 518. 

Phil Transoctivns [1870], vol, 160, p. 497. Proceedings 
ef. tha tel Soridy, val ribs 160 dea 30° Were Navere woh 
D343 
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‘The operator will readily collect the various conclusions 
in the manner d in previous pages, as, for ine 
stance that Ais always C, that not-C is not-B and not- 
A; and not-B is not-A but either C or not-C, The results 
aro thus to be read off exactly as in the case of the 

‘ical Slate, or the Logical Abacus. 
ixjunctive propositions are to be treated in an exwetly 
similar manner. to work the promises 
A=AB+AO 


it‘is only necessary to press in succession the keys 
‘A (left), copula, A (right), B, +, A,C, full stop. 
B (left), +, C, copula, B (right), D, +, O,D, full stop, 
‘The combinations then remaining will be as follows 
ABeD aBi abeD 
ABeD alcD aber, 
On five eft id A, all 
pressing the and key A, all the possible com- 
binations which do not contain A will disappear, and the 
description of A may bo ee from what remain, 
namely that it is always D. é full-stop key restores all 
combinations consistent with the eae and any other 
selection may be made, as gay not-D, which will be found 
to be always not-A, not-B, and not-C. 

At the end of every problem, when no furthor questions 
need be addressed to the machine, we press the Finis 
key, which has the effect of bringing into view the whole 
of the conceivable combinations of the alphabet, This 
key in fact obliterates the conditions impressed upon the 
machine by moving back into their ordinary places those 
combinations which had been rejected as inconsistent with 
the premises. Before begi any new problem it is 
requisite to observe that whole sixteen combinations 
are visible After the Finis key has been used the machine 
represents a mind endowed with powers of thought, bub 
wholly devoid of knowledge. It would not in that con- 
dition give any answer but such as would consist in the 
primary laws of thought themselves. But when any pro- 
position is worked upon the keys, the machine analyses 
and digests the meaning of it and becomes charged with 
the knowledge camboied in hat proposition, Accordingly 
it ia able to return ae an anewer any description of s term 
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propesition and read and: the keys again in the trans- 
posed order of the terms. Boheme this rule is observed 
the trae result must always be obtained. There can be no 
mistake. But it will ba found that in the case of partial 
identities, and some other similar forms of propositions, 
the transposed reading has no effect upon the combinations 
of the Logical Alphabet. One reading is in such cases all 
that is practically needful. After some experience has 
been gained in the use of the machine, the wockecnatially 
see the trouble of the second reading when 


At is no doubt a remarkable fact that a simple identity 
cannot be impressed upon the machine exeept in the form 


of two partial identities, and this may be thought by some 
logicians to militate against the equational mode of repre- 
senting propositions. 


Bofore leaving the subject I may remark that these 

mechanical devices are not likely to possess much 

_ practical utility. We do not require in common life to be 
constantly solving complex logical questions, Even in 
mathematical calculation the ordinary rules of arithmetic 
are generally sufficient, and a calculating machine can only 
be used with advantage in peculiarcases. But the machine 
and abscus have nevertheless two important uses, 

Tn the first place 1 hope that the time is not very far 
distant when the predominance of tho ancient Aristotelian 
Logic will be a matter of history only, and when the 
teaching of logic will be placed on a footing more worthy 
of its supreme importance. It will then be found that the 
solution of logical questions is an exercise of mind at least 
as valuable and necessary as mathematical calculation. I 
believe that these mechanical devices, or something of the 
same kind, will then become useful for exhibiting to a 
class of students a clear and visible analysis of logical 
probloms of any degree of complexity, the ‘nature of each 
etep being rendered plain to the eyes of the etudente. 1 
often used the machine or abacus for this purpose in 
my class lectures while I was Profesaor of Logic at 
Owens College, 

Secondly, the more immediate importance of the machine 
seems to consist in the unquestionable proof which it 
affords that correct views of the fundamental principles of 
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reasoning have been attained, were 
Rettors to Adettle gad bls tolewars, ne tne sree 
‘come when the inevitable results of the ‘nial 
tions of the late Dr. Boole must be recognised 
ab their trae pee and the ee and plete in 


which the machine pregents those results will, I hope, hasten 
the time, Sumi ee Boole's tage an ere in the 
science of human reason. Tt may that it had 


Ferotined for him ‘iret to oot fooak in its {i extent the 
Hin nd Ingo aed rear 
had treated I: Spal ena en A 5 
‘premises a whatsoever 


‘there is hardly am sormpassiie ts ne hiscey Cr 
between his ty remote age of Aristotle. me 
Stays pees ato al and encaocptly sla 

aa and unex solution 
of alse od Not did it require the manipulution 
of eur a eer a and aaa 
tanner, but ieee results when obtained were soont 
demonstrative 


inference affords 
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two minutes of mani And not those 

ct ay ai a ty a Sera ly ely 

pr ocenas ierary of the process involves nothing 
‘than the fundamental Laws of Thought. 


wag te ome 


Much thin has SS ace * Ee times con- 
corning the arrangement of the premises of a syllogism; 
and it has been generally held, in accordance with the 
Aristotle, that the so-called major premize, 
vont the major term, or the icate of the con- 
aan should san first, This dis ion however falls 
our system, aca Dea ition is 
el toan filentioal form, in ‘hich t thera is no distine- 
id dere per predicate, eta asseng/ eae 
onder of statement is wholly devoid of 
significance, The promises aro feseneranyg 4 coexistent, 
aud are not related ke) each other according to 
of space and geese as the qualities of tho same 


01 mae oe in succesaion because the mind cannot 
many ideas at once, The combinations of the 
ae t are exactly the same in whatever ae 


es povpeaocs i open order, “all Be are O's avd 
a A's om Ba” 
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The Equivalence of Prepositions 


One on, advantage which arises from the study of 
this In Method of Inferenee consists in the clear 
notion which we gain of the Equivalence of Propositions. 
‘The older logisieoe showed how from certain simple 
promises we might dmw an inference, but they failed to 
poiut out reales that inference contained the whole, or 
only a part, of the information embodied in the premises. 
Any one proposition or group of propositions may be 
classed with respect to another proposition or group of 
Propotitions, as ‘ 

1. Equivalent, 


2. Inferrible, 
3. Consistent, 
4. Contradictory, 

Taking the osition “All men are mortals” as the 
original, then All immortals are not men" is its equiva 
lent; “Some mortals are men” is inferrible, or capable of 
inference, but is uot equivalent ; “All not-men are not 
mortals” cannot be inferred, but iz consistent, that is, 
may be true at the same time ; “ All men are immortals" 
is of course contradictory. 

One sufficiont test of equivalence is capability of mutual 
inference. Thus from 

All olectrics = all non-conductors, 
Tecan infer 

All non-electrics = all conductors, 
and vice ters@ from the latter I can pass back to the 
former. In short, A = B is equivalent toa=6. Again, 
from the union of the two proposition, A=AB and 
B= AB, I get A=B, and from this I might as easily 
deduce the two with which I started. In this case one 
proposition is equivalent to two other propositions. There 
are in fact no less than fonr modes in which we may 
express the identity of two classes A aud B, namely, 
FUSE MODK SECOND NODK «THIRD MODE, —_- FOURTH MODE, 


ict or, =at a= 








B=AB b=ab 
‘The Indirect Method of Inference furnishes a universal 
and clear critorion as to the relationship of propositions. 
‘The import of « statement is always to be measured by 
12 
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the combinations of terma which it destroys, Hence two 
propositions are equivalent when they remove the same 
combinations from ical Alphabet, and neither more 
nor less» A proposition is inferrible but not equivalent to. 
another when it removes some but not all the combinations 
which the other removes, and none except what this 
other removes. Agnin, propositions are consistent provided 
that they jointly allow each term and the negative of 
each term to remain somewhere in the Logical Alphabet. 
Tf after all the combiuations inconsistent with two propo 
sitions are struck out, there still appears each of the letters 
A, , B, 3, ©, 4 D, d, ies were there before, ee = 
inconsistency between the propositions exists, 
they may not be equivalent or even inferrible, Finally, 
contradictory propositions are these which taken together 
remove any oné or more letter-terms from the Logical 





a 
iat is true of single Fain applies also to groups 
of propositions, however large or complicated ; that is to 
say, one geip may be equivalent, inferrible, consistent, 
or contradictory aa regards another, and we may similarly 
compare one proposition with a group of propositions. 
‘To give in this place {ustrations of ail the four kipds 
of relution would require much space: as the examples 
ven in previous sections or chapters may serve more or 
jess to explain the relations of inference, consistency, and 
contradiction, I will only add a few instances of equivalent 
itions or groups. 
In the following list each proposition or Bonet pro- 
positions is exactly equivalent in meaning to corte- 


sponding one in the other column, and the truth of this 
statement may be tested by working out the combinations 
of the alphabet, which onght to be found exactly the same 
in the caso cd hes of equivalents, 





AYB=C}D. . | ob=ad 
Af¢o=Bid. . . 1 aG=bD 


+8 
anane+ae { ho Ayite 





B=BOf* * * 1 B=A4daRO 

Although in theeo and many other caaea the equivalents 
of certain itions can readily be given, yet I believe 
that no uniform and infallible process can ba pointed ont 
by which the exact equivalents of premises can bo 
ascertained. Ondi deductive inference usually gives 
us only a portion of the contained information. It is 
true that the combinations consistent with a set of 

may always be thrown into the form of a 
proposition which must be logically equivalent to those 
remises ; but the difficulty consists in detecting the other 
roa of propositions which will be equivalent to the 
premises. Tho task is here of a different character from 
any which we have yet attempted. Jt is in reality an 
inverse proccss, and i just as much more troublesome and 
uncertain than the direct process, as seeking is compared 
with hidi Not only may several different answors 
nally apply, but there is 10 method of discovering any 
of thoas answers except by repeated trial, The problem 
which we have here met is really that of induction, the 
‘inverse of deduction ; and, as I shall soon show, induction 
is always tentative, and, unless conducted with peculiar 
skill and insight, must be exceedingly Iaboriows in cases 
of complexity. 

De Morgan was unfortunately led by this equivalence of 
propositions into the most serious error of his ingenious 
system of Logic, He held that because the proposition 
“All A’s are all D's,” is but another expreasion for the 
two propositions All A’sare B's” and " All B's are A’s, 
it must be a composite and not really an elementary form 
of ition.t Bat on taking a general view of the 

of ositions such an objection scems to 

have no weight. gicians have, with few exceptions, 

Mesa (Aaa the original error of Aristotle in 

jecting from their science the one simple relation of 

identity on which all more complex logical relations must 
really rest, 

1 Syllabus of a propored sytem of Logis, 121. &e. Hormat 
Logie’. 66 of st 
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The Nature of Inference. 
Y The question, What is Inference? is involved, even to 
the day, in as much uncertainty as that ancient 


question, What is Truth? I shall in more than ono part 
of this work endeavour to show that inference never 
more than explicate, unfold, or develop the information 
contained in certain premises or facts, Neither in deduc- 
tive nor inductive reasoning can we add a tittle to our 
implicit knowledge, which is like that contained in an 
unread book or a sealed Jetter. Sir W. Hamilton has well 
eaid, “Reasoning is the showing out explicitly that a 
Sele? aes or supposed, is implicitly contained 
something different, which is granted or supposed.” ? 
Professor Bowen has explained * with much clearness 

that the conclusion of an argument states explicitly what is 
virtually or implicitly thought, “The process of reasonin, 
is not so much a mode of evolving a new trath, as it is o 
establishing or proving an old one, by showing how much 
was admitted in the concession of the two premises taken 
together.” It is true that the whole meaning of these 
statements rests upon that of such words as “ explicit,” 
“implicit,” “virtual.” That is implicit which is wrapped 
up, and we render it explicit when we unfold it. Just a8 
the conception of a circle involves a hundred important 
geometrical properties, all following from what we know, 
if we have acuteness to unfold the results, so cvery fact 
and statement involves more meaning than seems at: first 

ight. Reasoning oxplicates or brings to conscious posses~ 
sion what was before unconscious. Tt does not create, nor 
does it destroy, but it transmutes and throws the same 
tantter into a new form. 





as all identity is necessarily reciprocal, and the very 
moaning of such a proposition is that the two terms aro 


* Lectures on Metaphysics, vol. iv. p. 360. 
4 Boyan, Treatise om Lope, Casnbeibge G8 1866 » p. 962. 





pre ere mater rome logical 
and whon it ves o i 
transformation. Between a table of wood and a wooden 
table there is no logical difference (p. 31), the adjective 
ing merely a convenient substitute for the prepositional 
ib it is uneertain to my mind whether the 


relation betweon certain other classes, Thus I consider 
it a truly logical inference when we pass from “All men 
are mortal" to “All immortals are not-men,” because the 
clazeee immortals and not-men are different from 

and men, and yet the propositions contain at the bottom the 
very same truth, as shown in the combinations of the 


passage from the qualitative to the quantitative 
mode of exprossing a proposition is anothor kind of chango 
which we must discriminate from trae logical inference. 
We state the same truth whon wo say that “mortality 
to all men,” as when we assert that “all men are 
"" Here we do not pass from class to class, but 
from one kind of term, the abstract, to another kind, the 
concrete. But inference probably enters when we pass 
from either of the above propositions to the assertion that 
class of immortal men is zero, or contains no objects. 
Tt is of course a question of words to what Processes we 
shall or shall not apply the name * inference,” and I have 
no wish to continue the trifling discussions which have 
already taken place upon the subject. What we need to 
do is to define accurately the sense in which we use the 
word “inference,” and to distinguish the relation of in~ 
forrible propositions from other possible relations, It 
seems to be sufficient to recognise four modes in ar 
two apparently different propositions be : 
Thus two propositions Sees ma 
1. Tautologous or identical, involving the same relation 
‘between the same terms and classes, and only differing in 





“y 
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of statement; thus “ Vietoria is the Queen of 
Finglnd i outlogons with “The Queen of England is 


Vict aaa 
2. Grammatically ae, ae when & classes or objects 
are the same and similarly d the only difference 
is in the words; thus “ Tope the Queen of England” 
is gratmmatioally equivalent to “Victoria is England's 
juoen.” 


3. Equivalents in qualitative and quantitative form, the 
Kay bei hes same, but jer oe Sates manner. 

+ inferrible, one from er, or it may be 

when the classes und relations are different, but, 

involve the came knowledge of the possible combinations. 





CHAPTER VIL 
INDUCTION. 


Wa enter in this chapter upon the second great de- 
eet of logical mothod, that of Induction or the 
inference of general from particular truths. It cannot 
bo said that tha Inductive process is of er importanes 
than the Deductive process already considered, because tho 
latter process is absolutely essential to the existance of 
the former, Each is the complement and counterpart of 
the other, The principles of thought and existence which 
underlie them are at the bottom the same, just as subteac~ 
tion of numbers necessarily resta upon the same principles 
as addition. Induction is, in fact, the inverse operation 
of deduction, and cannot be conceived to exist without 
the corresponding operation, so that the question of re- 
lative importance eannot arise. Who thinks of asking 
whether addition or subtraction is the more important 
rocess in arithmetic? But at the same time much 
Hifference ‘in diffeulty may exiet between a direct and 
inverse operation; the integral caloulus, for instance, is 
infinitely more diffeuls than the differential caloulus of 
which it.is the inverse, Similarly, it must be allowed 
that inductive investigations are of a far higher degree of 
i and complexity than any questions of deduction ; 
and it is this fact no doubt which led some logiciang, such 
a8 Francia Bacon, Locks, and J. S. Mill, to erroneous 
opinions concerning the exclusive importance of induction. 
Hitherto we have been engaged in considering how from 
certain conditions, laws, or identities governing the com- 
of qualities, we may deduce the nature of the 
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combinations: ing with those conditions, Our work 
semen; te yc Ia hen ove Spt any 
cig and the process has 

‘The nations of which the character has 
been aanerinal be reer usually, though by no means always, 
inyolved more qualities, and fore, by the relation of 
extension and intension, fewer objects than the terms in 
which they were described. The truths inferred wero thua 
usually Jess general than the traths from which they were 


Tn induction all is inverted. The truths to be ascer- 
tained are more general than the data from which they 
ure drawn. The process by which they are reached 
analytical, and consists in wating the complex com- 
binations in which ni sara Phenomena are presented to 
us, and determining the relations of separate qualities, 
Given events obeying certain unknown al we have to 
discover the Jaws oboyed. Instead of the comparatively 
easy task of finding what effects will follow from a given 
Jaw, the effects are now given and the law is required, 
‘We have to interpret the will by which the conditions 
of creation were laid down, 


Enduetion an Inverse Operation 


I have already asserted that induction is the inverse 
operation of deduction, but the difference is one of such 
great importance that I must dwell upon it, There are 
many cases in which we can easily and infallibly do a 
certain thing but may have much trouble in undoing a 
A person may walk into the most complicated 
or the most extensive catacombs, and turn hither and iter 
at his will; it is when he wishes to return that doubt and 
difficulty commence. In entering, any path served him; 
in leaving, he must select certain ite pathe, and in this 
selection he must cither trast to memory of the way he 
entered or else make an exhaustive trial of all possibla 
ways. The explorer entering a new country makes sure 
his line of return by barking the trees. 

‘The same difficulty arises in many sciontific processes. 
Given ioe two nurabers, we may by a simple and infallible 
obtain their product; but when a largo number 













divisors until 

would ily occupy a good computer for many wooks, 
dren i pele many minutes to post Ai the 

‘two fitetors together. Similarly there is no direct process: 

ee eee a prime or not; it 

is only by exhaustively trying all inferior numbers which 

it We can show is nona, and tl 

be divisors, tha show there is none, and the 


solution of algebraic equations afford another illustration. 
Given any algebraic factors, we can easily and infallibly 
arrive at the uct; but given a product it is a matter 
of infinite difficulty to resolve it into factors, Given any 
series of quantities however numerous, there is very little 
trouble in making an equation which shull have those 
qetnhie az roots. Let a, b, o, d, &e., be the quantities ; 
ti 


(eth dey peat) overs =o 
is the equation required, and we only need to multiply out 
the expression on the left hnnd by ordinary rules. Dut 
iven a complex algebraic expression equated to 
‘Rero, ib 18 & matter of exceeding difficulty to discover all 
the roots. Mathematicians have exhausted their highest 
powers in carrying the complete solution up to the fourth 
degree. In every other mathematical tion the inverse 
is fur more diffiewlt than the direct sub- 
ion than addition, division than multiplication, evo- 
lation that involution ; Wut the difficulty increases vastly 
me the process Letted more — oy Breen 

¢ direct , is always capable o! formance 

fixed rules, fre as these rules produce considerable variety 
of results, the inverse of integration inta im- 
mense difficulties, and in an infinite majesty, of cases 
Burpasecs the present resources of mathematicians, ‘There 
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of a process by which, having given certain numbers, one 
might discover a rational 
they proceed, The reader may test his power of detecting 
a law, by contemplation of its results, if ho, not being a 
mathematician, will attempt to point out the law cheyed 
‘by the following numbers: 
boy bo be Se Mb Be Sw 

These numbers ara sometimes in low terms, but un- 
expectedly spring mn high terms; in absolute maguitude 
they are very variable. They seem to get all regularit; 
and method at defiance, and it is hardly to be supposes 
that anyone could, from contemplation of the nymbers, 
have detected the relations between them. Yet thoy are 
dorived from the most mgular and symmetrical laws of 
relation, and are of the highest importance in mathematical 
analysis, being known as the numbers of Bernoulli. 

Compare again the difficulty of decyphering with that 
of cyphering. Anyone can inyent a secret language, and 
with a little steady Iubour can translate the longest letter 
into the character. But to decypher the letter, having no 
key to the signs adopted, is a wholly different matter. 
As the possible modes of secret writing are infinite in 
number and exceedingly various in kind, there is no direct 
mode of discovery whatever, Tepeated trial, guided more 
or Jess by knowledge of the customary form of eypher, and 
resting entirely on the principles of probability and logical 
induction, is the only resource. A peculiar tact or skill is 
requisite for the process, and a few men, such as Wallis or 
Wheatstone, have attained great success. 

Induotion ia the hering of the hidden meaning of 
natural phenomena, Given events which happen in vertain 
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definite combinations, we are required to point out the 
laws which govern those combinations, Any laws being 
supposed, we can, with ease and certainty, decide whether 
the phenomena obey those Jaws, But the laws which may 
exist are infinite in variety, so that the chances are im- 
mensely ogainst mere random guessing. ‘The difficulty in 
much increased by the fact that several laws will usually 
be in operation at the same time, the effects of which 
are complicated together. The only modes of discovery 
consist cither in exhaustively trying a great number of 
supposed laws, a procesa which is exhaustive in moro 
senses: than one, or else in carefully contemplating the 
effecta, endeavouring to remembor cases in which like 
elfects followed from known laws. In whatever manner 
we accomplish the discovery, it must be done by the more 
or Jess conscious application of tho direct process of 


deduction, 
‘The Logical Alphabet illustrates induction as well as 
deduction, In considering the Indirect Process of Inference 
we found that from certain propositions we could infallibly 
determine the combinations of terms agrecing with those 
remises. The inductive problem is just the inverse, 
wing given certain combinations of terms, we need to 
ascertain the propositions with which the combinations are 
consistent, and from which they may have proceeded. 
Now, if the reader contemplates the following combina- 


tions, 
ABC abO 
BC 


« abe, 
he will probably remember at once that they belong to the 
premises A = AB, B = BO (p. 92). If not, he will require 
& few trinls before he meets with the right answer, and 
every trial will consist in assuming certain laws and 
observing whether the deduced results agree with the data, 
To test the facility with which he can golve this inductive 
problem, let him casually strike out any of the combina- 
tions of the fourth column of the Logical Alphabet, (p. 94), 
and say what lows the remnining combinations oer 
observing that every one of the letter-terms and their 
negatives ought to appear in order to avoid self-contradic- 
tion in the premises (pp. 74, 111). Let him say, for 
whst laws are embodied in the combinations 
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ab. 
The difficulty becomes much greater when more terms 
enter into the combinations, It would require some little 
examination to ascertain the complete conditions fulfilled 
in the combinations 


ACe abCe 
abe abck, 
aBedE, 


Tho reader may discover easily enough that the principal 

Jaws are C = 6, and A = Ae; but he would hardly discover 

Bata wee trouble the remaining law, namely, that 
D= 





isguised opera- 
tion, The aeuteness of Aristotle and the ancient Greeks 
did nob enable them to detect that all terrestrial bodies 
tend to fall towards the centre of the earth. A few nights 
of observation might have convinced an astronomer 
viewing the sclar system from its centre, that the plancta 
travelled round the sun; but the fact that our place of 
observation is one of the travelling planets, so complicates 
the apparent motions of the other bodies, that it required 
all the sagacity of Copernicus to prove the real simplicity 
of the planetary system. It is the same throughout 
nature; the laws may be simple, but their combined 
effects are not simple, and we have no clue to guide us 
through their intricacies, “It is the glory of God,” said 
Solomon, “to conceal a thing, but the glory of a king to 
search it ont.” ‘fhe laws of nature are the invaluable 
secrets which God has hidden, and it is the cingly pre- 
rogative of the philosopher to search them out by industry 
and sogacity. 


Inductive Problems for Solution by the Reader. 


In the first edition (vol. ii. p. 370) I gave a logical 
problem involving six terms, and requested readers to 
discover the laws governing the combinations given, T 
received gatiefactory replies from readers both in the 
United States and in England, I formed the combina- 
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tions deductively from four laws of correction, but 
aes found that three simpler laws, ives 
tothe ore complex ones, were the best answer ; these 
eae ee hllseal a=ae,b=cd, d= Ef. 
Tn case other readers should like to test their skill in the 
inductive or inverse problem, I give below several sories 
of combinations forming iiene of graduated difficulty. 
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Induction of Simple Tdentities. 


ainry, sacateos important laws of nature are expressible in the 
form of simple idontities, and I can at once adduce them 
43 examples to illustrate what I have said of the difficulty 

of the inverse of induction. Two phenomena are 
apne qT all gravitating matter is exactly co- 
t with all matter possessing inertia; where one 


pope, 0 ‘the othor likewise appears. 
Th clea rte al the eras witch dot 
Speers light. All exogenous plants are, with some 


exceptions, those which have two co! or seed-leaves, 
ST peapamg aneeed saws ere is no direct and 
coincidences 


infallible euch complete 
may be eerie, luni Natural objects are aggrogates 
many qualities, and any one of those qualities may Brave 
to be in close conucotion with some others. If cach of 
numerous group of objects is endowed with a Tundred 
distinct physical or chemical qualities, aH will be no 
‘Tess than! Goo X 99) er 4589 a of 4 jilities, which 
may be pone ear wa evidently be a Seats 
it intricacy and labour to ascertain wi 
ae are connected by any simple law. ae 
SA ee rg of diffioul oF that the finite powers 
Hs mind are not sufficient ape ae by a 
act any lunge of objects with another 
sl We cae eld ta the frcecinas Possession of 
mind at any oné momont more aa ud or six different 
ideas. Hence we must treat any lex. group by 
successive acts of attention, ace will rome 
an almost individual act of comparizon that the wi 
Roma ond Mora contain the same letters. Tle ae 
erhaps sce at a glance whether the same is true of 
Bausat and Casual, and of es and Coligo, To nssure 
ty th set the letters in Astronowers make No more 
3 Byfs pllares es Rotempnemte Jounnes 
Sole ri do ws @ sum an anggram of du- 
gustus de Morgan, dee will certainly be necessary to hreale 
up the act of comparison into several successive acts, The 
process will acquire a double character, and will cousist in 
ascertaining that each letter of the first group is Lesa 
the letters et the second group, and vice versd, that lk 
Jetter of tho second is among those of the first 
An the same way we can only prove that two long lists of 
names are identical, by showing that each name in one 
list occurs in the other, and wice versa. 
This process of comparison really consists in eet 
two partial identities, which are, as area ee (p. 58) 


















equivalent in conjunction to one simple identity. 
first ascertain the truth of the two propositions A = AB, 
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Fs 
= 





r 


and we then rise by substitution to the single 


A=B. 

is another process, it is trae, by which wo may 
some result; for em propositions 
a are also sartvalaat to the simple identity 
If then we 8) that all objects included 
A are included under B, and also that all objects 
ler A aro not included under B, our pur- 
is effected, this process we should usually com- 
ists if we are allowed to mark them. For each 
first list we should strike off one in the second, 
if, when the first list is exhansted, the second list is 
exhausted, it follows that all names absent from the 
be absent from the second, and the coincidence 

complete. 


ia Pal 
piney 
2 & 
BaSTE 
BEBSe 


Ee2EEs 
( Pia 
tee 
rt 


pees an identity are so closely 
allied that it is doubtful how far we can detect any differ- 
ence in their powers and instances of rep The 
first method is perhaps more convenient when the pheno- 
mens to be co} are rare, Thus we prove that all 


to rotate are ly those crystals which have Flag 
hedral faces, that is, oblique faces on the carers of the 
prism unsymmetrical with the ordinary faces. This 
singular relation would bo proved by observing that all 
plagihedral crystals possessed the power of rotation, and 
vice versed all crystals possessing this power ier 
hedral But it might at the same time be noticed that} 
all ordinary crystals were devoid of the power. ‘There ix 
‘no reazon why we should not detect any of the four pro- 
itions A = AB, B= AB, a = ab, b= ab, all of which, 
w from A = B (p. 11 5). 

Sometimes the terms of the identity may be singular 
objects ; thus we observe that diamond is a combustible gem, 
aud being unable to discover any other that is, we affirm— 

« 7 


' 


tation, But of course it is not to 
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aieaiaris eee ge 
In a similar manner we ascertain that 
eae wid at ordinary oe 
begets 


io ote chjets may. osasionally entar int tho 
induction, aa when we learn that 
Sodium | potassium = metal of loss density than 


water, 
‘Venus | Mercury 4 Mars = major planet devoid of 
satellites, 


Induction of Partial Identities. 


‘We found in the last section that the complete identity 
of two — — almost always ae eee 
observation of the fact, but by first 
one identities, ‘There are also a multitude of ek, in 

hich the partial identity of one class with another is the 
tnly relation to bo discoverod, ‘Thus tho most common of 
all i e inferences consists in establishing the fact 
that all objects hs the properties of A have also those 
ee ee pied To ascertain the truth of a pro- ee 
position of this kind it is merely necessary to assomble 
together, mentally or physically, all the objects included 
under A, and then ces whether B is present in each 
of them, or, which is the same, whether it would ba im- 


and tydogn are table substances. 

‘The great mass of scientific truths consists of propo- 
sitions ot th thie form A=AB. Thus in astronomy we learn 
that all the planets are spheroidal bodies; that they all 
revolve in one direction round the sun; that they all shine 
by reflected light; that they all obey the law of gravi- 

be asserted that: all 
obeying the law of gravitation, or shining by 
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reflected light, or revolving in a particular direction, or 
IS kel preee in form, are planets. In other sciencos 
we have immense numbers of propositions of the same 
form, as, for instance, all substances in becoming suscons 
absorb heat; all metals are elements; they are good 
conductors of Leat and electricity ; all the alkaline metals 
are monad elements ; all nifera are marine organ- 
isms; all parasitic animals are non-mammalian ; lightning 
never issues from stratous clouds; pumice never occurs 
where Labrador felspar is present; milkmaids do 
not em small-pox; and, in the works of Durwin, 
acientific importance may attach even to such an appa- 
rently trifling observation as that “white tom-cats having 
blue eyes are deaf.” 

The #8 of inference by which all such traths are 
obtained may readily be exhibited in a precise symbolic 
form. We must have onipeney ifying in a dis- 
junctive form all the possible individuals which belong 
to a clase; we resolve the class, in short, into its con- 
stituents. We then need a number of propositions, each 
af which affirms that one of the individuals possesses a 
certain property. Thus the premises must be of tho 


forins 
A=B4 C4 +P +Q 








Q= Qx. 
Now, if we substitute for each alternative of the first 
premise its description as found among the succeeding 


we obtain 
A=BX + CX +. 


A=(BtC + 
But for the agyregate of tives we may now 
substitute their equivalent as given in the first premise, 
eerreasi ie wa ght the asgatfed result: 
A= 
We should have mached the same result if the firs 


premise had been of the form 
A=AB + AQ 4a, + AQ. 


4+ PX + QE 





or 
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‘We can always prove a proposition, if we find it more 
convenient, by ing its equivalent, To assert that all 
not-B’s are not-A’s, is exactly the same as to assert that all 
A’sare B'a Accordingly we may aaccrtain that A = AB by 
first ascertaining that b= ab. If we observe, for instance, 
that all substances which are not solids are also not capable 
of double refraction, it follows necessarily that all double 
refracting substances are solids. We may convince our- 
selves that all electric substances are nonoonductors of 
electricity, hy reflecting that nll good conductors do not, 


The number of alternatives which may arise in the 
division of a class varies greatly, and may be any number 
from two cpus ‘Thus it is probable that every sub- 
stance is either magnetic or diamagnetic, and no substance 
can be both at the same time. The division then must be 
made in the form 

A=ABe + Ab. 

If now we can prove that all magnetic substances are 
capable of polarity, say B= BD, and also that all dia- 
magnetic substances are capable of polarity, C ~ CD, it 
follows by substitution that all substances are capable of 
polarity, or A= AD. We commonly divide the class sub- 
atance into the three subclasses, alld, liquid, and gas ; and 
if we can show that in each of these forms it obeys Carnot's 
thermodynamic law, it follows that all substances obey 
that law. Similarly we may show that all vertebrate 
animals possess red blood, if we can show separately that 
fish, reptiles, birds, marsupials, and mammals possess red 
blood, there being, a8 far as is known, only five principal 
subclasses of vertebrata, 

Our inductions will often be embarrassed by exceptions, 
real or apparent. We might affirm that all gems are in- 
combustible were not diamonds undoubtedly combustible. 
Nothing seems more evident than that all the metals are 

jue until we examine them in fine films, when gold and 
silver are found to be transparent All plants absorb 
carbonic acid except cortain fungi; all the bodies of the 
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planetary system have a resins motion from west to 
“oc per per aera ranus and Neptune. Even 
some of the profoundest laws of rprisintgn nal tren 
wniversal ; all solids expand by heat india- 
and possibly afew other substances; all lente which have 
been tested expand by heat except water below 4° C. and 
fused bismuth; all gases have a cociliciont of expansion 
increasing with the temperature, except hydrogen. In 
a later chapter I shall consider how such anomalous 
be regarded and classified ; here we have only to 
aera in a consistent manner “by our notation, 
us take the case of the transparency of metals, and 


assign the terms thus :— 
Bog eh bacon idee 
= gol o. = 
C =silver X= opaque. 
Our premises will be 
A=B}+C+D 4+ Ede 
B= be 
C=Cx 
D=DX 
E=FxX, 
and go on for the reet of the metals, Now evidently 
Abe =(D + BoP ot sseuQOo, 


and by substitution as it ve wa obtain 


or in words, “ All vniers net, re nor silver are opaque ;" 
at the same time we have 
A(R + C)=AB + AC=ARr } ACz= AB + Ox, 
ot “ Metals which are either gold or silver are not opaque.” 
Tn some cases the problem of induction assumes a much 
higher degree of complexity. If we examine the properties 
of eryst substances we may find some properties 
which are common to all, a3 cleavage or fracture in definite 
planes ; bub it would soon become requisite to break up 
the — into tice minor ones. @ should ets 
eryatal to the seven accepted systems—and we 
should ea find that crystals of ack system possess 
oan properties. Thus crystals of the Regular 
eyes system Beverpent equally ty heat, coontact ti heat 
and electricity with uniform mpidity, and are of like 
elasticity in all directions; they have but one index of 





ws THE PRINCIPLES OF SCIENCE. four. 


for bila Sige Lathes 
Felaien tesa Gt ba ites Soe = 





tivity, &¢., uniformly in directions 
principal axis; in other directions 
acco! to complicated laws. 





ing in hen we pursue i 
into the intricacies of its application to nature we really 
enter upon the subject of classification, which we must 
up again in a later part of this work. 


Solution of the Inverse or Inductive Problem, involving 
Two Classes, 


It is now plain that Induction consists in passin, 
from a series of combinations to the Jaws whist such 
combinations are governed. The natural law that all 


luctors, 
Tt comes to pees thing if we say that it excludes ok 
existence of the class, “metals not-conductors.” In 

same way every other law or group of Sawer ech eal 
oie ey re pce reel 


ia and a little consideration will show that for a finite 
number of things the possible number of forms or kinds 
of law governing them must also be finite, Using general 
terms, we know that Aand B can be present or absent in 
four ways and no more—thus ; 
AB, Ab, af, ab; 

therefore every possible law which can exist concerning 
the relation of A and B must be marked by the exclusion 
of one or more of the above combinations, The number 
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tions we can make from these four combinations. 
combinstion 


Cpa ch Rn aba ig nen EGE RE 
each 








‘Thus in column sixteen we find that all the conceivable 
combinations are present, which means that there are no 
special lawa in existence in such a case, and that tho 


by the 
twelfth column; and every other mode in which two 
ings or qualities might present themsclyes is shown in 
of the columns. More than half the cases 
i be at once rejected, because they inyolve the 
cietalpencls toner Spare 
to be a logi it that every term must have 
jive (p. 1115), eine thiesoeeh the case, incon- 
between the conditions of combination must exist, 
@ Isid down the two following propositions, 
conducts electricity,” and “ Graphite does not 
slectricity,” it would amount to asserting the 
ibility of = existing at all; or in general 
terms, A is B an is not B result in destroying alto- 
eke tee combinations containing A, a case shown in the 
column of the above table. We therefore restrict 

our attention to those cases which may be represented in 
uatural phenomena when at least two combinations are 
present, and which correspond to those columns of the 


ie 


i 
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| table in which each of A, a, B, b These cases 
ar8 show inthe eolunne marked wittean asterisk: 

I Woe find that seven cages remain for examination, thus 
characterised: 


Four cases exhibiting three combinations, 
‘Two cases exhibiting two combinations, 
‘One case four combinations. 
At has already been pointed out that a proposition of the 
form A= AB destroys one combination, Ad, so that this is 
the form of law applying to the twelfth column. But by 
ing one or more of the terms in A= AB into its 
ive, or by interchanging A and B, a and 8, we obtain 
‘no leas than eight different varieties of the one form ; thus— 


b=ab B=abB b=Ab B=AB 

“The reader of the preceding sections will see that each 
‘proposition in the lower line is logically equivalent to, and 
is in fuct the contrapositive of, that above it (p. $3). Thus 
the propositions A = Ab and B = aB both give the same 
combinations, shown in the eighth column of the table, 
and trial shows that the twelfth, eighth, fifteenth and 
Seon BSS are Ta pea snare come te 

conelusion 1 form proposition 
A=AB admits of four logically distinct varieties, each 
capable of expression in two modes. 

In two columns of the table, namely the seventh and 
tenth, we observe that two combinations are missing. 
Now a simple identity A = B renders impossible both Ab 
and @B, accounting for the tenth case; and if we change 
B into é the identity A =} accounts for the seventh case. 
‘There may indeed be two other varieties of the simple 
identity, namely a=% and a=B; but it has already 
been shown sreoiy that these are equivalent respec- 
tively to A=B and A= (p, 115). the sixteenth 
column has already been sccounted for as governed 
by no special conditions, we come to the following general 
conclusion :—The laws governing the combinations of two 
terms must be capable of expression either in a partial 
identity or a simple identity ; the partial identity is capable 
of only four Togieally distinct varieties, and the simple 
identity of two. Every logical relation between two terms 
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In short, we may conclude that in treating of partial 
and complete dentity, we have exhaustivel, treated the 
modes in which two terms or classes of objects can be 
related, Of any two classes it can be said that one must 
either be included in the other, or must be identical with 
it, or a like relation must exist between one class and the 

negative of the other. We have thus Peseta ld 
te deigereo‘Topinn problant concerning two 


The Inverse Togical Problem involving Three Classes, 


No sooner do we introduce into the problem a third term 
©, than the investigation assumes a far more com] 
character, 80 that some readers may prefer to pass over 
this section. Three terms and their negatives may be 
combined, a3 we have frequently seen, in eight different 
combinations, and the effect of laws or logical conditions 
is to destroy any one ormore of these combination, Now. 
we may make selections from eight things in 2* or 256 
ways; 0 that we have no less than 256 different cases to 
treat, and the complete solution is at least fifty bei as 
troublesome as with two terms. Many series 
binations, indeed, are contradictory, as io wi the pie 

blem, and may be passed over, the test of consistency 

ing that each oe that Lattara A,B, C,a,0, ¢, shall appear 
somewhere in the scries of combinations, 

My mode of solving the problem was as follows :— 
Having written out the whole of the 256 series of com- 
binations, I examined them separately and struck out such 
ag did not fulfil the test of consistency. I then chose 
some form of proposition involving two or three terme, 
and varied it in every possible manner, both by the 

circular of letters (A, B, C into B, C, x and 
ee SEAS Aa tution for any one or 
more of the terms of the corresponding negative terms. 


4 ‘The contents of this and the following seetian neatly correspond 

with those of paper read before the Manchester Literary and 
Phllovpheal Sodtty on December 26d, a87r- Rec, Proceedings of 
the Society, vol. xi. pp. 65—68, and Memoirs, Third Series, vol ¥. 
BP 119 ~130. 
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For instance, the itio, AB =ABC can be first 

varied by circular i sas to give BO = BCA and 

yee open ee any 
ive ms = 

ives. aB = aBC, Doane ‘ab m= 

80 on. as there ibly exist no less than t a 


also of C. It by no means follows 
some of the varieties may not be equivalent ta others ; 
trial shows, in fact, that AB = ABC is exactly the 
eame in ing as Ac = Abo or Be = Bea. Thus the law 
‘in question has but eight varieties of distinct Jogical mean- 
ing. I now ascertain by actual deductive reasoning which 
of the 256 series of combinations result from each of these 
distinct Jaws, and mark them off as goon as found. I then 
to some other form of law, for instance A = ABO, 
‘ing that whatever has the qualities of A has those 
also of Band 0, J find that it admits of twenty-four 
variations, all of which are found to be logically distinct ; 
pecan = A ieppraees lam pee off 
-four more list of 256 series. in 
ues to work out the results of every form of law 
which I can find or invent. If in the course of this work 
Tobtain any series of combinations which hnd been pre- 
viously marked off, I learn at once that the law giving 
these combinations is logically equivalent to some law 
previously treated. It may be safely inferred that every 
variety of the camp vies law will coincide in meaning 
with some variaty of the former expression of the same 
law. I have sufficiently verified this aasumption in some 
cases, and have never found it lead to error, Thus as 
AB = ABC is equivalent to Ac = Abe, so we find that 
ab = abC is equivalent to ac = acB, 

Among the laws treated were the two A = AB and 
A=SBwhich involve only two terms, because it may of 
course happen that among three things two only are in 
a logical relation, and the third independent; and 

series of combinations representing such enses of re- 
lation are sure to occur in the complete enumeration. All 
single propositions which I could invent having been 
treated, pairs of propositions were next investigated. Thus 


REPEE 
E 
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Ear of wish tho old lg apoio ithe development 
C's,” of sy! is! ment. 
‘We may also have “all A's are all B's, and all B's are C's,” 
or even “all A’s are all 13's, and all app all C's” All 
such premises admit of variations, rer or less in 
number, the logical distinctness of which can only be 
determined by Bil in detail. Disjunctive propositions 
eithor si: ect irs were also treated, but wore often 
found to t to other proj itions of a simpler 
Betasbars ABC } Abe is exactly the same in meaning 
as AB = AC. 

This mode of exhaustive trial bears some analogy to 
that ancient mathomatical process called the Sieve of 
Ematosthenes. Having taken along series of the natural 
numbers, Eratosthenes is said to have sania) out re 


Sitlrence 

ih et or have no analogue in logic, 
every series of combinations corresponds to a law or group 
of conditions. But the analogy is perfect in the point that 
they are both inverse processes, Thero is no mode of 
ascertaining that a number is prime but by showing that 
Hie tee Seupredagi al any emgralle Sactae: So there 
ia no mode of ascertaining what laws are embodied in any 
series of combinations but trying exhaustively tho laws 
which would give them, Just as the reeulta of Erato- 
sthenes’ have been worked out to a great extent 
and registered in tables for the convenience of other 
mathematicians, I have endeavoured to work out the 
se logical ae He yunton etisst whieh is at 


present practical 
1 iar thus found that there are altogether fifteen con- 
ditions or series of conditions which may govern the com 
binations of three terms, forming the premises of fifteen 
essentially different kinds of argued The following 
table contains a statement of conditions, together 
ie the numbers of combinations which are contradicted 
destroyed by each, and the numbers of logically distinct 
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variations of which the law is capable. There might be 
algo added, as a sixteenth cage, that case where no special 
logical condition exists, so that all the eight combinations 
remain. 









Somber of 
Number of die 
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ie | yeaah 
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There are aixty-three serias of combinations derived from 
self-contradictory jises, which with 192, the sum of 
the wumbers of distinct logical variations stated in the 
third column of the table, and with the ono case where 
there are no conditions or laws at all, make up the whole 
conceivable number of 256 series, 

‘We learn from this table, for instance, that two pro- 
positions of the form A = AB, B = BO, which are such 
as constitute the premises of the old syllogism Barbara, 
exclude as impossible four of the eight combinations in 
which three terms may be united, and that these proposi- 
tions are capable of taking twenty-four variations by trans- 
itions of the terms or the introduction of negatives, 
table then presents the results of a complete analysis 
of all the possible logical relations arising in the case of 
three terms, and the old syllogiem forms hut one ont of 
fifteen typical forms. Generally speaking, every form can 
be converted into Cy pa oa propositions ; thus 
the fourth type A = B, B= BC may appear in the form 
A = ABC, a = ab, or in the form of three proposi- 
‘tions A = AB, B=BO, cB = aBe; but all these sets of 
premises yield identically the same series of combinations, 
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and are therefore of equivalent logical meaning. Tho fifth 
type, or Barbara, can also be thrown into the equivalent 
forms A= ABO, aB =aBC and A= AC, B= A aBC. 
Tn other cases I have obtained the pray Pye logical 
conditions in four modes of 

appearance and form of statement, Secouett os ‘poceible 
premises would be very great, and difficult to Pabiit 
exhaustively. 

‘The most remarkable of all the types of logical condition 
piste teanoani hyn namely, A= BC be. seperate 
expresses ‘vision & genus into two ubly 
species, and might be illustrated by the example—* Com- 
ponent of the physical universe = matter, gravitating, or 
not-matter (ther), not-gravitating.” It is capable of onl, 
two distinot eal variations, oe A=BO+be ani 
A=Be+C. By transposition or tive change of the 
Jotters we can indeed obtain six it expressions of 
each of theae propositions; bat sb their ae 8 are 
analysed, thea out the combinations, they are 


to be ly equivalent to one or other of the above two. 
‘Thus the ition A = BO 4c can be written in any 
of ae five other modes, 


iets ae, B=CA + o, ba denee ey 
C=AB } al, c=aB + Ab 
I do not think it needful to publish at present the com- 
plete table of 193 series of combinations and the premises 
corresponding to each. Such a tablo enables us by more 
inspection to Tearn the laws obeyed by any set of com- 
‘binations of three , and is to res what a table of 
factors and prime num! ors fs to the cory of numbers, or 
a table of integrals to the higher mathematics, Tho table 
already givon (p. 140) would enable a person with but little 
Jabour to discover the law of any combinations. If there 
Ee seven combinations (one contradicted) the law must be 
of the and the proper variety will be ee 
If there be six combinations (two contradicted), elther the 
seoond, eleventh, or twelfth applies, and a certain 
isa! of trials will disclose the proper type and variety. 
If there be but two combinations the law must be of the 
Th Tangent plete as rogards the 
6 ions aro com) ag 

possible logical relations of two or three ris But 


Momberof | Namber of 
Mampeot | permite. | Sp 





Some years of continuous labour would be required to 
ascertain the 3 of laws which may govern the com. 
hinations of Rec e ta araal paso oat 
Jaws would be exemplified or cay of practical appli- 
cation in science, purely logical inverso en 
whereby we pass from combinations to their , is 
solved im the preceding as far a9 it is likely to be 
for a. long time to come ; it is almost impossible that 
ee Rice oeee ea more than a single step 


farther, 

In the first edition, vol i p. 158, I stated that I had not 
‘been able to discover any mode of calculating the number 
of cases in which inconsi: would be implied in the 
soloction of combinations from tho Logical Alphabet, The 


Dinations failed, im my apni to give any aid, and 
exhaustive examination the combinations in detail 
seemed to be the only method ‘tage This opinion, 
however, was mistaken, for both Mr. R. B, Hayward, of 
Harrow, and Mr, W. H. Brewer have calo the 
numbers of inconsistent cases both for three and for four 
terms, without much difficulty. In the case of four 
terms they find that there are 1761 inconsistent selections 
and 63,774 consistent, which with one case where no 
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condition exists, make up the total of 65,536 possible 


selections, 
‘The inconsistent cases are distributed in the manner 
shown in the following table :— 











eC 





When more than cight combinations of the Logi 
ae (p. 94, column V.) remain unexcluded, there cannot, 
be inconsistency. The whole numbers of ways of 
0, t, 2, ke, combinations out of 16 are given in the 17+! 
line of the Arithmetical Triangle given further on in the 
Chapter on Combinations and Permutations, the sum of 
the numbers in that line being 65,536. 


Sembee woke Yon Licete ee 


‘our Classes, 


In the first edition (vol. i p. 163), T asserted that some 
years of labour would be required to ascertain even the 


mumbers of eae with a reagon- 
Professor W. K. Clifford having 
oy pal ished ‘the task, Hia solution of the 
involves the use of a complete new 
saecr ceauntnae unit ros tacionn eve 
ibed here, I can only give a brief abstract of the 
oct a ace bas eh ethede Cd out the 
the Proceedings of the Literary and Philo- 
t calety ofiMancheater, tee the oth January, 187 
v wg Ae tl ara Clifford’s papor is printed 
in 
Foe arsed Professor Clifford moans the denial 
of existence of any single combination or cross- 





&o, according to the number denied. Us 
=0 is a twofold compound statement in regard. to 
four classes, because it involves both ABCD =o and 


converted into another by interchange of the classes, 
A, B, ©, D, with each other or with their complementary 
classes, a, b, ¢, d, they are called similar, and all similar 


statements are said to belong to the same type, 
Two statements are called complementary when they 


Tt follows that we need only enumerate the types as far as 
the eighth order; for the types of -eight-fold 
statement will already have been given as complementary 
to of lower orders. 

ne combination, ABCD, may be converted into another 
AtCd by interchanging one or more of the classes with 
the complementary classes, The number of such changes 
is called the distance, which in the above case is 2. In 
two similar compound statements the distances of the 
combinations denied must be the same; but it does not 
follow that when all the distances are the same, the state-' 
ments aye similar, There is, however, only one example: 
of two dissimilar statements having the same distances, 
When the distance is 4, the two combinations are said to 
be obverse to one another, and the statements denying them 
are called obverse statements, a8 in ABCD = 0 and abed =0 
oragain AJCd =o and aBeD)=0, When any one com- 
bination is given, called the origin, all the others may be 
grouped in respect of their relations to it az follows :—Four 
are at distance one from it, and may be called proimates ; | 
six are at distance foo, and may be called mediates; four: 
are at distance //ree, and may be called udtimates ; finally, 
the obverse is at distance four, 
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Te will be seen that the four ys proximates are ne 
obverse to the four ultimates, and that the mediates form 
three pairs of obverses. Every proximate or ultimate is 
distant 1 and 3 respectively from such a pair of mediates, 

Aided by this syatem of nomenclature Professor Olifford 
poses to an exhaustive enumertion of types, in which 

is impossible to follow him, ‘The resulta are as followa;— 


1-fold statements 1 type 
Sian a Fila 
3B» ” » 
4» ” 19» 159 
z ” ” Fow 

” ” Hh ” 
Bush statemonta 8 


7} 
Bev. as each seven-fold or less-than-seven-fold statement 
complementary to a nine-fold or more-than-nine-fold 
pee it follows that the complete number of types 
By be 159 x 2-+ 78 = 306. 
mupen that the types of statement concerning 
four a panel aan, 26 times ns numerous a5 those 
mo es, fifteen in number, although the 
iio cs poaaile combinations is 256 times as 

Professor Clifford informs me that the know! of the 
pina? of subdivisions of classes which he 
Anger, SE tea Sr 
ae yper-elliptic functions to which he 
Feaslos otansse Cayley has ae 

expressed hi os eae this line of investigation shoul 
‘be followed out, owing to the bearing of the theory Mt 
compound combinations upon the higher geometry,' It 
seems likely that many unexpected points of connection 


exh Bbroay 187 voL sty pei ih a ri 
L 
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will a 3 2 
val Ses disclosed between the sciences of logic 


Distinction between Perfect and Imperfect Induction, 





tions and relative importance of these two ches of 

reasonil Aerie. digheape erm 

IL ject luction is a al uisite, 
oe caregeeeetas 


both in of uction and 
in the treatment of Nasyo bodies cf tie which 
our kno! is com} 


2, Impertect Induction is founded on Perfeot Induction, 
‘but invol 


data i 

Ph oy pee is pe the law of gravity, 
it must be because all other material objects rienely 
known to me obey that law. If [ venture to assert that 
all ruminant animals have cloven hoofs, it is becanse all 
ruminant animals which have come under my notice have 
cloven hoofs. On the other hand, I cannot safely say 
that all cryptogamous plants possess a purely cellular 
structure, because some ¢ryptogamous plants, which have 
eon examined by botanists, have a partially vascular 
structure, The jeeorracid that a new cryptogam will be. 
cellular only can be estimated, if at all, on the ground of 





the 
number of instances of a pnrticular phenomenon which 
have fallen under our is and Leverrier, 


is warranted, must be carefal in the next sec- 
tion, and in various parte of wor!) 

Tt would bo a great mistake, however, ppose that 
Perfect Induction fs in itself useless rye iat the 


statement of our knowledge in a ion is a 

30 much importance: we may consider it 
In toany eases we may render our investign~ 
ustive ; all the teeth or bones of an animal; all 
the cells in a minute vegetable eed all the caves in a 
mountain side; all the strata in ical section ; all 


Every 
might be ‘ed to contain phos; then nit every cell 
migh be poral “chem ts hide remains of extinot 

4 every stratum to exhibit signs of marine origin; 
valet Timited. a portian ef 
wi our is limited toa definite 
ete are dedi are ce theearuryetrtioe 
‘There ie another class xf cases where induction is 
2 OS peepee meee pi tea namber of 


Jearn that the: Sacha ecnctirentiadl ay ro 
al 


pe ereceen a nciomn tetas He messy we can show 

no nuinber Jesa than sixty pousesses wo many divisors, 

A catia ct ae. for it does not require a great 

sanbunt of Iabour’to ascortain and count! all the’ divisore 
1% 
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of numbers up to sixty or 360, | can assert that between 
6o.o4r and ‘no prime number occurs, because the 
exhaustive exa tion of those who have constructed 
tables of prime numbers proves it to be so. 

Tn matters of human aj itinent or history, we can 
frequently wa & complete limitation of the number of 


instances to led in an induction. We might show 


Tea ag hele as George LIL; that. Magua 


23rd of January, 1798, when it fell to 47}. | 
Tt hus been urged against this process of Perfect: Indue- 
tion that it gives no new information, and is merely a 
summing up in a brief form of a multitude of particulars, 
But mere abbreviation of mental labour is one of the most 
important aids we can enjoy in the acquisition of knowledge, 
The powers of the human mind are so limited that multi- 
plicity of dotail is alone sufficient to prevent its progress 
in many directions. Thought would be practically inmpos- 
aible it every separate fact had to be separately thought 
and treated. Economy of mental power may be considered 
one of the main conditions on which our elevated intellectual 
position ae ‘Mathematical proccases are for the most 
part but abbreviations of the simpler acts of addition and 
subtraction, The invention of logarithms was one of the 
moat striking additions ever made to human popes yet it 
was a mere abbreviation of operitions which could have 
boon done before had « sufficient amount of labour been 
available, Similar additions to our power will, it is hoped, 
be made from time to time; for the number of mathematical 
probleins ‘hitherto solved is but an indefinitely small 
rustion of those which await solution, because the labour 
they have hitherto demanded renders them impracticable, 
So ib is use all regions of thought. The amount 
of our knowledge depends upon our power of bringing it 
within ticable compass Unless we arrange and 
classify facta and condense them into general traths, they 
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soon surpass our rs of memory, and serve but 
mee 


Transition from Penfeet to Imperfect Induction. 


This a question of und difficulty on what nds 
we are warranted tal ites huecftare froas thas cresent, 
or the nature of estan objects from those which we 
have examined with our senses. We from Perfect to 
I Induction when once we allow our conclusion to 
apply, at all events apparently, beyond the data on which 
it was founded. In making such a step we seem to gain a 
net addition to our knowledge ; for we learn the nature of 
what was unknown. We reap where we have never sown, 
We appear to possess the divine power of creating know- 
ledge, and reaching with our mental arms far beyond the 
sphere of our own observation. T shall have, indeed, to 
point Sir se ae methods of reasoning in which we do 
pas altogether beyond the sphere of the senses, and 
acquire accurate nowledge which observation could 
never have given; bub it is not imperfect induction that 
accomplishes such a task. Of imperfect induction iteelf, 
T venture to assert that it never makes any real addition 
to our knowledge, in the meaning of the expression some- 
times accepted. As in other cases of inference, it merely 
unfolds the information contained in past observations ; 
it merely renders explicit whet was implicit in previous 
“eto Tt transmutes, but certainly does not create 


iowlodge. 

There is no. fact which T shall more constantly keep 
bofore the reader's mind in the following pages than that 
the results of imperfect induction, however well authen- 
ticated and verified, are never more than probable We 
never can be me that the future will be as the prevent. 
We Reale the will of the Creator: and it ia 

as ie iu created two things alike, or maintains 

ray framework of the world unchanged from moment to 
Sa that our most careful inferences can be fulfilled. 
All predictions, all inferences which reach beyond their 
data, are purely hypothetical, and proceed on the assump- 
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which are in Aer crear thus a double uncertainty ; 
even supposing the Universe as a whole to proceed un- 
changed, we do not really know the Universe as a whole. 
We know only a point in its infinite extent, anda moment 
in its infinite duration. We cannot be sure, then, that our 
observations havo not escaped some fact, which will causo 
the future to be apparently different from the past; nor 
can we be sure that the future really will be the outcome 
of the We proceed then in all our inferences to 
“unexamined objects and times on the assumptious— 
1, That our past observation gives us a complete know- 
ledge of what exists. 
2. That the conditions of things which did exist 
will continue to be the conditions which will 


exist. 
We shall often need to illustrate the chameter of our 
koa of nature by the simile of # ballot-box, so often 
by mathematical writers in the theory of proba- 
tilt. Nature is to us like an infinite ballot-box, the 
contents of which are being continually drawn, ball after 
ball, and exhibited to us, Science is but the careful 
observation of the succession in which balls of various 
-character present themselves; we register the combina- 
tions, notice those which seem to be excluded from oceur 
renee, and from the pro] jal frequency of those which 
appear we infer the probable character of future drawings. 
But under such circumstances certainty of prediction 
depends on two conditions — 

1, That we sequire a perfect knowledge of the com- 
parative numbers of balls of ench kind within 
the box. 

2, That the contentsof the ballot-box remain unchanged, 

Of the latter assumption, or rather that Leateesrrit ae 

constitution of the world which it illustrates, the | 

or pl aa can baye nothing to say. As the Creation of 

the Universe is necessarily an act passing all experience 

and all conception, so any change in that Universe, or, it 
may be, a termination of it, must likewise be infinitely be- 

youl tho bounds of our mental faculties, No science, no 
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reasoning upon the subject, can have validity ;»for 
‘aes ins we vei without the ih a ete 

know! it is the fundamental postulate according] 
of all inference concerning the future, that thare ahall be 
no arbitrary change in the subject of inference ; of the pro- 
ability or improbability of »1 such a change I conceive that 
our facultion sino 

The other of ner) anlerencn 7 it we 
aequire an ximatel; ete nowledge: 12 COm= 
binations: i euicuiees events do cecur, is in aome d 
within our power. There are branches of scieuce in which 

seem to be governed by conditions of a most 

d and general character. We have ground in such 

enson for believing that tho future occurrence of such 





probal We seer to leave the region of Tone to enter 
one in i the number of events is the ground of in- 
ference. We do not really leave the region of logic ; we 
only leave that where certainty, affirmative or negative, is 
the result and the agreement or disagreement of qualities 
the means of inference, For the future, number and 
uantity will commonly enter into our processes of reason- 
Ings en visti hold that number quantity are bat 
logical domain, I venture to assert 
eee meee Fhe oe logical, both in its fundamental 
nature and in its deve Pian Quantity in all, its forma 
ds but a development of number. That which is mathe- 
Tove ja not the less logical ; if anything it is more 
in the sense that it presents logical results in a 
Nee degree of complexity and variety, 

fore proceeding then from Perfect to Imperfect In- 
duction I must devote « portion of this work to treating 

the logical conditions of number. I ehall then emplo: 

number to estimate the variety of combinations in whicl 
natural phenomena may present themselves, and the pro- 
ability or improbability of their occurrence under definite 
circumstances. Tt is in later parts of the work that T must 
seieavone thieet ot le the aga which I Last fe 
i¢ sul fect Induction, as aj in the 
inventigation of etch notions may be eh briefly 

‘stated — 
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1. panera bps tenes entirely rests upon Perfect In- 
its materials, 


2 Ths egal ewes which we seem to pass direct! 
ttnecaminl ae ost a 


iene appstin deductive inference, so that 
may be said to be either directly or 





BOOK IL 
NUMBER, VARIETY, AND PROBABILITY. 


CHAPTER VIIL. 
PRINCIPLES OF NUMBER, 


Not without reason did Pythagoms represent the world 
ag ruled by number, Into almost all our acta of thought 
number enters, and in proportion as we can define numeri- 
cally we enjoy exact and useful knowledge of the Universo, 
‘The science of numbers, too, has hitherto presented the 
widest and most practicable training in logic, So free and 
ens jo has been the study of mathematical forms, com- 
with the forms of logic, that mathematicians have 
passed far in advance of pure logicians, Ovcasionally, in 
recent times, they have condescended to wpply their 
algebraic instrament to a reflex treatment of she primary 
logical science, Itis thus that we owe to profound mathe- 
maticians, such as John Herschel, Whewell, De Morgan, or 
Boole, the ersnerevion of logic in the present century, I 
entertain no doubt thatit is in maintaining a close alliance 
with quautitative reasoning that we must look for further 
Brogrose in our comprehension of qualitative inference. 
cannot assent, indeed, to the commen notion that 
cortainty beging and ends with numerical determination, 
Nothing is more certain than logical truth, The laws of 
identity and difference are the tests of all that is certain 


of 
. There are points 
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ceoyering in very decoy should rat ton willy 
in iscourse, should rest w 
atioot foadatsons T assume that a eannsotibe existy, : 
and care only to inquire, What is its nature? Does the 
selence of quantity rest upon that of quality; or, vice 
versd, does the science of quality rest upon that of 
juuntity? Theres might conceivably be a third view, 
Rab icy both caadtarpin cena ‘till deoeees nba prin- 


It is generally supposed that Boole adopted the second 
view, and treated logic as an application of algebra, a 
special case of analytical reasoning which admits only two 

uantities, unity and zero, It is not easy to ascertain 
clearly which of these views really was accepted aga 
Tn his interesting biographical sketch of Boole,’ the Rev, 
R, Harley protests against the statement that Boole’s 
logical calculus imported the conditions of number and 
quintity into logic. He says: * Logic is never identified 
or confounded with mathematics; the two systems of 
thonght are kept perfectly distinct, each being subject to 
ite own laws and conditions, The symbols are the eame 
for both systems, but they have not the same interpre- 
tation.” Rev. J. Venn, again, in his review of Boole’s 
logical system,* holds that Boole’s processes are at bottom 
ical, not mathematical, though stated in a highly gener- 
form and with a mathematical dress, But it is 

quite likely that readers of Boole should be misled. Not 
only have his logical works an entirely mathematical 
Lip a but I find on p, 12 of his Thought 
the following unequivocal statement: “That logic, as a 





science, is susceptible of very wide applications is 
admitted; but it is equally certain that is ‘ultimate 
forms and processes are mathematical,” A few lines 
below he adds, "Tt is not of the essence of mathematics 
to be converzant with the itleas of number and quantity.” 

‘The solution of the difficulty is that Boole used the 
term mathematics in a wider sense than that usually 
attributed to it, He probably adopted the third view, so 
that his mathematical Zaws of Thought are the common 


2 British Rerian, No, Ixxevii, July 1866, 
2 Mind; ib6; voll Lip 48” 
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(rs Uplate bare jnantitative mathematics. But 
4 a cea os subject because I think that 
in either case wus Le jastcmaeaa 
the i the basi of mathematics as 
Sinn sgn « highly Sel ee ee hes 
m, ra hi; ic. Thus 
it is easy to understand the sages Boole 
Ut batven in Tew of sgt an logical 
Logic resembles algebra as the mould 
feebribles) iets which is cout inte Boole mistook the 
ast for the mould. Considering that logic imposes its 
own laws upon every branch of mathematical science, it 
ig no wonder that we constantly meet with the trices of 
Jogical laws in mathematical processes. 


The Nature of Number. 


Number is but another name for diversity, Exact iden- 
tity is unity, and with difference arises plurality, An 
abstract notion, as was ited out (p. 28), possesses a 
certain oneness, The qui of justice, for instance, is one 
and the Ncataateerees t acts it is manifested. In 
justice itself there are no marks of difference by which to 
discriminate justice from justice. But one just act can be 
discriminated from another just act by circumstances of 
time and place, and we can count many acts thus diseri- 
aminated each from each, In like manner pure gold is 

simply pure gold, and is so far one and the same through- 
out, But besides its intrinsic qualities, gold occupies 
5] and must have shape and size. Portions of gold 
are alwaye mutually exclusive and capable of discrimina- 
tion, in respect that they mnst be without the other, 
Hence they may be numbered. 

Plurality arises when ond only when we detect differ- 
ence. For instance, in counting a number of gold coins 
I must count each coin once, and not more than once. 
Let C denote a coin, and the mark above it the order of 
counting, Then I must count the coins 

040° +0" +0" 4 “ 
If Frere cont tem allows 
£04 
I should aS yA third coin into two, ie Should imply 
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the exiatence of difference where there ia no difference. 
O” ond C” are but the names of one coin named twice 
over, Se One na ca am 
ee hich I have called the Law of Unity (p, 72), 

no mane repent aso fc ad 

A} Am 

We must poly the Law of Unity, and must reduce all 

identical alternatives before we can count with 


atte ol the mathematical unit, and the definition 
‘be given in these terms—A unit as any object of t) 


which can be discriminated from overy other object as 
a unit in the same problem, 
‘Tt has often been said that units are nnits in t of 


being perfectly similar to each other; but though they 
= perfectly similar in some respects, they must be 
different an at least one point, otherwise they would be 
incapable of plurality, If three coins were so similar that 
they ocoupied the same space at the same time, they 
would not. be three coins, but one coin, Tt is a property 
of apace that every point is discriminable from every other 
and in time every moment is necessarily distinct 
any other moment before or after, Henee we 
ently count in space or time, and Locke, with some 
other phil has held that number arises from 
repetition in time, Beats of a pendulum may be 80 
perfectly similar that we can discover no difference exce] 
that one beat is before and another after. ‘Time alone 
here the ind of difference and is a sufficient foundation 
for the discrimination of plurality; but it is by no means 
the only foundation, Throo coins are three coins, whether 
we count them successively or regard them all simul~ 
ea In many cases neither timo nor space is the 
of difference, but pure quality alone enters. We 
Me the weight, inertia, and hardness of gold 





* Pure Logic, Appendix, p. 82, § 1926 
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‘Onr logical notation may be used to ex; the rise of 
number, The eymibol A stands for one thing or one class, 
and in itself must be regarded os a unit, because no 
difference is specified. But the combinations AB and Ab 
are necessarily fico, because cannot logically coalesce, 
and there isa mark B which distinguishes one from the 
other, A logical definition of the number four ia given in 
the combinations ABO, ABc, AbC, Alc, where there is a 
double difference. As Puck says— 

“ Yot but threo! Come one more ; 
Two of both kinds makes up four,” 


Lconceive that all numbers might be represented as 
arizing out of the combinations of the Logical Alphabet, 
more or less of each serics being struck ont by various 

al conditions The number three, for instance, arises 
from the doridition that A must be either B or C, so that 
the combinations are ABO, ABe, AbO. 


Of Numerical Abstraction, 


‘There will now be little diffieulby in for a clear 
notion of the nature of numerical abstraction, It conaista 
in abstracting the character of the difference from which 
plunility arises, retaining merely the fact. When I 
of three men I need not atonce specify the marks by which 
each may be known from each, Those murks must exist 
if they ave really three men and not one and the same, and 
in spewking of them as many [ imply the existence of the 
roqnisite differences, Abstract number, then, is the enypty 
form of difference ; the abstract number tires asserts the ex- 
‘stence of marks without specifying their kind, 

Numerical abstraction is thus seen to be a dif- 





difference and plurality, In forming. the al notion 
hardness, yothes entirely the diverse circumstances in 
which the quality may appear, It is the concrete notion 
three hard objects, which asserts the existence of hardness 
ulong with sufficient other undefined qualities, to mark ont 
tree such objects, Numerical thought is indeed closely 
interwoven with logical thought, We cannot use a con- 
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plied by two linear feet give four superficial feet; arith- 
pms itis absurd, because there Nae of uni 





unit. 
As a general rule we treat in each calculation only 
objects of one nature, We do not, and cannot properly 
in the same sum yards of cloth and pounds of suyur. 
We cannot even conceive the result of adding area to 
velocity, or length to density, or weight to value, The 
‘units added must have a basis of homogeneity, or must be 
reducible to sore common denominator. Nevertheless it 
i ‘ible, and in fact common, to treat in one complex 
ion the most heterogeneous quantities, on the 
condition that each kind of object is kept distinct, and 
treated numerically only in conjunction with its own kind. 
Different units, so far a3 their logical differences are speci- 
fied, must never be substituted one for the other. Chemists 
continually use equations which assert the equivalence of 
roups of atoma Ordinary fermentetion is represented 
by the formula 
Ot Hl" Of = 20° Ht 0 + 200%, 

‘Three kinds of units, the atoms respectively of carbon, 
hydrogen, and oxygen, are here intermingled, but there is 
really a separate equation in regard to each kind, Mathe- 
maticians also employ compound equations of the same 
kind ; for in, a +0 4/ —1 =¢ +d 4/ — 1, it is impossible 
by ordinary addition to add atod,/—1. Hence we 
really have the separate equations a =¢,and ev ~1=d 
J — 1. Similarly an equation between two quavernions is 
eel to four equations between ordinary quantitios, 
whence indeed the name quaternion. 


Analogy of Logical and Numerical Terms, 


If my assertion is correct that number arises out of 
logical conditions, we ought to find number obeying all the 
laws of logic, It is almost superfluous to point out that 
this is the casa with the fundamental laws of identity and 
difference, and it only remains to show that, mathematical 
aymbols do really obey the special conditions of lopial 
symbols which were formerly pointed out (p. 32). ‘Thus 
the Law of Commutativeness, is equally true of quality and 
quantity. Az in logic we have 

Al 








= BA, 
so in mathematics it is familiarly known that 
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2Xj=3%x2, or xxyoyxn 
The properties of spice Ar a arnt multiplication 
as we found them in pure logical thought. 
Similarly, ax in logic 
triangle or roa = square or triangle, 
or generally: A} B=B 4 A, 
80 In quantity” 24+3=34+2, 
or 


generally ct yayt a 
aed symbol 4-is not identical with 4, but it ie thus far 


St far, now, is it true that mathematical symbols obey 
the Law of Simplicity Llgsie the form 


or the example 
Round round = round? 
weet ently there are but two numbers which obey this 
it is certain that 
rxo=r 
is true only in the two cases when w = {, or 7 = 0. 

Tn reality all numbers obey the law, for 2 x 2 = 2 is not 
really analogous to AA = A. Benen to the definition 
ofa unit already given, each unit is discriminated from 
each other in the same problem, sv that in 2° x 2’, the 
first two involves a differont discrimination from the second 
two. T get four kinds of things, for instance, if 1 first, dis 
ctiminate “heavy and light” and then “cubical and 
spherical,” for we now have the following classes— 

heavy, cubical, light, cubical. 
heavy, spherical. light, spherical. 

But suppose tn my two classes are in both cases dis- 
ears by the same difference of light and heavy, then 





heavy heavy = heavy, 
heavy light =o, i 
heavy = 0, 
Thi 8) (hyo i (bavy or igh 
lus, (heavy or light) x wy or light) = (heavy or it) 
ee ee ies So ewes tan 


ok iS has a “iferent meaning from the first. Bat 
under similar cireumstances logical terms give the like 
result, and it is eal that A’AY” = AY when A" is 
in meaning from 
MM 


a 
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e a a similar manner it may be shown that the Law of 
nity f ASA. 
holds truo alike of logical and mathematical terms, It is 
absurd indeed to say that 
efron 
except in the one case when 2 = absolute zero. But this 
contradiction z + a = x arises from the fact that we have 
already defined the units in one @ us differing from those in 
the other. Under such circumstances the Law of Unity 
docs not apply. For if in 
A+ =A 
we mean that A” is in any aes different from A’ the 
assertion of identity is evidently fale, 

‘The contrast then which seems to exist between logical 
and mathematical eymbols is only apparent. It is because 
the Laws of Simplicity and Unity must always be observed 
in the operation of counting that those laws seem no further 
toupply, This is the understood condition under which 
we use all numerical symbols. Whenever I write the 
symbol § I really mean 

Lhi4+ ThE, 
and it is perfectly understood that cach of these unite is 
. distinct from each other, If requisite T might mark them 
thus 





Lia We ie oe a Oa 
Were this not the case and were the units really 
Vee ere pa, 
the Law of Unity would, a3 before remarked, apply, and 
meray, 

Mathematical symbols then obey all the laws of logical 
symbols, but two of these laws seem to be inapplicable 
simply because they are presupposed in the definition of 
the mathematical unit. Logic thus lays down the con- 
ditions of number, and the science of arithmetic developed 
aa it is into all the wondrous branches of mathematical 
ealontus is but an outgrowth of logical discrimination, 


Principle of Mathematical Tuference, 


The universal principle of all reasening, as T have 
asserted, is that which allows us to substitute like for like. 
T have now to point out how in the mathematical sciences 
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The general concl) then must be that where there 
is hty there may be inference, but where there is not 
ity there cannot be inference. .A plain induction 
will lead us to believe that eguality is the condition of 
inference concerning quantity. All the three axioms may 
in fact be summed up in one, to the effect, that “im 
whatever relation one quantity stands to another, it stands 
in the same relation to the equal of that other.” 

‘The active power is always the substitution of equals, 
and itis an secident that in a pair of equalities we can 
make the substitution in two ways. From a=b=e we 
can infer @ = ¢, cither by substituting in a =6 the value 
of } as given in b =o, orelse by substituting in b=c the 
yalue of bas givenina=0. In a=6 ~ d we can mako 
but the one substitution of a for b. Ine~/~g weean 
make no substitution and get no inference, 

Tn mathematics the relations in which terms may stand 
to each other are far more varied than in pure logic, yet 
our peels of substitution always holds true, We may 
say in the most general manner that Jn whatever relation 
‘sap yea stands to another, it stands in the same relation 
to equal of that other. In this axiom we sum up a 
number of axioms which have been stated in more or less 
detail by algebraists, Thus, ° If equal quantities be added 
to equal quantities, the sums will be equal.” To explain 

is, Jet 


a 
a=b, or 

Now a+, whatever it means, must be identical with 

itself, so that, 
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atesate 

In one side of this equation substitute for the quantities 

their equivalents, and we have the axiom proved 

ate=mb+d. 

The similar axiom concerning subtraction is equally evi- 

dent, for whatever a—e may mean it Nelacenl a-—t 

and therefore by substitution to 4-—d. Again, “if equal 
uantities be multiplied by the game or equal quantities, 

the products will be equal.” For evidently 


a = ac, 
and if for ¢ in one side we ended its equal d, we have 
ac = 
and a second similar substitution gives us 
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ae = ba. 

We might a like axiom concerning division in an 
gers ara I might even extend the list of 
axioms and say that " Equal powers of equal nuimbers are 
equal.” For certainly, whatever @ x @ x @ may mean, it 
is equal to a x « x a; hence by our usual substitution it 
is equal to bx 6 xd. The same will be true of roota of 
numbers and Ya = %/b provided that the roots are a0 
taken that the root of shall really be related to @ as 
the root of b is to b. The ambiguity of meaning of an 
an operation thus fails in any way to shake the universality 
of the principle. We may go further and assert that, not 
only the above common relations, but all other known or 
conceivable mathematical relations is the same prin- 
ciple. Let Qa denote in the most general manner that we 
” something with the quantity «; then if « = 0 it follows 
that 


Qa = Qo. 

‘The reader will also remember that one of the most 
frequent operations in mathematical reasoning is to sub- 
stitute for a quantity its equal, as known either by assumed, 
natural, or self-evident conditions, Whenever a quantity 
appears twice over in a problem, we may apply what we 
learn of its relations 08 place to its es in the 
other, All reasoning in mathematics, as in other branches 
of science, thus involves the principle of treating equals 
equally, or similars similarly, In whatever way we 
employ quantitative reasoning in the remaining parts of 
this work, we never can desert the simple principle on 
which we firet set out. 


Reasoning by Inequalities, 


I have stated that all the processes of mathematical 
reasoning may be deduced from the principle of substi- 
tution, tions to this assertion may seem to exist 
in the use of inequalities. The greater of a greater is 
undoubtedly a and what is less than a less is 
certainly lees, wdon is higher than the Wrekin, and 
Ben Nevis than Snowdon; therefore Ben Nevis ee 
than the Wrekin. But a little consideration discloses 
suflicien’ reason for believing that even in such cases, 
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mare eat du ot parently ly enter, the force of the 
ny upon ‘underlying ond implied 


In tho first place, two statements of mere difference do 
not give any Mines of cares. We learn noth 
concerning the comparative heights of Retirssceer 
Westminster Abbey from the assertions that they both 
differ in height from St, Peter's at Rome, We need some- 
thing more than inequality; we require one identity in 
addition, namely the identity in pt of the two 
differences. ‘Thuy wo cannot sa: inequalities in the 
simple way in which we do equalities, aud, when we try 
to express what other conditions are requisite, we find 
ourselves Tapsing, into the use of equalities or identities. 

=e the second place, every argument by inequalities 

be represented in the form of equalities, Wo express 
that a is greater than b by the eqnation 





) 
pee pisan fuhtioalally, ain quantity, aancaing the 
difference of a and d, Similarly we express that is 
greater than ¢ ie the saualisn,» 


2) 
and substituting for 6 in vat Sa pace in (2) wo inet 
a=ctq+p. 
Now as p and q are both poitive, it follows that = is 
greater than ¢, and we have the exact amount of excess 
specified, It will be easily sean that the reasoning con- 
cerning that which is less than a less will result in an 
equation of the form 
oma—r-s 

Every argument by inequalities may then be thrown 
into the form of an equality ; but the converse is not true. 
We cannot possibly prove that two quantities are equal 
measly asserting that they are both greater or both less 

another quantity. From ¢>f and g>/, or act 

and g </f, we can infer no relation between ¢ and g. 
if the reador take the equations «= y = 3 and attempt . 
prove that therefore » = 3, by throwing them into in- 
equalities, he will find it impossible to do so. 

From these considerations 1 Hens that reasoning in 
arithmetic or algebra by so-called ine: eye is only an 
imporfectly expressed reasoning by equalities, and when 
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we want to exhibit exactly and clearly the conditions of 
reasoning, We are obliged to use equalities explicitly, Just 
as in pure Deon a negative proposition, as expressing mere 
difference, cannot be the means of inference, so inequality 
oan never ae the true ground of inference. T do 
not deny that affirmation and negation, agreement and 
difference, equality and inequality, are pairs of equally 
fundamental relations, but I assert that inference is pos- 
sible only where affirmation, agreement, or equality, some 
specif oti ‘in fact, is present, explielily oF implicitly. 


Arithmetical Reasoning. 


It may seom somewhat inconsistent that I assert mamber 
to arise oub of difference or discrimination, and yet hold 
that no reasoning can be grounded on difference. Number, 
of cours, opens a most wide sphere for inference, and a 
little consideration shows that this i is due to the wnlimited 
series of identities which spring up out of numerical 
abstraction. If six people are sitting on six chairs, there 
is no resemblance between tho chairs and the poople in 

chanicter. But if we overlook all the qualities 
both of a chair and a and merely remember that 
there are marks by which each of six chairs may be 
discriminated from the aes and similarly with the 
Beet then there arises a resemblance between the chairs 
the people, and this resemblance in number may be 
ae of inference, If on anothor occasion the chains 
ty peor people again, we may infer that these people 
feinbies? others in pat ae they need not 
resemble them in any other point 

Groups of units are hates wo snl treat in arithmetic, 
The number five is really 1 +1 +1 +1 41, but for tho 
ake of conciseness we substitute the more compact, sign 
5, or the name five. These names being arbitrarily im- 
posed in any one manner, an infinite variety of relations 
oo up between them which are not in the oe 

arbitrary. If we define four as 1++14+ 1+ 1, and 
as 1+1+14+141, then of course it follows thet 
five = four + 1; but it would be equally possible to take 
Meigidatier wudliay: wo a deSiition, in tich, cage Gua of 
the former equalities would become an inference. It ia 
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hardly requisite to decide how we define the names of 
munbers, provided we remember that out of the infinitely 
numeéroug relations of one number to others, some ono 
relation expressed in an equality must be a definition of 
the number in question and the other relations imme- 
diately become necessary inferences, 

Tn the science of number the variety of classes whieh 
can be formed is ali jor infinite, and statements of 





negative quantities not being here taken into account. 
Every number is the half of some other, and soon. The 
subject of generalization, as exhibited in mathematical 
truths, isan infinitely wide one In number we are only 
‘at the first step of an extensive series of generalizations, 
As number is general compared with the particular things 
numbered, so we have general symbole for numbers, and 
general symbols for relations between undetermined 
numbers, There is an unlimited hierarchy of successive 
generalizations. 
Numerically Definite Reasoning. 


Tt was first discovered by De Morgan that many argu- 
ments are yalid which combine logical and numerical 
reasoning, although they cannot be included in the 
ancient logical formulas. He developed the doctrine of 
the “ Numerically Definite Syllogism,” fully explained in 
his Formal Logie (pp. SERS Boole also devoted 
considerable attention to the determination of what he 
called “Statistical Conditions,” meaning the numerical 
conditions of logical classes. Tn a paper published leis 
the Memoirs of the Mancheeter Literary and Philosophical 
Society, Third Series, vol. IV. p. 330 (Session 1869—7o), 
T have pointed out that we can apply arithmetical caloula~ 
tion to the Le ae Alphabet. Having given certain logical 
conditions and the numbers of objects in certain classes, 
wo can either determine the numbers of objects in other 
classes governed by those conditions, or can show what 
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problem suggested by De Morgan, with my mode of 
representing its solution. 
“For every man in the house there is a person who is 


C= . 
By enclosing a logical symbol in brackets, let us denote 
the number of obyeots takai to the class indicated by 
the Seg Thus sis _ vay 
= num persons in house, 
s = nomber of male persons in house, 
(ABC) = number of aged male persons in house, 
and soon. Now if we use w und w’ to denote unknown 
numbers, the conditions of the problem may be thus stated 


according to my int ion of the words-— 

(AB) = (AC) - wy, (1) 
that is to say, the number sons in the house who are 
aged is ut least equal to, es exoeed, the number of 
male perwons in the house; 

(ABe) = w, (2) 
that is to say, the number of male persons in the house 
who are not is some unknown positive pepe 

If we p the terms in (1) by the Law of Duality 
(pp. 74) 81, 89), we obtain 

(ABC) + (ABo) = (ABC) + (ALC) — wr. 
Subtracting the common term (ABC) from each side and 
substituting for (ABc) its value as given in (2), we get at 
once: 
(AbC) = w+ w', 
and adding (Abe) to each aide, we have 
(Ab) = (Abo) 4+ w 4 0, 

‘The meaning of this result is that the number of persons 
in the house who are not men is at least equal to w+ 1, 
and exceeds it by the number of persons in the house who 
are neither men nor aged (Abc). 


+ Splladus af a Proposd System of Logic, p29. 
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It should be understood that this solution only 
to the terms of the example quoted above, not to the 
general problem for which Do Morgan intendod it to serve 
as an illustration. 

As a second instance, let us take tho Sioan ents 
tion :—The whole number of voters in a boro 
the number against whom o' oe have been Todged by 
liberala is ara and the number against whom objections 
have been lodged ged by conservatives is c; required the 
number, if any, who have been objected to on both sides, 
Taking 4 

= voter, 


= objected to by liberals, 
rf = objected to by conservatives, 
then we require the aie of (REO. Now the following 
uation is Sata AAITT 
(ABC) ~ ) + (AC) + (Ade) — (A), (1) 
ae Ee we Bean all the terms on the second side we 


ABO) = ies + (ABe) + (ABC) + Isp + (Abe) 
— (ABC) = (ABe) — (ABC) — (Abe) ; 
and striking at correspon positive and negative 
terms, we have Toft only (ABC) = (ABC), Since then 
(1) is necessarily trae, we have only to insert the known 
values, and we have 
(ABO) =) + 0 — a + (Ade). 

Hence the number who have received objections from both 
sides is equal to the excess, if any, of the whole number 
of Objections over the number of voters together with the 
number of voters who have received no objection (Ade). 

The following problem illustrates the expression for 
the common purt of any three classes:—The number of 
papers who are blind males, is equal to the excess, if 
any, of the sum of the whole number of blind persons, 
added to the whole number of male persona, added to the 
nomber of those who being paupere are neither blind nor 
inales, above the sum of the whole number of paupers 
added to the number of those who, not being patpers, 
are blind, and to the number of those who, not being 
paupers, are male. 

‘The render is requested to prove the truth of the above 
statement, (1) by his own unaided common sense; (2) by 


wor) PRINCIPLES OF NUMBER wt 


the Aristotelian Logic; 3G) hy the method of numerical 
logio just expounded ; then to decide which method 
is most satisfactory. 


Numerical meaning of Logical Conditions, 

Tn cases classes of objects may exist under ape- 
cial logical conditions, and we must consider how these 
conditions can be interpreted numerically. Every logical 
proposition gives riso to a corresponding numerical 


equation. Samenesa of qualities occasions sameness of 
numbers, Hence if 


=B 
denotes the identity of the qualities of A and B, we may 
conclude that 


(A) = @). 
Tt is evident that exactly those objects, and those chjects 
only, which are comprehended under A must be compre- 
hended under B. It follows that wherever we can draw 
an equation of qualities, we can draw a similar equation 
of numbers. Thus, from 
A=B=0 


A=C; 


we infer 


and similarly from 
. (A) = (B) = (C), 
meaning that the numbers of A’s and O's are equal to the 
nomber of B's, we can infer 
Beane tasegie ihle scalook apy tage 
jut, ou eno’ is does not appl negative 
propositions ant dnepuelltes Bon if “4 = 


means that A is identical vith 3, Pebich differs from D, it 
does not follow con 
= (B) ~ (0). 


Two classes of Sete oy differ in qualities, and Pak they 

may agree in number. This point strongly confirms me 

in the opinion which 1 have already expressed, that ull 
inference really ae nds upon equations, not differences. 

The pte ta Alpha ihet: this enables us to make a com- 

of any numerical problem, and though the 

statement may sometimes seem prolix, ‘T con 





CHAPTER IX. 


THE VARIETY OF NATURE, OR THE VOCTRINE OF 
COMBINATIONS AND PREMUTATIONS, 


Nature may be said to be evolved from the m 

of non-existence by the creation of diversity, It is plau- 
sibly asserted that we are conscious only so far as we 
experience difference, Life is change, and perfectly uni- 
form existence would be no better than uon-existence. 
Cortain it is that life demands incessant novelty, and that 
nature, though it probably never fails to obey the same 
fixed lhws, yet presente to us an upparently unlimited 
series of varied combinations of events. It is the work of 
science to observe and record the kinds and comparative 
nombers of such combinations of phenomena, occurring 
spontaneously or produced by our interference. Patient 
and skilful examination of the recorde may then disclose 
the laws imposed on matter at its creation, and enable us 
more or Jess successfully to predict, or even to regulate, 
the future occurrence of any particular combination. 

The Laws of Thought are the first and most important 
of all the laws which govern the combinations of pheno- 
mena, and, though they be binding on the mind, they 
may also be Syeote 98 verified in the external world, 
The Logical Alphabet develops the utmost variety of 

events which may occur, and it is evident that 
as cach new quality is introduced, the number of combi- 
nations is doubled. Thus four qualities may occur in 16 
combinations ; five qualities in 32; six qualities in 64; 
and so on. In Jangnage, if » be the number of 
qualities, 2" is number of varietica of things which 


I 








those of logic. This number, it need hardly be said, 
increases after the first few terms, in an extraordinary 
manner, so that it would requirs 302 figures to ex) 

the number of combinations in which 1,000 qualities 
=e conceivably present themselves, e 

f all the combinations allowed by the Laws of Thought 
occurred indifferently in natare, then ecience would begin 
and end with those laws, To observe nature would Be 
us no additional knowledge, because no two qualities 
would in the long run be oftener associnted than any 
other two. We could never predict events with more 
certainty than we now pias tho throws of dico, and 
experience would be without use. But the universe, as 
actually created, presents a far different and much more 
interesting problem, The most superficial observation 
shows that some things are constantly associated with 
other things. he more mature our examination, the 
more we become convinced that each event depends 
upon the prior occurrence of some other series of events. 
Action and reaction are gradually discovered to underlie 
the whole scene, and an iudependent or casual occurrence 
does not exist except in appearance. Even dice os they 
fall are surely determined in their course by prior con- 
ditions and fixed laws, Thus the combinations of events 
which can really occur are found to be comparatively 
restricted, and it is the work of science to detect these 
restricting conditions. 

In the English alphabet, for instance, we have twenty 
six letter, Were the combinations of such letters per- 
fectly free, so that any letter could be indifferently 
sounded with any other, the number of words which 
could be formed without any repetition would be 2% — 1, 
or 67,108,863, equal in number to the combinations of 
the twenty-seventh column of the Logical’ Alphabet, 
excluding one for the cnse in which all the letters 
would be abecnt, But tho formation of our vooal 

prevents ux from using the far greater part of 
these conjunctions of letters, At least ane vowel aust be 
present in each word; more than two consonants cannot 
usually be brought together ; and to produce words capable 
of emooth utterance a number of other rules must be 
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matics. The forms of algebraical expressions are deter- 
mined by the principles of combination, and Hindenburg 
recognised this fuct in his Combinatorial Analysis. The 

mathematicians have, during the last three cen- 
turies, given their best powers to the treatment of this 
subject; it was the favourite study of Pascal; it early 
attracted the attention of Leibnitz, who wrote his enrious 
essay, De Arte Comdinatoria, at wwenty years of age ; James 
Bernoulli, one of the very profoundest mathematicians, 
devoted no small part of his life to the investigation of the 
subject, as connected with that of Probability; and in his 
celebrated work, De Arte Conjectandi, he hae 30 finely 
described the importance of the doctrine of combinations, 
that I need offerno excuse for quoting his remarks at full 








“This to ‘ive that the igious variety which 
appears both in the works of eras 15 the sai of 
men, and which constitutes the greatest part of the beauty 
of the universe, is owing to the multitude of different ways 
in which its several parts are mixed with, or placed near, 
each other, But, because the number of causes thateoneur 
in producing a given event, or effect, is oftentimes so im- 
mensely great, and the causes themselves axe so different 
one from another, that it is extremely difficult to reckon up 
all the different ways in which they may be arranged or 
combined together, it often happens that men, even of the 
best understandings and greatest circumspection, are guilty 
of that fault in reasoning which the writers on logic call 
the insufficient or imponfect enumeration of parts or cases : 
insomuch that I will venture to assert, that this is the 
chiof, and almost the only, sourve of the vast number of 
erroneous opinions, and those too very often in matters 
of great importance, which we are apt to form on all the 
subjects we reflect upon, whether they relate to the Inow- 
ledge of nature, or the merits and motives of human 
actions, 

It must therefore be acknowledged, that that art which 
affords a cure to this weakness, or defect, of our under- 
standings, and teaches us so to enumerate all the possible 
ways in which a given number of things may be mixed 

combined ther, that we may be certain that wo 
have not omitted any one arrangement of them that can 
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lead to the object of our inquiry, deserves to be considered 
ag most eminently useful and worthy of our highest esteem 
and attention. ‘And thie is the business of te art or 
doctrine of combinations. Nor is this art or doctrine to be 
considered merely as a branch of the mathematical sciences. 
For it has a relation to almost ho of useful know- 
Jodge that. the mind of man can be employed upon. Tt 
proceeds indeed upon mathomatical principles, in calealat- 
ing the number of the combinations of the things proposed : 
bat by the conclusions that are obtained by it, the sngacity 
of the natural philosopher, the exactness of the historian, 
the skill and judgment of the physician, and the prudence 
and foresight of the politician may be assisted; because 
the business of all these important professions is but to 
form reasonable conjectures concerning the several objects 
which engage their attention, and all wise conjectures are 
the results of a just and careful examination of the several 
different effects that may possibly arise from the causes 
that are capable of producing them,” 


Distinction of Combinations and Permutations 


‘We muat firat consider the deep difference which oxists 
Setting epsciene esl grinning and intact 
portant prin A influencing the 
Hae mathematical expressions, In permutation aa re- 
cognise varieties of order, treating AB as a different. group 
from BA. In combination we take notice only of the 
presence or absence of a certain thing, and pay no. es 
to its place in order of time or space, Thus the 
letters a, ¢,m, can form bub one combination, bub they 
occur in language in several permutations, as name, amen, 


mean, mane. 

We have hitherto been dealing with purely Togical ques- 
tions, involving only combination of qualities. I have 
fully pointed out in more than one place that, though our 
symbols could not but be written in order of place and read 
in order of timo, the relations expressed had no regard to 
pe or time (pp. 33,114). The Law of Commnutativencss, 

fact, expresses the condition that in logic we deal with 


1 James Bernoulli, De drte Conjectandé, translated by Barou 
Masores, London, 1795, pp. 35, 36. 





a 
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nations, and the samo Jaw is true of all the processes 


gunpowder is 2 mixture of sulphur, carbon, and nitre, or 
ova hae ean re present n oper oj 
provis sul ces are present in proper 
tions and woll mixed. But this indifference of order does 
Spetion ere tie change of taken aang 
ic art, ni to 
la Saeed ieaseiy Abeloatioren ta from heat into 
mechanical eneryy ; thunder dows not indifferently prooude 
and follow lightning; it ie a matter of some importance 
that we load, cap, present, and fire o rifle in this precise 
order, Time is the condition of all our thoughts, space of 
all our actions, and therefore both in art and science we 
are to a ee extent concerned with permutations. 
Language, for instance, treats different pormutations of 
letters as having different meanings. 

P ‘ions of things are far more numerous than 
inations of those things, for the obvious reason that 
each distinct thing is regarded differently necording to 
ite place. Thus the letters A, B, C, will make different 
oman according ax A stands first, second, or third ; 

wing decided the place of A, there are two places 
pero ails we may Oe for B; seat there 
remains but one place for ©. Accordingly the permuta- 
tions of these letters will be altogether 3 x 2.x 1 or Gin 
number, With four things or letters, A, B, ©, D, we 
shall have four choices of place for the first letter, three 
for the second, two for the third, and one for the fourth, 
so that there will be altogether, 4x 3% 2x 1, of 24 
permutations. The same simple rule applies in all cases; 
beginning with the whole number of things we multiply 
at each etep by a number decreased by a unit. In general 

age, if'm be the number of things in a combination, 
the number of permutations is 
m(n—1) (W—2).....4.3,2-8 

If we wore to re-arrange the names of the da; 
the week, the possible arrangements out of which we 
shonld have to choose the mew order, would be no less 
than 7 .6.5.4.-3.2. 1,08 $040, or, excluding the 
existing order, 5039. 
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“'Dhe reader will sce that the numbers which we reach in 
questions of permutation, increase in a mre extraordinary 
manner oven than in combination. Each new object or 
term doublés the number of combinations, but increases 
the permutations by a factor continually growing. Instead 
of 2X2x2x2x ...,. we have2x3xX4xX5X 

and the ets of the latter expression immensely 
exceed those of the former. These producte of increasing 
factors are frequently employed, as we shall see, in ques- 
tions both of permutation and combination, They are 
technically called factorials, that is to say, the product of 
all integer numbers, from unity up to any number n is the 
factorial of nm, and is often indicated symbolically by |». 
J give below the factorials up to that of twelve -— 

24 = 1.2.94 
120=1.2. 5 
720 \U Bes a 
5,040 = |7. 
40,320 = [8 
302,880 = |9 
¥ 3,628,800 = |10 
39,916,800 — |tt 
479,001,600 = |r2 . 
The factorials up to {36 are given in Reea's * Cyclopmdia, 
art, Cipher, and the logarithms of fnetorials up to [265 
are to be found at the end of the table of logarithms 
published under the superintendence of the Sceiety for 
the Diffusion of Useful Knowledge tat 5). To express 
the factorial (265 would require 529 places of figures, 
Many writers have from time to time remarked upon 
the extraordinary magnitude of the numbers with which 
we deal in this subject. Tacquet calculated’ that the 
twenty-four letters of tho alphabet may be arranged in 
more than 620 thousand trillions of orders; and Schott «*°*™ 
estimated * that if a thousand millions of men were em- 
ployed for the eame number of ge in writing out these 
arrangements, and each man filled each day forty pages 
with forty a in each, they would not have 
ed the task, as they would havo written only 
584 thousand trillions instead of 620 thousand trillions, ¥ 


* Arithmeticn Theoria. Ea. Amaterd. 17. 
id gria, Ea Amsterl, 1704. P 517 


“ #2 
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In some questions the number of permutations may bo 
restricted and reduced by various conditions. Sane 
things in a may be undistinguishable from others, 
so that change of order will produce no difference. Thus 
it we were to permutate the letters of the name Ann, 
according to our previous rule, we should obtain 3 x 2 x 1, 
or 6 orders; but half of these ments would be 
identical with the other half, because interchange of 
the two n’s has no effect, The really different orders will 


therefore be 3: a or 3, namely Ayn, Nan, Nno. In 


the word utility there are two as and two ¢'s, in respect 
of both of whieh pairs the numbers of permutations must 
be halved, Thus we obtain 7B 5-4-3-8ot or 1260, a8 
the number of permutations. The simple rulc evidently 
is—when some things or letters are undistinguished, 
proceed in the first place to calculate all the possible 
permutations aa if all were different, and then divide by 
the numbers of possible permutations of those series of 
things which are not distinguished, and of which the 
tations have therefore been counted in excess. 

us since the word Utilitarianism contains fourteen 
letters, of which four are 1's, two a's, and two ¢'s, the 
number of distinct arrangements will be found by 
dividing the factorial of 14, by the fastorials of 4, 2. 
and 2, the result boing 908,107,200. From the letters 
of the word Mississipys we can geb in like manner 


exxE™ $4,650 permutations, which is not the one 


thousandth part of what we should obtain wore all the 
letters different. 








Cateulation of Number of Combinations. 


Although in many questions both of art and science 
we need to calculate the number of permutations on 
account of their own interest, it far more frequently 
happons in scientific subjects that they possors but an 
indirect interest. As I have already pointed out, we 
almost always deal in the logical and mathematical 
sciences with combinations, and variety of ordor enters 
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ret ‘through the inherent imperfections of our symbols 
modes of calculation, Signs must be used in some 
order, and we tust withdraw our attention from this order 
before the signs correctly represent the relations of thi 
which exist neither before nor after each other. Now, it 
‘ os happens that we cannot choose all the combinations 

of things, without first choosing them subject to the 
accidental variety of order, and we must then divide by 
the number of possible variations of order, that we may 
get to the true number of pure combinations. 

Suppose that wo wish to determine the number of 
in which we can select a group of three letters out of 
Pee without allowing the eame letter to be repeated, 

At the first choice we can take any one of 26 letters; at 
Larry step there remain 25 letters, any one of whieh 

be joined with that ate taken; at the third “ 

there will be 24 choices, so that apparently the whe 
number of ways of choosing is 26% 25 x 24. But the 
fact that one choice succeeded another has caused us to 
obtain the same combinations of letters in different orders; 
we should get, for instance, a, p, rok pomtime. 4nd 5, 
another, and every three distinct latters i 
times aver, because three thi ia patheae 
permutations, ‘To get the number of combinations, then, 
we must divide the whole number of ways of bee 
by six, the number of permutations of three thin 
obtaining 7 M5 74 op 2,600. 

‘Tt is apparent that we need the doctrine of combina- 
tions in oo8 that we may in many questions counteract 
the exaggerating effect of successive selection. If out of 
a senate of 30 persons we bave to choose a committee of 5, 
we may choose any of 30 first, any of 29 next, and 80 on, 
in fact there will be 30 x 29 x 28 x 27 x 26 selections; 
but as the actual character of the members of the committee 
will not be affected by the accidental order of their aclee- 
tion, we divide by 1 x 2 x 3 x 4 x 5, and the possible 
number of different committees will be 142,506, Similarly 
if we want to calculate the number of ways in which the 
geht major planets may come into conjunction, it is evi- 

they may meet eithor two at a time or three at 
Stl ele Be atime, and as nothing is said as to 
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the relative order or place in the eonjunction, we require 
the number of combinations, Nowa selection of 2 out of 8 


ig possible in PZ or 28 ways; of 3 out of 8 in $28 
or 56 ways; of 4 out-of 8 in ©7-°5 or 7o ways; and it 


1.2.3. 
may be similarly shown that fore, 6, 7, and 8 planets, 
meeting at one time, the numbers of ways are 56, 28, 8, 
and 1. Thus we have solved tho whole question of the 
variety of conjunctions of eight planets ; and sdding all the 
numbers together, we find that 247 is the utmost possible 
ed of aioe one 2 

n genend al ic language, we may say thab a group 
of me fines ay. be chosen out of a eeat rumber of ‘4 
things, in a number of combinations denoted by the 


formula 
1) (n=2) (n= 3)... (nm 44) 


1 a RY es - mn 

‘The extreme importance and’ significance of this formula 
seems to have been first adequately recognised by Pascal. 
although its discovery ieeattelbnted by him to a friend, M. 
d¢ Ganiéres? Wo ehall find it perpetually recurring in 
jaestions both of combinations aud pecselliyy and 

roughout the formnulm of mathomatical analysis traces 
of its influence may be noticed. 





n. 





The Arithimetical Triangle. 


The Arithmetical Triangle is a name long since given to 
# serics of remarkable numbers connected with the subject 
wo are treating. According to Montacla ? “ this trianglo is 
in the theory of combinations and changes of order, almost 
what the table of Pythagoras is in ordinary arithmetic, that 
is to say, it places at ones under the eyes the numbers re- 
quired in a multitude of cases of this theory.” As early 
48 1544 Stifels had noticed the remarkable properties of 
‘these numbers and the mode of their evolution. Briggs, 
the inventor of the common system of logarithms, was s0 
struck with their importance that he called them the 


1 GBurres Compldtes do Puscad (1865), vol. iii. p. 302. Momtuela 
Mates the name a: De Gruidres, Histoire dee Mathematiques, vol. ii 


PP Foire de Mathematiques, vol ti. y 378 
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Abacus Panchrestus. Pascal, however, was the first who 
wrote a distinct treatise on these numbers, and gave them 
the name by which they are still known. Bat Pascal did 
not by uny means exhaust the ri bi and it remained for 
James Bernoulli to demonstrate fully the im of 
the numbers, as they are also call In 
treatise De Arte Conjectandi, he points out their applica- 
tion in the theory of combinations and probabilities, and 
remarks of the Arithmetical cee, “Tt nob only eon- 
tains the clue to the myaterions ‘ine of combinations, 
but it is also the ground or foundation of most of the im~ 

and abstruse discoveries that have been made in 

other branches of the mathematics,” ? 

‘The numbers of the triangle can be calewlated in a 
Besd easy manner by guecessive additions. We commence 
with unity at the apex; in the next line we place a second 
unit to the right of this; to obtain the third line of figures 
we move the previous line one place to the right, and add 
them to the same fi as they were before removal; we 
can then repeat the same process ad infinitum. The 
fourth line of figures, for instance, contains 1, 3, 3, 1} 
moving them one place and adding as directed we obtain :— 


Fourthling... 1 3 3 «1 


ge ae 
Fifthlnc,..5°% 4 6 4 © 
XY ae re Bn 
Sixthling.... 04 5 10 10 5 I 
Onrrying ont this simple process through teh more steps 
we outain the first suyenrees lines of the Arithmetical 
‘Triangle os printed on the next page, Theoretically 
the Triangle must be regarded as infinite in 
extent, but the numbers increase so rapidly that it soon 
hecomes impracticable to continue the table. The longest 
table of the numbers which ¥ have found is in Fortia’s 
“Traité des ions” (p. 80), where they are given up 
to the fortieth and the ninth column. 


© Bernoulli, De Arte Conjectandi, translated by Francis Maser. 
Lesson, 1795, p. 75- 























THE PRINCIPLES OF SCIENCE. 


184 




















1/9 09S | ozgt | goth obbit olger | obit 
‘poo tawosqueseg | 2" |$t° | Ser | SEF" | S5er | Fook | Soos | Sebo. | sete § 
“UMNIOD YyNI3Iz1g $1 | 16 | $9€ | toot fe + 
smamyog wiuoyrg|1 [£2 | gt | ose £ 
samupog quernog!1 zr | 99 z 
“aumpog yyuoengy, |r | 11 

‘umnpoo tyra, | 1 ° 

maMDpOD YAUeAe] 6 o 

“wumjog wiTeY, g re 

* 2 

;& 7 

wmnjog yamog |1 fz | TPE 

“weno PALL z 

swurajeg puosag | x |x 





“rage 9 F 
WIONVIGL TVOMAWHLIEV AHL 


ne) COMBINATIONS AND PERMUTATIONS. 185 
Examining those numbers, we find that they are con- 
nected by au unlimited series of relations, a few of the 
more simple of which may be noticed. Kach vertical 
column of numbers exactly corresponds with an oblique 
series descending from left to right, so that the triangle is 
perfectly symmetrical in its contents. The first column 
contains oul units; the second column contains the 
natural , 1, 2, 3, &&; the third column contains 
a remarkable series of numbers, 1, 3, 6, 10, 15, &c., which 











have long been called the triangular numbers, use they 
correspond with the numbers of balls which may be 
urranged in a triangular form, thus— 
° oe 
° °° 00 
° 00 ooo e000 
° oo ooo 90000 00000 


The fourth column contains the pyramidal numbers, so 
called because they correspond to the numbers of equal 
balls which can be piled in lar triangular pyramids, 
‘Their differences are the trian; numbers, The numbers 
of the fifth column have the pyramidal numbers for their 
differences, but as there is no regular figure of which they 
express the contents, they have been arbitrarily called the 
trianguli-triangular numbers, The succeeding columns 
have, in’a similar manner, been said to contain the 
trianguli- idat, the pyramidi-pyramidal numbers, 
and s0 on! 

From the mode of formation of the table, it follows that 
the differences of the numbers in each column will be 
found in the preceding column to the left. Hence the 
second differences, or the differences of differences, will be 
in the second column to the left of any given eclumn, the 
third differences in the third column, and so on, Thus 
Wwe may say that unity which appears in the first column 
ia the first difference of the numbers in the second column ; 

second difference of those in the third column ; the third 
difference of those in the fourth, and so on. The triangle 
ig sean to be a complete classification of all numbers 
accoriling ax they have unity for any of their differences. 

Since cach line is formed by adding the previous line 





} Wallis’s Algebra, Discourse of Combinations, &o. 9. tom. 


4 
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to itself, it is evident that the sum of the numbers in each 
horizontal line must be doutle the sum of the numbers in 
the line noxt above. Hence we know, without making 
the additions, that the successive sums must be 1, 2, 4, 
8, 16, 32, 64, ke. the same ae the numbers of mati 

in the Logical Alphabet, sion eee see ea 


Again, if the whole of the numbers down to line be 
added together, we shall obtain a number leas by unity 
than some ‘er of 2; thus, the first line gives 1 or 
2—1, the first two lines give 3 or 2*— 1; the first three 

7 or °—1; the first six lines give 63 or 2°—1; or, 
speaking in general langui the sum of the first 2 lines 
is 2"— 1. It follows that the sum of the numbers in any 
one line is equal to the sum of those in all the preceding 
lines increased by a unit, For the sum of the ath line is, 
a8 already shown, 2”, and the eum of the firet »—1 lines 
ds 2°-"—1, or less by a unit, 

This account of the propertics of the figurate numbers 
does not apy completeness; a considerable, probably 
an unlimited, number of less simple and obvious relations 
might be traced out. Pascal, giving many of the 
properties, exclaims? : “Mais jlen laisse tien plus que je 
n’en donne ; c'est une chose dtrange combien il eat fertile 
en propridtés! Chacun peut s'y exercer.” The arith. 
motical triangle may be considered # natural classification 
of numbers, exhibiting, in the most complete manner, 
their evolution and relations in a certain point of view, 
It is obyious that in an unlimited extension of the 
triangle, each nurmber, with the single exception of the 
aries ae at least two places, vaiad ium 

the properties al explained are hij 
eet the iets ales of the ieangle arises Sott th 
fact that it contains a complete etatement of the values of 
the formula (p. 182), for the nurabers of combinations of m 
things out of n, for all possible values of mand m, Out 
of seven things one may be chosen in seven ways, and 
seven occurs in the eighth line of the second column, The 
combinations of two things chosen out of seven are 


%° or 21, which is the third number in the eighth 
4 Buvres Compltter, vol. iii, p. 254. 
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line, The combinations of three things out of seven are 
or 35, ‘appears in the 
TXSXS oy 35, which fourth in the eighth Tine, 
Ina manner, in the fifth, sixth, seventh, andeighth 
columns of the cighth line I find it stated in how many 
ways I can select combinations of 4, 5, 6, and 7 things out 
of 7. Proceeding to the ninth line, I find in succession 
FoEAS (ings ca.ot 8 thing. Te gruel ong 
and & things, out of § things, In if 
Gp fo: kus Ss ow, many-orsyamikings cass 
selected in combinations out of » things, 1 must look in 
the n +1 line, and take the m + 1” number, 98 the 
answer. In how many ways, for instance, can a snb- 
committees of five be chosen out of a committee of nine. 
‘The answer is 126, and is the sixth number in the tenth 


Jine; it will be found equal to %-8+2+6=5 hie 


3-2.364-5' 
our formula (p, 182) gives. Sir 
The full utility of the figurate numbers will be more 
apparent whon we reach the subject of probabilities, but I 
may give an illustration or two in thus place. In how 
many ways can we arrange four pennies as Is head 
and tail? The question amounts to asking in many 
ways we can select 0, 1, 2, 3, 0r 4 heads, out af 4 heads, 
and the (fe line of the triangle gives us the complete 
answer, thus— 


We can select No head and 4 tails in 1 way. 





= 


a 1 head and 3 tails in 4 ways. 
° 2 heads and 2 tails in 6 ways. 
o 3 heads and 1 tail in 4 ways, 


ri 4 heade and o tail in 1 way. 

‘The total number of different cases is 16, or 2*, and 
when we come to the next chapter, it will be found that 
these numbers give us tha respective probabilities of all 
throws with four pennies, 

I pre in p. 181 a caleulation of the number of ways in 
which eight planets can moot in conjunction ; the reader 
will find all the numbers detailed in the ninth line of the 
arithmetical triangle The sum of the whole line is 2" or 
256; but we must subtract a unit for the case where no 
planet: uppears, and 8 for the 8 cases in which only one 

appears; go that the total number of conjunctions 
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is 2*—1-—8 or 247. has eleven stops we 
tind in the tweltth line i ace of ways in which we 
can draw them, 1, 2, 3, or more ata time. ‘Thue there are 
462 ways of drawing five stops at once, and as many of 
drawing six stops. The total number of ways of varying 
the sound is 2048, including the single case in whi 
stop at all is drawn. 

me of the most important scientific uses of the arith- 
metical triangle consists in the information which it gives 
concerning merge MY frequency of divengencies 
aa un average, Suppose, for the axe of argument, that 

all persons were natu ly of the equal etature of five feet, 
but enjoyed during jettk seven independent chances of 
growing one inch in addition. Of these seven chances, 
one, two, three, or more, may happen favourably to any 
individual; but, as it does not matter what the chances 
are, 90 that the inch is gained, the question really turns 
upon the number of combinations of 9, L, 2, 3, lea things 
out of seven, Hence the cighth line of the triangle gives 
us a complete answer to the question, as follows :— 

Out of every 128 people— 


Feet Tnabew, 
One person would have the stature of 5 ° 
7 persons P awe 
21 persons 2 = Sy, a 
35 persons ” » 5 1g 
35 persons » o 5 4 
aL persona, ” ” Stipe 
7 persons » » 5 20, 
1 person 4 ¥, 


5 
By taking a proper line of the triangle, an answer may 
be had under any more natural supposition. This theory 
of comparative frequency of divergence from an average, 
was first adequately noticed by Quetelet, and has lately 
been employed in a very interesting and bold manner 
by Mr. Francis Galton,' in his remarkable work on 
“ Hereditary Genius." We shall afterwards find that the 
theory of error, to which is made the ultimate appeal in 
cases of quantitative investigation, is founded upon the 
* See alto Galton's Lecture at the Borel Institution, 27th February, 
| 4874; Catalogue of the Special Loan Collection of Scientilic Instra- 
| sents, South Kensin, ington, Noo, 48, 495 and Galton, Philow 
Magasine, January 1875, 
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comparative numbers of combinations as displayed in the 
triangle, 





Connection Vetween' the Arithmetical Triangle and the 
Logical Alphabet, 

There exists a close connection betwoon the arithmetical 
innate described in the last section, and the series of 
combinations of letters called the Logical Alphabet. The 
one is to mathematical science what the other is to 

ical sciance. In fact the figurate numbers, or those 

ibited in the triangle, are obtained by summing up the 
logical combinations. Accordingly, just as the total of the 
numbers in each line of the triangle ig twice as great as 
that for the preceding line (p. 186), so each column of the 
Alphabet (p, 94) contains twice as many combinations as 
the iz one, ‘The like correspondence also exists 
between the sams of all the lines of figures down to any 
particular line, and of the combinations down to any 
particular column. 

By examining any column of the Logical Alphabet we 
find that the combinations naturally group themselves 
sea fete figurate numbers. Take the combinations 
of the let A,B,C, D; they consist of all the ways in 
which T ean choose four, three, two, one, or none of the 
four letters, filling up the vacant spaces with negative 
terms. 

There is one combination, ABCD, in which all the 
positive letters are present ; there are four combinations in 
each of which three positive letters are present; six in 
which two are present; four in which only one is bs 
and, finally, there is the single case, abcd, in which all 

letters are absent. These numbers, 1, 4, 6, 4, 1, 
are those of the fifth line of the arithmetical triangle, and 
a like correspondence will be found to exist in each 
column of the Logical Alphabet. 

Numerical abstraction, it has boon asserted, consists in 
overlooking the kind of difference, and retaining only a 
consciousness of its existence (p. 138). While in logic, 
then, we have to deal with each combination ag a separate 
kind of thing, in arithmetic we distinguish only the classes 
which depend upon more or less positive terms being 
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present, and the numbers of these classes immediately 
produce the numbers of the arithmetical: 

It may herw be pointed out that there are two modes in 
which we can calculate the whole number of combinations 
of certain things. ie erceutanae whole number 


at once ag shown in the Logical Al) in which case 
the number will be some ), or else we may 
Sarees ae veo te number 


ae 
- Bee ay Rah dak 3- bape at ba 
Petts $443 atroagtr see 
Tn golf exreion wo shal hve 
a. =e} # (n—1) (89), 
a wp tp $a +e, 
et terms being eatin: Sali shay seaee to have any 
_ ‘Thus we arrive at a proof of simple cases of ‘the 
Binomial Theorem, of which each column of the Logical 
Pe is an exemplification. Tt may be shown that all 
cia erpatalana iad arise out of simple 
processes of combination, but the more considera= 
tion of this subject must be deferred to another work. 
* 


Possible Variety of Nature and Art, 


We cannot adequately understand the difficulties 
which beset us in certain branches of science, unloss we 
have some clear idea of the vast numbers of combinations 

mutations which may be possible under certain con= 

4%. ‘Thus only can we learn how hopeless it would 

jr attempt to treat nature in detail, and exhaust the 

whole number of events which LS arise, It is instrac- 
tive to consider, in the first w immensely 

are the numbers of combinations ith which we itn 


usements, 
In dealing « pack of cards, the number of hands, of 
Gieadnenes i 
$2 x51 x50x... x 40 divided pened i 
or 635,013,559,000, But in whist four hands 


bls COMBINATIONS AND PERMUTATIONS. m 


tom held, and the number of ankt hous wale canal 
it would require twenty al ibs ed 
it" "be whole population of the world, say one i estert 
Saat ‘were to deal cards day and night, for 
eyed of years, they would not in that time 
have exhausted one hundred-thousandth part of the 
sible deals, Even with Las same hands of cards the play 
may be almost infinitely vuried, so that the complete 
variety of games at whist which may exist is almost 
Tnoalenlably great reat, It is. in the highest or improbable 
that any one game of whist was aver exactly like another, 
except it were intentionally 60, 

‘The end of novelty in art might well be dreaded, did 
we not find that nature at least has placed no attainable 
limit, and that the deficiency will le in our Inventive 
faculties, It would be a cheerless time indeed when all 
possible varieties of melody were exhausted, but it ia 
Teudily shown that if a peal of twenty-four bells had been 
See oly from the so-called beginning of the 
worl is day, no approach could have been 
inl to the completion of the fect changes. Nay, 

every le minute been to 10,000 roars, 
ne tase would have been unaccomplished* Ag 
oats ordinary melodies, the eight notes of a single 
octave give more than 40,000 permutations, and two 
octaves more than a million millions, If we wero to tako 
ie socount the semitones, it would become apparent ret 
is impossible to exhaust the variety of music, 
the ate Mr a 8 Mill, tn a depremed state of rad, fared 
woaching exhaustion of musical melodies, he had 
Mae ly not bestowed sufficient study on the subject of 
permutations, 

Similar considerations apply to the possible number of 
natural substances, though we cannot always give precise 
eel results, It was recommended by Hatchet * 

@ systematic examination of all alloys of metals 
fowl be carried ont, oem 3 from the binary ones to 
more complicated ternary or quaternary ones. He can 
hardly have been aware roof a extent of his proposed 


+ Wallis, Of Combinations, p, 11 Vorsing. 
2 Pho wmnaetiaes(Soqh vol seth: ps 199. 
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inquiry, If we operate only upon thirty of the known 
metals, the number of Seateaiee would be 435, of 
alloys 4060, of quaternary 27.405, without paying 

to the varying proportions of the metals, an 

ling the kind of metal. Jf we varied all the ternary 

by quantities not lesa than one per cent, the 
number of these alloys would be 11,445,060. An ex. 
haustive investigation of the subject is therefore out of 
the question, and unless some Iaws connecting tha proper 
ties of the alloy and its components can be it 
is not apparent how our knowledge of them can ever be 


more than pene 

The possible variety of definite chemical compounds, 
agnin, is enermously great. Chemists have already ex- 
amined many thousands of inorganic substances, and a 
atill greater number of organic compounds; * they have 
nevertheless made no appreciable impresaion on the 
number which may exist Taking the number of ele- 
ments at sixty-one, the number of compounds contain- 
ing different selections of four elements each would 
be more than half a million (521,855). As the same 
elements often combine in many different proportions, 
and some of them, especially carbon, have the power af 
forming an almost endless number of compounds, it 
would hardly be possible to assign any limit to the 
number of chemical compounds which may be formed. 
There are branches of physical ecience, therefore, of which 
it ia unlikely that scientific men, with all their industry, 
can ever obtain @ knowledge in any appreciable degree 
approaching to completeness. 


Higher Ordore of Variety. 


The coneideration of the facts already given in this 
chapter will not produce an adequate notion of the pos- 
sible variety of existence, unless we consider tha com~ 
parative numbers of combinations of different orders, By 
& combination of a higher order, I mean a combination 
of groups, which are themselves groupe The immense 
numbers of compounds of carbon, hydrogen, and oxygen, 


1 Hoftmann's Introduction to Chemisiry, p36. 





groups, of groups. 
ware of sound produced by a musical instrument may be 
regarded asa combination of motions; the body of sound 
proceeding from a large orchestra is therefore & complex 
aggregate of sounds, each in itself a complex combination 
of movements, All Literature may be said to be developed 
‘out of the difference of white paper and black ink. From 
the unlimited number of marka which might be chesen we: 
select twenty-six conventional letters. The pronounccable 
combinations of letters are probably some trillions in 
number. Now, 23 a sentence is a selection of words, the 


ij 
. 
| 
z 
é 


Pe pdr cre the union of letters in words, of words 
sentences, and s pager books, oh bikes by 
conditions so complex as to is. i to 
out that the infinite ‘vari etic existing or 
possible, is all developed out of one fundamental differ~ 
ence Galileo remarked that all truth is contained in the 


com) 
is al enti in the difference of ink und paper. 


Francis Bacon proposed for secret writing a biliteral 
cipher, which resolves all letters of the alphabet into 
permutations of the two letters a and 0. us A was 
aaane, B aenod, X tabad, and eo ont In a similar way, 
as Bacon clearly saw, any one difference can be made the 
ground of a code of penaias ‘we can express, as he says, 
omnia per omnia. ‘the 

ease of long and short marks, and other systeras 


A single lamp obscured at various intervals, long or 
+ Works, edited by Shaw, vol. i 141—145, quoted in Rees! 
B Papers fy Vol be py. 141-145, quot 


* 
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short, be made to out any words, and with 
= ppleatte te i ab ppp nth! Rg 
ther ¥ at once represent Bacon's 
Diliteral alphabet. Babbage pee ee that 
every lighthouse in the world Nd to spell 
out its own name or number perpetually, by flashes or 

duration and i A 





obscurations of various du ‘succession. 
system like that of is now es to 
lighthouses in the United Kingdom by Sir W. Thomson 


and Dr. John Hopkinson. 

Tet us calculate the numbers of combinations of dif- 
ferent orders which may arise out of the presence or 
absenco of a single mark, eay A. In these figures 


Iaf4) ~ (L). 27a) i7] 

we have four distinct varieties, Form them into a group 
of a higher order, and consider in how many ways we 
may vary that group by omitting one or more of the 
component parts. Now, as there are four parts, and ey 
‘one tay be present or absent, the ‘ible varieties wil 
Dae eae, or 16 in number. Oi ae ee a now 

and proceed again to create variety omittii 
any one or more of the sixteen. The piaiae of ae 
sible changes will now be 2.2.2.2.2.2.2.2.2.2.2.2,2,2.2.2, or 
2" and we can repeat the process again and again. We 
are imagining the creation of objects, whose numbers are 
represented by the successive orders of the powers of ¢twe. 
At the first step we have 2; at the next 2% or 4; 


at the third 2, or 16, numbers of very moderate amount. 
z 


7 
Let the reader calculate the next term, 2* , and he will be 
surprised to find it leap up to 65,536. But at the next 
step he has to calculate the value of 65,536 two's multiplied 
together, and it is so great that we could not possibly 
compute it, the mere expression of the result requiring 
19,729 places of figures. But go one step more and we 
pass the bounds of all reason, The sixth order of the 
powers of tio becomes so great, that we could not even 
express the number of figures requirod in writing it down, 
without using about 19,729 figures for the The 
successive orders of the powers of two ey ‘then the 
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following values so far as we can succeed in describing 
them 





Firstorder . . 2 
Second order , . . 4 
‘Third order a tT 16 
Fourth order és 536 


oo to express the number 
which figures would require 
about + 2. 4 19,729 figures, 

It may-give us some notion of infinity to remember 
that at this sixth step, having long surpassed all bounds 
of intuitive conception, we make no approach to a limit. 
Nay were wo to make a hundred such ateps, we should be 
as far away as ever from actual infinity. 

Tt is well worth observing that our powers of expression 
tapidly overcome the possible multitude of finite objects 
which may exist in any assignable space. Archimedea 
showed long ago, in one of the most remarkable writings 
of antiquity, the Liber de Arena: Numero, that the grains of 
gand in the world could be numbered, or rather, that if 
numbered, the result could readily be expressed in arith- 
mmetical notation. Let us extend his problem, and ascertain 
whether we could express the number of atoms which could 
exist in the visible universe, The most distant stars which 
‘ean now bo seon by teloscopes—those of the sixteenth 
magnitude—are supposed to lave a distance of about 
33:900,000,000,000,000 miles. Sir W, Thomson has 
shown reasons for supposing that there do not exist 
more than from 3 x 10" to 10” molecules in a cubic 
contimetre of a aolid or liquid substance.’ Assuming 
these data to be true, for the suke of argument, a simple 

, calculation enables us to zhow that ie ence eae ae 
‘vast sphere of our stellar system if entirely filled wit! 
solid matter, would not contain more than about 68 x 10” 
atoms, that is to say, a number requiring for its expression 
92 places of figures. Now, this number would be im- 
mensely less than the fifth order of the powers of twa. 

lo variety of logical relations, which may exist 


* Nature, voli. p. 553 ei 


al 
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between a certain number of logical terms, we also meet 
a case of higher combinations. We have seen (p. 142) that 
with only six terms the number of possible selections of 
combinations is 18,446,744,073,709,551,616. Considering 
that it is the most common thing in the world to use an 
argument involving six objects or terms, it may excite 
some surprise that the complete investigation of the 
relations in which six such terms may stand to each 
other, should involve an almost inconceivable number 
of cases. Yet these numbers of possible logical relations 
belong only to the second order of combinations, 


CHAPTER X. 
TRE THEORY OF PROBABILITY, 


Tae subject upon which we now enter must not be 

‘as an isolated and curious branch of speculation. 
It is the necessary basis of the ipo we make in the 

m of science, or the decisions we come to in the 
conduct of ordinary affairs, As Butler truly snid, “ Pro~ 
bability is the very guide of life” Had the science of 
numbers been studied for no other purpose, it must have 
been developed for the calculation of probabilities. All 
our inferences concerning the future are merely probable, 
and a due appreciation of the degree of probability depends 
upon a comprehension of the principles of the subject. T 
am convinced that it is impossible to expound the methods 
of induction in # sound manuer, without resting them upon 
the theory of probability, Perfect knowledge alone can 
give certainty, aud in nature perfect knowledge would be 
infinite knowledge, which is clearly beyond our enpacities. 
We have, therefore, to content ourselves with partial 
knowledge—knowledge mingled with ignorance, producing 
doubt. 


A great difficulty in this subject consists in acquiring a 
precise notion of the matter hgh What is it that we 
number, and measure, and calculate in the theory of pas 
babilities t Is it belief, or opinion, or doubt, or knowledge, 
or chance, or necessity, or want of art? Does probabilit 
exist in the things which are probable, or in the mind whiel 
rogards them aa such? The etymology of the name lends 
us no assistance : for, curiously enough, probable is ultimately 
the same word as provable, good instance of one word 
becoming differentiated to two opposite meanings. 
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Chance cannot be the subject of the theory, because 
there is really no such thing as chance, as 
ducing and ling events. The word ne se 
Falling, and the notion of falling ia continually as a 
simile to ex; ertaakert Organ pape gata 
dict how a die, a ooin, or a leaf will fall, or when a 
will hit the mark. But everyone sees, after a lit 
Teflection, that it is in our knowledge the deficiency lies, 


a 


with knowledge; it is merely an expression, as 
remarked, for our ignorance of the causes in action, 
our consequent inability to predict the result, or to bri 
it about infallibly. In nature the happening of an 


if 


hhas been pre-determined from the first fashioning of the 
‘aniversa. ility belongs wholly to the mind. This is 
proved by the fact that different minds may regard the 
‘Very same event at the same time with widely different 
of ity. A |, for instance, is 
and some ns believe that she has sank in 


; others think differently. In the event itself 
there can be no such uncertainty ; the steam-veasel cither 
or has not sunk, and no subsequent discussion of 


x) ‘THE THEORY OF PROBABILITY. 199 
bility we mean or ought to mean degree of belie!," 
The late Donkin expressed the meaning of 


probability os iy of belief ;” but I have never felt 
ssitisfied with pene defiataons of probability, The mare 
Etieg te not more clear to my mind the notion 
which it is used to define, But an all-sufficient objection 
does not measure what the belief is, but 
fo Fow minds think in slam accordance 
with ae theory, and there are man: if evidence in 
which the belief existing is habitually different from what 
Becnenh to be. yen if the state. of belief in any mind 
be measured and expressed in the results 
would be worthless The value of the ry consists in 
correcting and guiding our belief, and neath our states: 
of mind and consequent actions harmonious with our 
knowledge of exterior conditions, 





‘mother name for imperfect knowl Dor 
well said that the RPaney of belief is “ (oe eave 
ae joular state of knowledge or ignorance; but it 
observed that it is absolute in the sense of not 
bese Set to any sees a et since, the me 
information. presupposed, ‘mil ought to dis- 
faibute thetr belief in the eame-wayz"* Boole seemed to 
entertain a like view, when he described the theory as 
engaged with “the equal distribution of ignorance ;" * 





cen to nse altogether with this obscure word 

ief, gt to enya the ears. eet deals with 
quantity , an expression of whic! rene 
explanation and measure can presently be gis An 
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eeey has been. nee hy some writers as professing to 
evolve knowledge out of ignarance 3 butas Donkin admirably 
remarked, it, is really “ aw of avoiding the erection 


1 Sranettions of the Royal Rony of bisahursk va, xxi. part 4. 
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of belief upon ignorance,” It defines rational expectation 

the comparative amounts of knowledge and 
ignorance, and teaches us to regulate our actions with 
regard to futare events in a way which will, in the long 
tun, lead to the least disappointment. It is, as Laplace 
happily said, good sense reduced to calculation. ‘This theory 
appears to me the noblest creation of intellect, and it 
pisses my conception how two such men as Auguste Comte 
and J, 5, Mill could be found depreciating it and vainly 
questioning its validity. To eulogiss the theory ought to 
be as needless ns to eulogise reason itself, 


Fundamental Principles of the Theory. 


The calculation of probabilities is really founded, as I 
conceive, upon the principle of reasoning set forth in pre 
ceding chapters, We must troat equals equally, and what 
we know of one case may be affirmed of every case 
resembling it in the necessary circumstances. The theory 
consists in putting similar cases on n par, and distributing 
equally among them whatever knowledge we possess. 
‘Throw a penny into the air, and consider what we know 
with regard to its way of falling. We know that it will 
certainly fall upon a side, so that either head or tail will 
be uppermost; but as to whether it will be head or tail, 
our knowledge fs equally divided. Whatever we know 
concerning head, we know also concerning tail, so that we 
have no reason for expecting one more than the other, 
The least predominance of belief to either side would be 
irrational; it would consist in treating unequally things 
of which our knowledge is equal. 

The theory docs not require, as some writers have 
erroneously supposed, that we should firat ascertain by 
experiment the cqual facility of the events we are con- 
aioe So far as we can examine and measure the 
causes in operation, events are removed out of the sphere 
of probability. The theory comes into play where iguor- 
ance begins, and the knowledge we possess requires to be 
distributed over many cases. Nor does the theory show 
that the coin will fall us often on the one side as the other, 
It is almost impossible that thia should happen, because 
some inequility in the form of the coin, or some uniform 
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manner in throwing it up, is almost sure to occasion a 
slight preponderance in one direction. But as we do not 
proviously know in which way a preponderance will exist, 
‘we have no reason for expecting head more than tail. Our 
state of knowledge will be changed should we throw up 
the coin many times and register the resulta, Every throw 
gives us some slight information as to the probable 
tondency of the coin, and in subsequent calculations we 
must take this into account, In other cases experionce 
might show that we had been entirely mistaken ; we might 
co Bearer fall aa often on cach of the six 
sides as on each otherside in the long run; trial might show 
that the die was a loaded one, and falls most often on a 
particular face. The theory would not have misled us: it 
treated correctly the information we had, which is all thet 
any theory can do. 
it may be asked, as Mill asks, Why spend so much 
trouble in ealeulating from imperfect data, when a little 
trouble would enable us to render a conclusion certain by 
actual trial? Why calculate the probability of a measuro- 
ment being correct, when we can try whether it is correct? 
But fully point out in later parts of this work that 
in measurement we never can attain perfect coincidence, 
‘Two measurements of the same base line ina survey may 
show a difference of some inches, and there may be no 
means of knowing which is the better result. A third 
Measurement would probably agree with neither. To 
select any one of the measurements, would imply that 
we knew it to be the most nearly correct one, which we 
do not. In this state of ignorance, the only guide is the 
theory of probability, which proves that in the long ran 
the mean of divergent results will come most nearly to 
the trath. In all other scientific eee whatsoever, 
fect knowledge is imposaible, and when we have ex- 
nusted all our instrumental means in the attainment of 
trath, there is a margin of error which can only be sufely 
treated by the principles of probability, 

‘The method which we employ in the theory consists in 
calculating the number of all the cases or avents concerning 
which our knowledge is equal. If we have the slightest 
eason for suspecting that one event is more likely to 
oecur than another, we should take this knowledge into 
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necoUts a ae determine the whole 
number of events which are, so far as we know, equally 
likely. Thus, if we have no reason for st nf neon 
penny will fall more often one way thant an y are 
two cases, head and tail, equally » But if from trial 
or otherwise we know, or think we know, that of 100 
throws 55 will give tail, then the probability is measured 
by the matio of §5 to 100, 

‘The mathematical formule of the theory are exactly the 
same as those of the theory of combinations, In this 
latter theory we determine in how many ways events may 
be joined together, and we now proceed to use this know- 
ledge alae Sei number of ways in which a certain 
event may come about, It is the comparative numbers of 
ways in which events can happen which measure their 
comparative probabilities, If we throw three pennies 
into the air, what is the probability that two of them 
will fall tail uppermost? This amounts to asking in how 
many possible waya can we select two tails out of three, 
compared with the whole number of ways in which the 
coins can be placed. Now, the fourth line of the Arith- 
metical Triangle (p. 184) gives us the answer, The whole 
number of ways in which we can select or leave three things 
is eight, and the possible combinations of two things at a 
time is three; hence the probability of two tails is the 
ratio of three to eight. From the numbers in the triangle 
‘we may similarly draw all the following probabilities — 

One combination gives o tail, Probability 4. 
‘Three combinations gives 1 tail. Probability J 
Three combinations give 2 tails. Probability 4. 
One combination gives 3 tails, Probability 4. 

‘We can apply the same considerations to the imaginary 
causes of the difference of stature, the combinations of 
which were shown in p.188. There are altogether 128 
ways in which seven causes can be present or alsent. 
Now, twenty-one of these combinations give an addition 
‘of two inches, so that the probability of a person under 
the circumstances being five feet two inches is yy}. Tho 
probability of five fect three inches is jy)+ of five feet 
one inch ;$,; of five feet ;t,, and so on. Thus the 

| cighth line of tho Arithmotical ‘Triangle givea all the 
probabilities arising out of the combinations of seven causes. 
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fer ecw aint po 
T will now explain the rules 
pees eitios ipal rule is ag 


Calculate the number of events which may happen 
oy of each other, and which, as far as is 
nat oath Sot probable. Make this number the 
Reaiator action, and take for the numerator 
the number of such events as im any a ane 
‘eae | of the event, whose pro is required. 
us, if the letters of the word ae be thrown down 
casually in a row, what is the probability that they will 
=e a a Jatin word? The possible ara: 
four letters are 4 x 3 x 2x 1, or 24 in num 
ir 178), and if all the arrangements be examined, seven 
will be found to have meaning, namely Roma, 
cesplbnies perperagiepoergp Henco the 
pean of a significant result is. 
must dist ih comparative. from absolute 
palit, Tn drawing « card casually from a pack, 
is no reason to expect any one card more than any other, 
Now, there are four kings and four queens in a pack, 30 
that there are just as many ways of drawing one as the 
other, and the probabilities are equal, But there are 
thirteen diamonds, so that the prtabiliy of a kin; 
that of a diamond ae four to thirteen, ‘Thus the eed 
ties of each are proportional to their respective numbers 
of ways of happening. Again, I ean draw a king in four 
ways, and not draw one in forty-eight, so that the pro- 
Jabltities are in this sipoperte or, a8 is commonly sald, 
the odds againat drawing a king are forty-eight to four, 
Geresrapiaant te eter pray evcaenty oming 
seven against 10,8, lentally ig a 
‘word. cela are on to three against LY 
in tl ‘throws of a penny. Conversel 
ies bly ag amet ope hy are pres probability 
required, take an favour event numerator, 
and the sum of the odds for denominator, ces 
ML ioutiowe Wabiniersch ie coats Wien al the com- 
binations of causes which can take placo produce that 
event. If we represent the probability of such event 
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according to our rale, it gives the ratio of some number to 
itself, or unity, An event is certain not to happen when 
no ble combination of causes gives the event, and the 

0 by the same rule becomes that of o to some number, 
Henee it follows that in the theory of probability certainty 
is expressed by 1, and impossibility by o; but no mystical 
meaning should be attached to these ls, as they 
amarely express the fact that al or no possible combinations 
give the event, 

By a compound event, we mean an event which may be 
decomposed into two or more simpler events. Thus the 
firing of a a may ls decomposed into pulling the 

igzer, tho tho 


trigger, fall of tho hammer, the explosion 
cap, &c, In this example the simple events ars not 
“anensins, because if the trigger is pulled, the other 


‘events will under proper conditions necessarily follow, and 
their probabilities ave therefore the same as that of the 
first event. Events are iadepondent when the happening 
of one does not render the other either more or less 
probable than before, Thus the death of a person is 
neither more nor Jess probable because the planet Mars 
happens to be visible, When the component events are 
calaneldeal a simple rule can be given for calculating 
the probability of the compound event, thus—Multiply 

the fractions expressing the probabilities of the 
‘inilepenslent component. events. 

‘The probability of throwing tail twice with a ponny is 
$x 4, or 4; the probability of throwing it three times 
running is } x 4% }, or 45 0 result agreeing with that 
obtained mi pieh ih Nia pear 202). In 
fact, when we multiply together the denominators, we 
gebthe whole number of ways of happening of the com- 
pound event, and when we multiply the numerators, we 
get the number of ways favourable to the required event. 

Probabilities may be added to or subtracted from each 
other under the important condition that the events in 
question are exclusive of cach other, so that not more than 
one of them can happen. It might be argued that, since 
the probability of throwing head at the first trial is 4, and 
ut the second trial also }, the probability of throwing it 
in the first two throws is } + 4, or certainty. Not only is 
this result evidently absurd, but a repetition of the process 
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would lead us to a bility of 1h or of any greater 
number, results aie onl have A Listes saci Hac 
‘The probability we wish to calculate is that of one head in 
two , but in our addition we have included the case 
in which two hoads appear. The true result is $+ 4% 4 
‘or 3, or the probability of head at the fimt throw, added to 
the exclusive probability that if it does not come ut the 
first, it will come at the second. ‘Tho groatest: difficulties 
of the theory arise from the confusion of exclusive and 
‘unexclusive alternatives. I may remind the reader that 
the possibility of unexclusive alternatives was a point 

iously disenssed (p. 68), and to the reasons then given 
for considering alternation as logically unexclusive, may 
‘be added the existence of these difficulties in the theory of 
probability, The erroneous result explained above rally 
arose from overlooking the fact that the expression “head 
first throw or head second throw" might include the case 
of head at both throws, 


The Logical Alphabet in questions of Probabitity. 


When the probabilities of certain simple events are 
given, and it 1s required to deduce the probabilities of 
compound events, the Logical Alphabet may give assist 
ance, provided that there are no special logical conditions 
so that all the combinations are possible. ‘Thus, if there be 
three events, A, B, C, of which the probabilities are, a, 8, 
ry, then the negatives of those events, exmessing the absence 


We have only to insert these values for the letters of the 
combinations and unltiplys and we obtain the probability 
of each combination. Thus the probability of ABC is 
y of Ade, a(t — A)(1 — 9). Pte 
‘© can now clearly distinguish between the probabilities 
of exclusive and unexclusive events, Thus, if A and B 
are events which may happen together like rain and bigh 
tide, or an earthquake and a storm, the probability of A or 
B happening fs not the sum of their separate probabilities, 
For by the Laws of Thought we develop A + B into 
ARB 4 Ab 4} a, and substituting a and f, the probabili- 
ties of A and B respectively, we obtain a8 + a(t — 8) + 
(1—a)Sora+8=af. But if events aro incompossible 


& 


206 ‘THE PRINCIPLES OF SCIENCE. {eaar. 


Serpe eee eH pe A ETRE NT and 
iin a nace sd 6 areas 





nation AB case exist, the probability of Ab is uot the 
product of the ae of A and 4, When certain 
combinations are ically impossible, it ig no longer 
allowable to were the probability of each term for 
the term, because the tmultipltestion of probabilities pre- 
supposes the independence of the events. A large part of 
's Laws of Thought is devoted to an attempt to 
overcome this dificult and to produce a General Method 
in Probabilities by which from certain logical conditions 
and certain given probabilities it would be possible to 
deduce the probability of any other coml ions of 
events under those conditions, Boole pursued his task 
with wonderful ingenuity and power, but after spending 
much study on his work, T am compelled to adopt the 
condlusion that his method is fundamentally erroneous. 
As eeipeanlad out by Mr. Wilbraham? Boole obtained his 
ts Ly an arbitrary assumption, which is only the most 
probable, and not the only possible assumption. The 
auswer obtained is therefore not the real probability, 
which is usunlly indeterminate, but only, as it were, the 
most probable probability. Certain problems solved by 
Boole are free from logical conditions and therefore may 
admit of valid answers, These, as I have shown? may be 
solved by the combinations of the Logical Alphabet, Sieh! 
the reat of the problems do not ae of a peer 
answer, at least by Boole’s method. 


Comparison of the Theory with Emperience, 


The Laws of Probability mst upon the fundamental prin- 
ciples of reasoning, and cannot be really neyatived by any 


© Phiteepicad Mopesing ath Bere, wo. vi 4655 vl. 
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throwing a die or coin, the probability is great that the 
results will agree nearly with icti 

theory. Precise agreement must not be expected, for that, 
as the theory shows, is highly improbable. Several 
attempts have been made to test, in this way, the accord- 
ance of and experience. Buffon caused the first 
trial to be made by a young child who threw a coin many 
times in succession, and he obtained 1992 tails to 2048 


heads A pupil of De Morgan ry the trial for his 
own sin, and obtained ania hails to 2048 heads, In 


‘be expected, and the details may be found in De Morgan's 
“ Formal Logio,” p. 185. 
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Quotelot also tested the theory in a rather more coum- 
plete manner, by placing 20 black and 20 white balls in an 
urn poeaey ball cut time after time in an indifferent 
manner, each ball being replaced before a new drawing was 
mate, “He found, as ri be began that the 
the number of drawings made, the more nearly were the 
white and black balls ial sal number, At the ter- 
mination of the had registered 2066 white 
and 2030 black cere being 102? 

T have made a series of experiments in a third manner, 
which scemed to me even more interesting, and capable 
of more extensive trial. Taking a hi of ten coins, 
usually shillings, I threw them up time after time, and 
registered the numbers of heads which appe eerrdaeast 
time, Now the probability of obtaining 10, 9, 8, 7, &e., 
heads is poe to the manne combinations of 
10,9, 8, 7, &e. pine out of fo things Consequently 
the resulta ‘ought, to approximate to the number in the 
eleventh line of the Arithmetical Tri I made 
altogether 2048 throws, in two sets of 1024 throws each, 
and the numbers obtained are given in the following 
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The whole number of single throws of coins amounted 
to 10 x 2048, or 20,480 in all, one half of which or 
10,240 should theoretically give hoad. ‘The total number 

J falianes Bs Theory of Probabititics, translated by Downes, 1849, 
PP 3) 37 


ha 


x] THE THEORY OF OP PRORABILICT; a) 


of heads obtained was aotaally 10,353, or 5222 in the 
ee rn an cies tat: The coincidences 
with close, but considering the lage 
pumber ol Garoter is some reason to suspect a 
LE yeas of heads, 

The special interest of this trial consists in the ex~ 
hibition, in a practical form, of the results of Bernoulli's 
theorem, and the law of error or divergence from the 
mean to be afterwards more fully considered. Lt illus- 
trates the connection between combinations and permu- 
tations, which is exhibited in the Arithmetical ‘Triangle, 
and which underlies many important theorems of acience, 


Proboble Deductive Arguments. 


With the aid of the theory of probabilities, we may 
extend the sphere of deductive argument, Hitherto we 
have treated propositions as certain, and on the hypo- 
thesis of certainty have deduced conclusions equally 
certain. But the information on which we reason in 
ordinary life is seldom or never certain, and almost. all 
reasoning is really a question of probability. We ought 
Beaten the fully aware of the mode and degree in 
which deductive reasoning is affected by the theory of 
probability, and many persous may be surprised at the 
results w! must reer Some marl th 

“Lr Ltanprocha to consi ws Morgan remarked, that 
an inference from several equally probable 
itself an probable og any of them, but the true result i s 
very different. If an argument involves many proposi- 
tions, and cach of them-ia uncertain, the conclusion will 
be peaeey very little force. - 

@ validity of a conclusion ma; regarded as a com- 
pound event, de; upon te premises happening 
to be true; thns, to obtain the probability. of the conclusion, 
we must multiply together the fractions expressing the 
prol ities of the z If the probability is 4 that 
ee at B i is c, eran ree pase 
on the ground of premises, is $x fort. Similar! 
there be any number of premises ere to the establish- 
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mont of a conclusion and their probabilities be p, g, r, &e., 
the probability of the conclusion on the ground of these 
premises is px gx 7 x...... This product has but asmall 
value, unless cach of the quantities p, g, &, be nearly 
unity. 
B 








jut it is particularly to be noticed that the probability 
thus calculated is nob the whole probability of the ee 
clusion, but that only which it derives from the premises 
in question. Whately's! remarks on this subject might 
mislead the reader into supposing that the calculation is 
completed premiseleing together the probabilities of the 
premises, t it has been fully explained by De sie a 
that we must take into account the antecedent probability 
of the conclusion; A may be © for other reasons besides 
ita being B, and as he remarks, "[t is difficult, if not 
imponsible, to produce a chain of argument of which the 
yeasoner can rest the result on those arguments only.” 
The fuilure of one argument does not, except under special 
circumstances, disprove the truth of the conclusion it is 
intended to uphold, otherwise there are few truths which 
could survive the ill-considered arguments adduced in their 
favour. Ax w rope does not necessarily break because one 
or two strands in it fail, 80 a conclusion may depend upon 
an endless number of considerations besides those imme- 
diately in view. Even when we have no other informa~ 
tion we must not consider a statement as devoid of all 
probability. ‘The true expression of complete doubt is a 
ratio of equality between the chances in favour of and 
against it, and this ratio is expressed in the probability 4. 
Now if A and © are wholly unknown things, we have 
‘no reason to beliove that A is C rather than A is not C. 
The antecedent probability is then 4. If we also have the 
probabilities that A is B, 4 and that B is C, 4 wo have no 
right to sas that the probability of A being C is re- 
duced by ¢ argument in its favour, If the conclusion is 
true on its own grounds, the failure of the argument does 
not affect it; thus its total probability is its antecedent 
probability, added to the probability that this failing, the 
new argument in question establishes it, ‘There is a pro 


' Blements ot age Book TIL. sections rr and 18. 
4 Encyclopedia Metropolitana, axt. Probabilities, p, 400. 
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bubility } that we shall now pas the argument; 
a as 4 that we ball, and iy that the 
argument, that case atabli it, the the com= 
lato result is athe 2, or §. In gonoral language, if a 
the probal anded on a Ratios argument, and 
¢ the antecedent Trotability of the event, the general result: 
is 1—(t —4) (1-0) OT A+ o— ae 
Wo may put it still more generally in this way:—Let 
a, bo rs the probabilities of a conclusion grounded 
‘on various arguments, Jt is only when all the arguments 
fail that our conclusion, proves finally untrue; the proba 
bilities of each failing are respectively, t—a,1—} I=4 
de. ; the probability ‘tet they will all Tail is (1—a)(r—b) 
{L—)...5 therefore the probability that the conclusion 
will not fail is « —(1—'a)(t = bt 1—c)...&c It follows 
that every argument in favour of a conclusion, however 
flimsy and slight, adds probability to it, When it is 
unknown whether an overdue vessel hag foundered ot not, 
‘every slight indication of a lost. vessel will add some proba- 
Dilty to the belief of its loss, and the disproof of any 
“5 lar eee not disprove rosie = 
fe must 1] rinciples of evidence with great 
care, and leave than = ae proportion of cases the 
adducing of a weak argument does tend to the Seen 
of its conclusion, The assertion may have in itself bast 
inherent improbability as being opposed to other evidence 
or to the supposed law of nature, and every reasoner muy 
be ae at to be dealing plainly, and putting forward the 
whole force of evidence which he possesses in its favour. 
If he brings but one arguinent, and its probability a is 
small, then in the formula 1 — (1~a)(t — ) both a and ¢ 
are smoll, and the whole expression bos but little value, 
The whole effect of an argument thus turns upon the 
question whether other anguments remain, so that wo con 
pe cairar tice, factors (1-2), (1 —d), &e., into the above 
spreader In acourt of justice, in a publication having 
4n express purpose, and in many other cases, it is doubtless 
right to assume that the w evidence considered to 
eure £2 ‘yaluo as regards the conclusion asserted, is put 


ge aia tls setae sbability of a sition, 
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estimate consorning any proposition should lie beween 
pand p+ dp. The complete probability of the proposition 
is gemini taken between the limits 1 and 0, or 
again 4 


Difheulties of the Theory. 


The theory of probability, though mndoubtadly true, 
Toquires very carefal application, Not only is it a branch 
of mathematics in which oversights are frequently com 
mitted, but it is a matter of great difficulty in wases, 
to be sure that the formula correctly represents the data 
af the problem. These difficulties often arise from the 
logical complexity of the conditions, which might be, 
perhaps, to some extent cleared up by constantly bearing 
in mind the system of combinutions a% developed in the 
Indirect Logical Method. In the study of probabilities, 
mathematicians had unconsciously employed logical 
cesses far in advance of those in possession of logicians, 
and the Indirect Method is but the full statement of these 
processes, 

It is very eurions how often the most neute and power- 
ful intellects have gone astray in tho calculation of 
probabilities. Seldom was Pascal mistaken, yet he in- 
augurated the science with a mistaken solution.! Leibnitz 
fell. into the extraordinary blunder of thinking that the 
number twelve was a8 probable a result in the throwing 
of two dice a2 thenumber eleven. In not a few casea the 
fulwe solution first obtained seems mone plausible to the 

it day than the correct one since demonstrated. 
janes Bernoulli candidly records two false solutions of a 
problem which he at first thought self-evident ; and he 
adds & warning against the risk of error, ially when 
we attempt to reason on this subject without a rigid 
adherence to methodical rules and symbols, Montmort 
was not free from similar mistakes D'Alembert con- 
stantly fell into blunders, and could net perceive, for 
instance, that the probabilities would be the same when 
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y » August 5 
Poinsot, and J. S. Mill* have go far misapprebended the 
W » a3 to jon its value or even to dispute its 
wai. The Ae poaats statements about the raed en 
in the carlier editions of Mill's System ef Logie were par- 
tially withdrawn in the Tater editions. 
ly 8 have o fallacious tendency to believe that 
when a chance event has happened sev times together 
in an unusual conjunction, it is less likely to happen 
bee D'Alembert seriously held that if head was thrown 
ee times running with a coin, tail would more probably 
appear at the next trial? Bequelin adopted the same 
opinion, and yet there is no reason for it whatever, If 
the event be really casual, what hag gone before cannot in 
the slightest degree influence it, Asa matter of fact, the 
more often a casual event takes place the more likely it is 
to happen again; because there is some slight empirical 
evidence of a tendency. The souree of the fallacy Is to be 
found entirely in the feelings of surprise with which wo 
witness an event happening by chance, in a manner which 
seers to proceed from ee 

Misapprehension may also arise from overlooking the 
difference between permutations and combinations, To 
throw ten heads in succession with o coin is no more 
unlikely than to throw any other particular succession 
of heads and tails, but it is much less likely than five 
heads and five tails without regard to their order, be- 
*eause there are no less than 252 different particular 
throws which will give this result, when we abstract 
the difference of order, 

Difficulties arise in the application of the theory from 
our habitual disregard of slight probabilities, We are 
obli practically to accept truths as certain which are 
nearly s0, because it ceases to be worth while to calculate 
the difference. No punishment could be inflicted if 
absolutely certain evidence of guilt were required, aud us 
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Bip od aaeeh ee eet ee ee 
knows the business he goes abont will succeed, 
have but little else to do bub to sit still and perish.”* 
‘There is not a moment of our lives when we do not lie 
under o slight danger of death, or come most terrible fate. 
peepee sas =355 ee eating, aan sitting 
or ‘up, whi not tal to some 





son, Ser ilosophers have tried to 
Timit of the pro Syeieeriaua eine juffon 
named yytvq, because it is the probability, peaeay 
Aisne; |, that a man of 56 yearsof age will diethe next 


day. Pascal remarked that a man would be esteemed a 
fool for hesitating to accept death when three dice gave 
sixes twonty times running, if his reward in caso of a 

i result was to be a crown; but as the chance of 
death im question is only 1 + 6", or unity divided by 
a number of 47 places of figures, we may be said to incur 
greater risks every Gay for less motives. There is far 
greater risk of death, for instance, in a game of cricket or 
a visit to the rink. 

Ne is more requisite than to distinguigh carefully 
between the truth of a theory and the truthful application 
of the theory to actual circumstances. As a general rule, 
eventa in nature and art will present a bri 
relations exceeding our powers of treatment. The intricate 
action of the mind often intervenes and renders complete 
analysis hopeless. If, for instance, the probability that 
# markeman ehall hit the target in a single shot be t in 
10, we might seem to have no difficulty in calculating 
the probahility of any sucession of hits; thus the proba- 
bility of three successive hits would be one ina thousand. 


of runs of spparent luck, than a simple eine, of 


Rear a eatinisg coer with 7 definite reach one in 


and strength of mind which defy 
ce we can in comparatively few cases ay 


nice theory in a definite manner, because the data req 

are too complicated and difficult to obtain. But such failures 
in no way diminish the truth and beauty of the 

itself ; apie gta d ‘no branch of acience in which our 
ae can Bees, with the ee of Nature. As 


pl or impracti 
‘be to ascertain its actual valu. “Tt would be vory 
to estimate in numbers the eds vive of all the particles of 
a human body at any instant; bat i Gea outa Abad te Sa 
cay of numerical expression,” * 

difficulty, in short, is merely relative to our know- 
ledge and and is not absolute or inherent in the 
subject. We must distinguish between what is theo 
retically conceivable and what is practicable with our 
present mental resources, Provided that our aspirations 
are pointed in a right direction, we must not allow them 
to be damped by the consideration that they pass Sea, 
what can now be turned to immediate -use. In of 
its peee Soa of application, and the i 
which have been ly cash upon it, th te per 
probabilities, I repeat, is the noblest, as it ‘vil in course 
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of time , perhaps the moat fruitful branch of mathe- 
matical Lene Tt is the very guide of life, and hardly 
can we take a step or make a decision of any kind without 
correctly or incorrectly making an estimation of proba- 
bilities, In the next chapter we proceed to consider how 
the whole cogency of inductive reasoning rests upon pro- 
abilities, The truth or untrath of a natural law, when 
carefully investigated, resolves itaelf into a high or low 
degree of probability, and this is the case whether or not 
we are capable of producing precise numerical data. 





CHAPTER XI. 


PHILOSOPHY OF INDUCTIVE INFERENCE. 


We have inquired into the nature of perfect induction, 
whereby we pass backwards from certain observed com- 
binations of events, to the logical conditions governing 
such combinitions. We have also investigated the grounds 
of that theory of probability, which must be our guide when 
we leave certainty behind, and dilute knowledge with 
ignorance. There is now before us the difficult task of 
endeavouring to decide ow, by the aid of that theory, we 
can ascend from the facts to the laws of nature; and may 
then with more or less success pate the future 
course of events. All our knowledge of natural objects 
must be ultimately derived from observation, and the 
difficult question arisas—How can we evar know anything 
which we have uot directly observed through one of our 
senses, the apertures of the mind? ‘The utility of reason- 
ing is to aseuro ourselves that, at a determinate time and 
place, or under specified conditions, a certain phenomenon 
will be observed. When we can use our senses and pe 
ceive that the phenomenon does occur, reasoning is super- 
fluous, If the senses cannot be nsed, because the event 
is in the future, or out of reach, how can reasoning take 
their place? Apparently, at least, we must infer the un- 
known from the Fxown, ond the mind must itself create 
an addition to the sum of knowledge, Bunt I hold that it 
is quite impossible to make any real additions to the con- 
tents of our knowledge, except through mew impressions 
upon the senses, or upon some seat of feeling. I shall 
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attompt to show that inference, whether inductive or 
deductive, is néver more than an unfolding paras 
of our experience, and that it always proceeds upon th 
assumption that the future and the wnperceived will be 
governed by the saime conditions as the past and the 
perceived, an assumption which will often prove to be 
mistaken, 

In inductive as in deductive reasoning the conclusion 
never eed LS oud the premises. Reasoning adds no 
more to the impheit contents bof our knowledge, than the 
arrangement sian jimens in a museum adds to the 
number of those specimens, Armngement adds to our 
knowledge in a certain sons: it allowa us to perceive the 
similarities and peculiarities of the specimens, and on the 
agsumption that the museum is an uate representation 
of nature, it enables us to judge of the prevailing forms of 
natural objects. Bacon's first aphorism holds perfectly 
true, that man knows nothing but what he has observed, 
provided that we include his whole sources of experience, 
and the whole implicit contents of his imawinde In- 
ference but unfolds the iden meaning of our observations, 
and the theory of probability shows how far we go beyond 

owr data in assuming that new specimens will resemble the 
old ones, or that the future may be regarded as proceeding 
uniformly with the past. 





Various Classes of Inductive Truths. 


Th will be desirable, in the first. place, to distinguish 
between the several kinda of truths which we endeavour 
to establish by induction, Although there is a certain 
commen and universal element in all our processes of 
reasoning, hee diversity orises in their pplication. 
Similarity of condition between the events from which 
we argue, and those to which we arguc, must always be 
the ground of inference; but this similarity may have 
regard either to time or place, or the simplo logical 
combination of events, or to any conceivable janction of 
Boe involving pentiey os time, and place. Having 


nce possessing di 
ita righ Tee Satara und having discovered, iss 
perfect induction, that they all possess a high specific 





In a eevond class flee time will enter ag a prin- 
cipal ground of similarity. When we hear a clock 
jum beat time after time, at equal intervals, and 
with a uniform sound, we confidently oxpect that the stroke 
will continue to be repeated uniformly. A comet having: 
opera norma ae at nearly, Sie ieteraly we infer 
ib wil ly appear again at end of another 
ke interval A man who Tan: aetarned Hors 
after evening for many and found his house - 
ing, may, on like gous , expect that it will be standing 
© Next evening, on many sucoceding eveni: Even 
the continnons existence of an object in an minltaret state, 
or the finding again of that which we have hidden, ia but 
a matter of inference depending on experience. 
A still larger and more complex class of cases involves 
the relations of space, in addition to those of time and 
uality. Having observed that every triangle drawn upon 
the diameter of a circle, with its apex upon the cirounm- 
ference, apparently contains a right angle, we may 
ascertain that: all triangles in similar circumstances will 
contain right angles. This is a case of pure spuoe reason- 
ing, apart from circumstances of time or quality, and it 
seems to be governed by different principles of reasoning. 
T shall endeavour to show, however, that wotrical 
reasoning differs but in degree from that which applies 
to other natural relationa. 


The Relation of Cause and Effect. 


In @ very large part of the scientific investigations 
which must be considered, we deal with events which 
follow from previous events, or with existences which 
succeed existences, Science, indeed, might arise even were 
material nature a fixed and changeless whole Endow 
mind with the power to travel about, and compare part 
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with and it could certainly draw inferences concern- 
ing similarity of forms, the coexistence of qualities, 
or the preponderance of a particular kind of matter im 
achangeless world. A solid universe, in at least approxi- 
mate equilibrium, is not inconceivable, and thea the rela- 
tion of canse and effect would evidently be no more than 
the relation of before and after. As nature exists, how- 
ever, it is a progressive existence, ever moving and 
peaoaing ss time, the iret indepeadent variable, pro- 
ceeds Hence it arises we must continually compare 
what is happening now with what happened @ moment 
before, @ moment before that moment, and so on, 
until we reach indefinite periods of past time. A comet 
is seen moving in the sky, or its constituent particles 
iMlumine esoarta rit face tails of fire, We cannot 
explain the present movements of such a body without 
supposing its prior existence, with a detinite amount 
of energy and a definite direction of motion; nor can wa 
validly sappose that our task is concluded when wo find 
that it came wandering to our solar system throngh the 
‘unmeasured vastness of surrounding space. Every event 
must have a cause, and that cause again a cause, until 
we are lost in the obscurity of the past, and are driven to 
the belief in one Firat Cause, by whom the course of 
nature was determined. 


Faliacious Use of the Term Cause. 


‘The words Canso and Causation have given rise to infinite 
trouble and obscurity, and have in noslight degree retarded 
ae of science, From tho time of Aristotle, tho 

philosophy has been described as the discovery of 
the causes of things, and Francis Bacon adopted the notion. 
when he said “ vere ecire ease per causas seire.” Even now 
it is not uncommonly supposed that the knowledge of 
causes is zomething different from other knowledge, and 
‘consists, ns if were, in getting possession of the keys of 
nature. A single word may thus act as a epell, and throw 
the clearest intellect into confusion, as I have often thought 
that Locke was thrown into confusion when endeavouring 
to finda meaning for the word powers In Mill's System of 


1 Resay concerning Human Understanding, bk. ii. chap. xxi 








Togic the term cause seems to have re-asserted its old 
noxious power. Not only doos Mill treat the Lawe of 
Causation as almost coextensive with science, but he so 
uses the expression as to imply that when once we pass 
within the circle of caueation we deal with certainties. 

‘The philosophical danger which attaches to the use of 
this word may be thus described. A cause is defined as 
the necessary or invariable antecedent of an event, so 
that when the cause exists the effect will also exist or 
soon follow, If then we know the cause of an event, wo 
know what will certainly happen; and as it is implied 
that science, by a proper ¢xperimental method, may attain 
to a knowledge of causes, it follows that experience may 
give us a certain mat ansel future events, But nothing 
18 more unquestionable that finite experience can 
never give us certain knowledge of the future, ao that 
either a causo is not an invariable antecedont, or else we 
can never gain certain knowledge of causes, The firat 
horn of this dilemma is hardly to be accepted, Doubtless 
there is in nature some invariably acting mechanism, such 
that, from certain fixed conditions an invariable result 
ane emerges. But we, with our ee minds ao 

ort experience, can never penctrate the mystery 
those ies which embody the Will of the Creator, 
and evolve it throughout time, We are in the position 
of spectators who witness the productions of a compli- 

machine, but are not allowed to examine its inti- 
mate structure, We learn what does happen and what 
does appeur, but if we ask for the reason, the answer 
would involve an infinite depth of mystery. The simplest 
bit of matter, or the most trivial incident, such as the 
stroke of two billiard balla, offors infinitely more to loarn 
than ever the human intellect can fathom. The ward 
cause covers just as much untold moaning as any of the 
words sulutance, matter, thought, ewistence. 


Confusion of Two Questions, 


‘The subject is much complicated, too, by the confusion 
of ip distinct questions. event having happened, we 
may ask— 
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1) Is there any cause for the event 7 
2) Of what kind is that cause? 
No one would assert that the mind possesses any 





may be planet bald eae we can imagine ee the 
creation nor annihilation of anything. As regards matter, 
pea og been held true; ag regarda force, it is now 
universally assumed as an axiom that = 
alii come into ner go out of éxistence without 

acts of Creative Will, That there exists any instinotive 
belief to this effect, indeed, seems doubtful. We tind 
Lucretius, a philosopher of the utmost intellectual power 
and cultivation, gravely assuming that his raining atoms 
could turn aside from thoir straight paths in a seli-deter- 

mining manner, and by this Lgigearianel origination of 

iene Celeatine the form of the universe Sir George 
ee seriously discussed the mathematical conditions 
ae er epee a = perea mgs that is, a petinal 
enengy mig ht exiat? The larger 
part of the ek lilesenbeo world hash long held that in mental 
acts there is free will—in short, causation. It is in 
yain to attempt to reconcile this doctrine with that of an 
intuitive belief in causation, as Sir W. Hamilton candidly 


It is obvious, moreover, that to assert the existence 


| De Rerum Nota, bh ii, I, 216-293. 
ae Philosophieut Xrunsuctione (1850), vole ti. pps 
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were equal to what they are at present, or they were 
not; if equal, we may make the same inquiry coneorning 
any other moment, however Jong prior, and we are thus 
obliged to accept one horn of the dilemma—existence 
feom infinity, or creation ab some moment, This is but 
one of the many cases in which we are compelled to believe 
in one or other of two alternatives, bot Eeeanerebe: 
M: i however, is to point out thal we must 
a0 Podtcse lcasresalr ‘difieut question with thet 
into which inductive science inquires on the foundation of 
facts. By induction we gain no certain knowledge; but 
by observation, and the inverse use of deductive reasoning, 
we estimate the probability that an event which has 
occurred was id by conditions of specified character, 
or that such conditions will be followed by the event, 


Definition of the Term Cause. 


Clear definitions of the word cause have been given by 
several philosophers. Hobbes has said,“ A cause is the 
sumo or aggregate of all such accidents, both in the agente 
and the patients, as concur in the producing of the effect 
propounded ; all which existing together, it cannot be 
understood but that the effect existeth with them; or 
that it cam possibly exist if any of them be absent.” 
Brown, in his Hevay on Causation, gave a neatly corre- 
sponding statement. “A cause” he says? “may be 
defined to be the object or event which immediately 
precedes any change, and which existing again in similar 
cirenmstances will be always imomodiataly 1 followed by a 
similar change.” Of the Kindred word power, he like- 
wise says :* “ Power is nothing more than that invariable- 
ness of antecedence which 1s implied in the belief of 
cuasation.” 

Thess definitions may be accepted with the qualifica~ 
tion that our knowledge of causes in such a sense can be 
probable only. The work of science cousists in ascertaining 
the combinations in which phenomena present themselves, 


| Observations on the Noture and Tendency of the Dectrine 0 
lr. Hume, concrsing the Ralation of Onuse ond Efe Secondo 
pat bile Ys 97s 
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every event we shall have to determine its 
conditions, or the group of antecedents from which 
at probably follows. An antecedent is anything which 
exists prior to an event; a Res ear pod 
‘exists subsequently to an antecedent. It will not uaually 
happen that there is any probable connection between an 
antecedent and consequent. Thus nitrogen is an antece- 
dont to the lighting of a common fire; butit is so far from 
being a cause of the lighting, that it renders the combustion 
lesa active, Daylight is an antecedent to all fires lighted 
during the day, but it probably has no appreciable effect 
npon their burning, But in the case of any given event it 
is usually possible to discover a certain number of ante~ 
cedents which seem to be always present, and with more 
or less probability we conclude that when they exist the 
erent mill follow. 

Let it be observed that the utmost latitude is at present 
enjoyed in the use of the term cause, Not only may a 
cause be an existent thing endowed with powers, as 
oxygen is the cause of combustion, gunpowder the cause 
of explosion, but the very absence or removal of a thing 
may also beacause. It is quite correct to speak of the 
dryness of the Egyptian atmosphere, or the absence of 
moisture, ax being the cause of the preservation of 
mummies, and other romaina of antiquity, The causo of 
@ iountain elevation, Ingleborough for instance, is the 
excavation of the surrounding valleys by denudation, It 
is not 40 usual to speak of the existence of a thing ab one 
morient as the cause of its existence at the next, but to 
me it seems the commonest case of causation which oan 
occur. The cause of motion of a billiard ball may be the 
stroke of another ball; and recent philosophy leads ua to 
Jook upon all motions and changes, as but so many mani- 
festutions of prior existing energy. In all probability 
there is no creation of cnenzy and no destruction, so that 
as regards both mechanical and molecular changes, the 
cause is really the manifestation of existing energy. In 
the same way I see not why the prior existence of matter 
is not also a cause as ita subsequent existence All 
Soience tends to show us that the existence of the univere 
in a particular state at one moment, is the condition of its 
existence at the next moment, in an apparently different 

a 





an event. In this sense, there is no 
noe between knowledge of causes and our general 
kmowledge of the succession of combinations, in which the 
phenomena of nature are presented to us, or found to 
occur in experimental inquiry. 
Distinction of Inductive and. Deduetive Reoults. 


We must carefully avoid confusing together inductive 
investigations which terminate in the establishment of 
general laws, and those whivh gcem to lead directly to 
the knowledge of future particular events, That 
only can be called induction which gives gen Tawa, 
and if is by the subsequent employment of deduction that 
we anticipate particular events. If the observation of a 
number of casos shows that alloys of metals fuse at lower 
temperatures than their constituent metals, L may with 
more or less probability draw a general inference to that 


mol conditions which, with more or less probability, 
ferst 


_. 





aly the’ vnual, tho zioot obvioan end the movt seady 
method, but that it is the of eres which best 
Ls Coetipaadipaed Sire’ joubtless, this is the usual 


being had to degrees of 
potable but treme Ain fall e entirely to give any 
ct 


be ease. 

Tt may be allowed that the cevinee of future par- 
ticular events is the main purpose of our investigations, 
and if there were any process of thought by which Bes 
could pasa directly from event to event without aecendii ing 
into ott truths, this method would be sufficient, an 
eertainly the briefest. It is true, also, that the laws of 
mental association lead the mind always to expect the like 
ea ‘in apparently like cirewmstances, and even animals 

low intellizence must have some trace of such 
powers aot association, serving to guide them more or leas 
r, in the absence of true reasoning facultion But 


ee is the Mill, to ascertain 
Tite Petes have pep inen t drawn, rather than 

bt sateen Even if we can, then, by habit, 
association, or any rade process of inference, infer the 
future directly from the past, it is tho work of logic to 
cdl the conditions on which the correctness of this 
ds, Even Mill would admit sae such 

seared involves the consideration of general truths,* and 


\ Dk, IL chap. iil. 
Mle roti reese 
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enter into cont at any Tength, or to attempt to refute 
the views of other logicians. But I eball bound to 
atate, in a separite lication, my deliberate opinion 


that may 7 ee icf asia in logical ren and 
especially his doctrine reasoning from particulars to 
ir are entirely groundless and false. 
The Grounds of Inductive Inference, 

Thold that in all cases of inductive inference we must 
inyend , until we fall upon some jyrelent 
which deductive results in accordance with experi- 
énce, Such accordance renders the chosen hy ia 


more or less protable, and we may then deduce, with some 
degree of likelihood, the nature of our future experience, 
on the assumption that no arbitrary change takes place in 
the conditions of mature. We can only argue from tho 
past to the future, on the general principle set forth in this 
work, that what is true of a thing will be true of the like, 
So far then as one object or event differs from another, all 
inference is impossible, particulars as particulars can no 
more make an inference than grains of sand can make a 
rope. We must always rise to something which is general 
or same in the cases, and assuming that sameness to be 
extended to new cases we learn their nature. Hearing a 
clock tick five thousand times without exception or varia- 
tion, we adopt the very probable hypothesia that there is 
some invariably acting machine which produces those uni- 
form sounds, and which will, in the absence of change, 
on lucing them. Mecting twenty times with a brig! 

‘allow ductile substance, and finding it always to be very 

avy and incorrodible, I infer that there was some natural 
condition which tended in the creation of things to asso- 
ciate these properties together, and I expect to find them 
associated in the next instance. Bub there always is the 
pray that some unknown change may take 

een past and future cases, The clock may run down, 

or be subject to a hundred accidents altering its condition, 
There is no reason in the nature of things, 80 far ag known 
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to ug, why yellow colour, ductility, high specific gravity, 
and qnecrrouibility, should always be associated together, 
and in other cases, if not in ‘this, men’s expectations 
have been deceived. Our inferences, therefore, always 
retain more or Jess of a hypothetical character, and are 20 
far open to doubt. Only in proportion as our induction 
approximates to the character of perfect induction, does 
it approximate to certainty. The amount of uncerta 

corresponds to the probability that other objects than 
thove examined say re falsify our pa it the 
amount of ibility corresponds to the amount of infor- 
mation yielded by our examination; and the theory of 
probability will be needed to prevent us from over-esti- 
mating or under-estimating the knowledge we possess, 


Mlustrations of the Tnductive Process, 


To illustrate the passage from the known to the ap- 
my unknown, let us sup) that the phenomena 
under investigation consist of nambers, and that the 
following six numbers being exhibited to us, we are 
required to infer the character of the noxt in the 
BETIGR — 


% 5e 15, 35+ 45) 05, 95+ es 

‘The question first of all arises, How may we describe this 
series of numbers? What is uniformly true of them? 
‘The reader cannot fail to ive ot the first glance that 
they all end in five, and the problem is, from the proper- 
ties of these six numbers, to infer the properties of the 
next number ending in five. If we test their properties 
the process of perfect induction, we soon perceive that 
have another common property, namely that of being 
divisible by five without remainder. May we then assert that 
the next number ending in five is also divisible by five, 
and, if so, upon what grounds? Or extending the question, 
Is evory number ending in five divisible by five? Doos it 
follow that because six numbers obey a supposed law, 
therefore 370.085.0975 or any other number, hawover large, 
obeys the Jaw? “[ answer certainly not, The law in quea- 
tion is undoubtedly tre; but its trath is not proved by 
any finite number of examples, All that these six numbers 
can do is to suggest to my mind the possible existence of 
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auch a Jaw; and F then ascertain its truth, by: proving 

deductively from the rules of decimal numeration, any 

number ending in five must be mace up of multiples of 

five, and must therefore be itself a multij 

To make this more plain, let the now examine 
vumbera— 





the mi 
Te ADs 321 47, OF. 97. 
They all end in 7 instead of 5, and though mot at 
int the intervals ore the same as in the nas 
case. After consideration, the reader will ive that 


bam aaa Pegi being 3 ae moh or mul- 
i of unity only. May we then infer that the next, or 
any other Hare ending in 7, is a prime number? 
Clearly not, for on trial we find that 27, 57, 117 are nob 
primes. Six instances, then, trented empirically, lead us 
to a true and univereal law in one cage, and miglead us in 
another case. We ought, in fact, to have no confidence in 
any law until we have treated it deductively, and have 
shown that from the conditions su the results. ex- 
pected must ensue. No one can show from the principles 
of number, that numbers ending in 7 should be primes, 
the history of the theory of numbers some good 
examples of false induction can be adduced, Taking the 
following series of prime numbers, 
a, tls 43) 47) 53 Shoals 83, 97, 113, 131, 151, &e,, 
it will be found that they all agree in being values of 
the general expression «* 4 a 4 41, putting fora insucees- 
sion the values, 0, 1, 2,3, 4, &. We socom always to 
obtain a prime number, and the induction is apparently 
strong, to the effect that this expression always will 
give primes. Yet « few more trials disprove this false con- 
clusion. Put 2 = 40, and we obtain 40 x 49+ 40+ 41, 
or 4i x4. Such a failure could never have happened, 
lad we shown any deductive reason why 2’ +a + 41 
should give primes, 

There can be no doubt that what here happens with 
forty instances, might happen with forty thousand or 
forty million instances. An apparent law never once 
failing up to a certain point may then suddenly break 
down, so that inductive reasoning, as it has been described 
hy some writers, can give a ee ace Se 
come, Babbage pointed out, in his Ninth Bridgewater 


ee 





sevice of numbera through a vast series 


us to pass by inference to any new caso, 
ity necdial to inquire here what can be inferred 
from an infinite series of facts, because they are never 
within our power; but we may unhesitatingly 
‘necept the conclusion, that no finite number of instances 
can ever prove a general law, or can give us certain know- 
of even one other instance, 
eral mathematical theorems have indeed been dis- 
covered by the observation of particular cases, and may 
again be go discovered. We have Newton's own state- 
tment, to the effect that he was thus led to the all-impor= 
ee Binomial Theorem, the basis of the whole structure 
mathematical analysis Cd Bo ee — of 
terms, expressing the area ot a circle or iyper la, he say 
“T reflected: that: the denominators were in arithmetical tical 
progression; so that only the numerical co-efficients of 
the numerators remained to be invostignted, But ea 
inthe alternate areas, were the i pale ah ii 
the number eleven, namely vr’, 1, 114, 018, 114; that i i 
in the first 1; in the second t, 1; in the third 1, "2.0; in 
the fourth 1, 3, 3, £5 in the fifth 1, 4, 6,4, 12 T inquired, 
therefore, in what manner all the remaining figurea could 
‘be found from the first two ; and I found that if the first 
figure be called m, all the rest could be found by the 
continual multiplication of the terms of the formula 
BOO 9g MSE x Mt BSD x tate 
Itis Same from this most siieantng statement, 
Ca Sa a ane simply observed the succession of the 
‘arious formulse until he found ong which 
ae aa a all. Ho was so little satisfied with this 
process, however, that he verified particular results of his 
mew theorem by comparison with the results of common 
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multiplication, and the rule for the extraction of the 
<n root, Newton, in fact, gave no demonstration 

his theorem ; and the greatest mathematicians of the 
Jost century, James Bernoulli, Maclaurin, Landen, Euler, 
Lagrange, &c., occupied themselves with discovering a con- 
elusive method of deductive proof. 

There can be no doubt that in geometry also discoveries 
have been suggested by direct observation. Many of the 
now trivial propositions of Euctid’s Elements were pro- 
bably thus discovered, by the ancient Greek geometers; 
and we have pretty clear evidence of this in the Commen~ 
taries of Proclus.t Galileo was the first to examine the 
remurkable properties of the cycloid, the eurve described by 
& point in the cireamference of a wheel rolling ona plane. 
By direct observation he ascertained that the area of the 
curve is Ceapees three times that of the gonorating circle 
or wheel, but he was unable to prove this exactly, or to 
verify it by strict geometrical reasoning. Sir George Airy 
has recorded a curious case, in which he fell accidentally by 
trial on a new geometrical property of the sphere* But 
discovery in such cases means nothing more than sugges- 
tion, and it is Sebinet pure deduction that the general 
law {fs really established, As Proclus puts it, we must 
pass from sense to consideration 


CN aS 


Given, for instance, the serie2 of figures in the accom- 
panying diagram, measurement will show that the curved 
lines approximate to semicircles, and the rectilinear figures 
to right-angled trianglea These figures may seem to 
suggest to the mind the general law that. angles inscribed 
* Dk. ii, chap. ir. 
2 Philosophical Transestions (1866), vol. 145, 1 334 
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in semicircles aro right angles ; bat no number of instances, 
and no possible accurncy of measurement would really 
establish the truth of that general law. Availing ourselves 
of the suggestion furnished by the figures, we can only 
inv re deduetively the consequences which flow from 
the ition of a eile, until we discover among them the 
property of containingright angles. Persons have thought 
that they had discovered a od of trisecting angles by 
plane geometrical construction, because a rt complex 
arrangement of lines and circles had appeared to trisect an 
angle in every case tried by them, and thoy inferred, by a 
arom act of induction, that it would succeed m all 

cases. De Morgan has recorded a proposed mode of 
trisecting the angle which could not be discriminated by 
the senses from a true general solution, except when it was 
applied to very obtuse angles? In all such oases, it has 
always turned out either that the angle was not trisected 
at all, or that only certain particular angles could be thus 
trisected. The trisectors were misled by some apparent or 
special coincidence, and only deductive f could es 
tablish the truth and generality of the result. In this par- 
ticulur case, deductive proof shows that the prob! 
attempted is impossible, and that angles generally cannot 
be triseeted by common geometrical methods, 

Geometrical Reasoning. 

This view of the matter is strongly supported by the 
further consideration of geometrical reasoning, No skill 
and care could ever enable us to verify absolutely any one 
pene eee Rousseau, in his Amile, tells us 

we should teach a child geometry by causing him to 
measure and compare figures by superposition. While a 
child was i ineapable of general reagoning, this would 
doubtless be an instructive exercise; but it never could 
, hor prove the troth of any one sition. 

All our figures ure rude approximations, and they may 
eal to seem unequal when they should be equal, 
equal when they should bo unequal. Moreover 
figures may from chance be equal in case after case, and 


1 Bulge of Paradazes, p. 257: 





Thereis a second class of geometrical traths which can 
only be proved by approximation; but, as the mind sees 
‘no reason why that ‘imation should not always go 
on, we artive at complete conviction, We thus learn that 
the surface of a sphere is equal exactly to two-thirds of 
the whole surface of the circumscribing cylinder, or to four 
times the area of the generating circle. The area of a 
parabola is eit ‘two-thirds of of the circumscribing 
parallelogram. The area of the cycloid is exactly three 
times that of the generating circle. These are truths that 
we could never ascertain, nor even verify by observation ; 
for any finite amount of difference, less than what the 
sonses can discern, would falsify them. 

are geometrical relations again which we camot 
assign exactly, but can carry to any desirable dogroo of ap- 
proximation, The ratio of the circumference to the dia- 
moter of a circle is that of 3°14159265358979323846. ... 
to 1, and the approximation may be carried to any ex- 
tent by the expenditure of sufficient labour, Mr. W. 
Shanks has given the value of this natural constant, known 
as 7, to the extent of 707 places of decimals. Some years 
sinee, I amused myself by eying how near I could get to 
this ratio, by the careful use of compasses, and I did not 
come nearer than r part in 540. We might imagine mea- 
surements 80 accurately executed as to gi Fie es or 
ten places correctly. the power e hi and 


* Proceedings af the Royal Society (1872-3), vol. xxl. p 319 


as ) When cee ee on of it? All that observa- 
jon or irical trial can do is to t jitions, of 
which the truth may afterwards bo proved deduetively. 

If Viviani's story is to be believed, Galileo endeavoured 
to eatisfy himeelf about the area of the cycloid by cutting 
out several large cycloids in pasteboard, and then compar- 
ing the areas of the curve and the ing cirele by 
weighing them, In every trial the curve scemed to be 
rather leas than three times the cirele, 0 that Galileo, we 
are told, bogan to. suspect that the ratio was not procisely 
3 to r. It is quite clear, however, that Ral apie 
‘weighing or ing conld ever prove truths these, 
and it remained for Torricelli to show what his master 
Galileo had only guessed at. 

Much has been said about the peculiar certainty of 
mathematical reasoning, but it is only certainty of dedue= 
tive reasoning, and equal certainty attaches to all correct. 
logical deduction. If o triangle be right-angled, the 
square on the hypothenuse will undoubtedly equal the 
sum of the two squares on the other sides; but I can 
never be sure that a triangle is right-angled: so T ean be’ 
ee ee acid will te ri lve gold, Lae L 
know @ substances employed really correspond toy 
those on which I tried the expetment previously. ‘Here 
aE ie of inference, and like doubt as to, the 
facts, 


Disorimination of Certainty and Probability, 

‘We can never recur too often to the truth that our 
knowledge of the laws and future events of the external 
mee is only ee Regs itself is quite capable 

possessing certain knowledge, and it is well to discri- 
‘minate carefally Detween what we can and cannot know 


ee ES Diffusion of Useful Knowledge, 
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with certainty. Tu the first place, whatever feeling is 
actually present to the mind is certainly known to that 
mind. If T see blue sky, I may be quite sure that I 
do experience the sensation of blucness, Whatever I do 
feel, 1 do feel beyond all doubt. We are indeed very 
likely to confuse what wo really feel with what we are 
inclined to associate with it, or infer inductively from 
it; but the whole of our consciousness, as far as it is 
tho result of pure intuition and free from inference, is 
certain knowledge beyond all doubt. 

In the second place, we sey Nera eoattey of inference ; 
the fundamental laws of thought, and the rule of substitution 
(p. 9), are certainly trae ; and if my senses could inform me 

aut A was indistinguishable in colour from B, and B from 
0, then T should be equally certain that A was indistinguish- 
able from ©. In short, whatever truth there is in the 
premises, I can certainly ee in their correct: logical 
result. But the certainty generally assumes a hypothetical 
character. I never can be quite sure that two colours 
are exactly alike, that two magnitudes are exactly equal, 
or that two bodies whatsoever are identical even in their 
apparent qualities. Almost all our judgments involve 

uantitative relations, and, as will be shown in succeeding 
ters, we can never attain exactness and certainty 
‘where continuous quantity enters. Judgments concerning 
discontinuous quantity or numbers, however, allow of oer- 
tainty ; I may establish beyond doubt, for instance, that 
the difference of the squares of 17 and 13 is the product 
of 17 + 13 and 17—13, and is therefore 30 x 4, or 120. 

Inferences which we draw concerning natural objects 
are never certain except in a hypothetical point of 
view. It might seem to be certain that iron is magnetic, 
or that gold is incapable of solution in nitric acid; but, 
if we carefully investigate the meanings of these state 
ments, they will be found to involve no certainty but 
that of consciousness and that of Byetee inference, 
For what do IT mean by iron or gold? If I choose a 
remarkable piece of z low substance, call it gold, and 
then immerse it in a liquid which I call nitric acid, and 
find that there is no change called solution, then conscious~ 
ness has certainly informed me that, with = meaning of 
the terms, “Gold is insoluble in nitric acid.” I may further 
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be certain of something else; for if this gold and nitric 
acid remain what they were, I may be sure there will be 
no solution on again trying the experiment. If 1 take other 
portions of gold and nitric acid, and am sure that they really 
are identical in ies with the former portions, I can 
be certain that there will be no solution, But at this point 
my dawievgs becomes SNe Bases mete ; for bow can T 
be sure without trial that gold and acid are really 
identical in nature with what I formerly ealled gold and 
a pel How do I ioc gold (see eke ae 
j y the apparent qualities—colour, ductility, specific 
gravity, &e., may be misled, because there may rt 
exiet a substance which to the colour, ductility, specific 
ity, and other specified qualities, joins others which we 
jo not expect, Similarly, if iron is magnetic, as shown by 
an experiment with objects answering to those names, then 
all iron ig magnetic, meaning all pieces of matter identical 
with my assumed piece, Bub in trying to identify iron, I 
am always open to tnistake. Nor is this liability to mis~ 
take a matter of speculation only. 

The history of chemistry shows that the most confident, 
inferences may have been falsified by the confusion of one 
substance with another. Thus strontia was never discri- 
minated from baryta until Klaproth and Hatly detected 
differences between some of their properties. ee 
chemists must often have inferrod concerning strontia 
what was only true of baryta, and viee versd, There is 
now no doubt that the recently discovered substances, 
omsium and rubidium, were long migtaken for potassium? 
Other elements have often been confused together—for 
instance, tantalam and niobinm ; sulphur and selenium; 
cerium, lanthanum, and didymium ; yttrium and erbium, 

Eyen the best known Jaws of physical science do 
not exclude false inference, No law of nature has been 
better established than that of universal gravitation, and 
we believe with the utmost confidence that any body 
capable of affecting the senses will attract athor bodies, 
and fall to the earth if not prevented. Euler remarks 


Papritnee, Bowen Bak, exsoensty cated this view. These on 
mn LSA. 1 4 
Gena Orettom ancl, wa ty p G8. 
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that, although he had never made trial of the stones 


whieh the church of burg, he had 
nob the leant doubt ‘that all For Pita) and 
would fall if But be adds, that it would 


be extremely di it to give any satisfxctory explanation 
of this confident belief! ‘The fact is, that the belie? ought 
hot to amonnt to certainty until the experiment has been 
tried, and in the meantime a slight amount of uncer 
talnty enters, because we cannot be sure that the stones of 
the ieburg Church resemble other stones in all their 


In like marmer, not one of the inductive truths which 
mon have established, or think they have established, is 
really safe from exception or reversal. Lavoisier, when 
laying the foundations of chemistry, met with so many 
‘instances tending to show the existence of oxygen in 
all acids, that ho adopted a general conclusion to that 
effect, and devised the name oxygen accordingly. He 
entertainod no appreciable doubt that the acid existing 
in sea salt also contained oxygen;* yet subsequent ex 
porionce falsified his expectations, This instance refers 
to a acience in its infancy, speaking relatively to the 
powsible achievements of mon, But all sciences are and 
‘ever will remain in their infancy, relatively to the extent 
and Aaplasee sied the universe which they undertake to 
investigate, Jer expresses no more than the truth when 
he says that it would be impossible to fix on any one thing 
wally existing, of which we could have so perfect a know- 
ledge as to put us beyond the reach of mistake* We may 
to quite oartain that» comet will go on moving in a 

nil 





th if all circumstances remain the same a2 
before Se if we leave out this extensive qualification, 
our predictions will always he subject to the chanee of 
falsification by some unexpected event, such as the division 
of Biel's comet or the interference of an unknown gravi- 


tating body. 


1 Balee's Letters fo @ German Princess, tmasisted by Hunter. 
aed eds vo fi pp. 17, 18 
* Laveisier’s Chemantry, translated by Kerr. gat ed, pa rid, 


231, 12 
4 Bales Letters, vol ii, p 21, 
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Inductive inference might attain to certainty if our 
knowledge of the agents existing throughout the universe 
were complete, and if we were at the same time certain 
that the same Power which created the universe would 
allow it to proceed without arbitrary change. There is 
always a possibility of causes being in existence without 
our knowledge, and these may at any moment produce 
an unexpected effect. Even when by the theory of pro- 
babilities we succeed in forming some notion of the com- 
parative confidence with which we should receive in- 
ductive results, it yet appears to me that we must make 
anassumption. Events come out like balls from the vast 
ballot-box of nature, and close observation will enable us 
to form some notion, as we shall see in the next chapter, 
of the contents of that ballot-box. But we must still 
assume that, between the time of an observation and that 
to which our inferences relate, no change in the ballot-box 
has been made, 


CHAPTER XIL 


‘THE ENDUCTIVE OR INVERSE APTLICATION OF THE 
THEORY OF PROBABILITY. 


We havo hitherto considered the theory of probability 
only in its simple deductive employment, ia which it 
enables us to determine from given conditions the probable 
character of events happening under those conditions. 
But as deductive reasoning when inversely applied con- 
stitutes the process of induction, so the calculation of 
probabilities may be inversely applied; from the known 
character of certain events we may argne backwards to 
the probability of a certain law or condition governing 
those events. Having satisfactorily accomplished this 
work, we may indeed caleulate forwards to the probable 
character of fature events happening wnder the same con- 
ditiona ; but this part of the process is a direct use of 
deductive reasoning (p. 226). 

Now it is highly instructive to find that whether the 
theory of probability be deductively or inductively ap- 
plied; the calculation is always performed according to 
the principles and rules of deduction, Tho probability 
that an event has « particular condition entirely depends 
upon the probability that if the condition existed the 
event wronld follow. If we take up a pack of common 
playing cards, and observe that they are arrangod in pers 
fect numerical order, we conclude beyond all reasonable 
doubt that they have been thus intentionally arranged 
by some person acquainted with the ueual order of 
sequence, This conclusion is quite irresistible, and rightly 
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el OE Re a Seta faci 
a8 to the reason of the being in that particular 


order — 
spear ea by some 
ati e ae Se rebadal ters 
len into that order by chance, that 


‘The latter supposition is by no means absurd, for any 
one order is as as any other when there is no prepon- 
peating Geet. But we can readily calculate by the 

utations the probability that fifty-two 

ease ment fall by chance into any one particular order. 

Pecsie suigua cont be ok Pala el 

=U tla 10)" possible orders, the 

number obtained requiring “6 places of figures for its 

full expression. Hence it is esconaivel unlikely that 
anyone should ever moet with a cards 

in perfect order by accident. 1 fon ismeed (rie 

ae we pee ct the ather supposi- 


ordera the numerical order is the most remarkable ; it ia 
useful as proving the perfect constitution of the pack, and 
it ie the intentional result of certain feat pte 
the probability that intention should that order is 


ae greater than the prol oe teow 
blr ast 6 eit Ya 


order, we rightly ee the sup tee: mit mee = 
bably leads area 
ei a epee sat of reasoning we every day arrive, 
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for the band of the most skilful artist to make two objects 
mechanical 


is incorrectly spelt in cach, There is then a bali 
Jess than 1 in 10000 that the same ¢ should be 
made in onch, If wo meet with a second error occurring 
in each document, the probability is less than 1 in 10,000 
x ), that two such coincidences should occur by chance, 
the numbers grow with extreme rapidity for more 
numerous coincidences, We cannot make any precise 
calculations without taking into account the churagter of 
the errors committed, soueemnny the conditions of which 
we have no accurate means of estimating probabilities. 
Nevertheless, abundant evidence may thus be obtained 
asito the derivation of documents from each other, In 
the exatmination of many scte of logarithmic tables, six 
remarkable errors were found to be present in all but 
two, and it was proved that tables printed at Paris, Berlin, 
Florence, Avignon, and even in China, besides thirteen 
sots printed in England between the years 1633 and 1822, 
were derived directly or indirectly from some common 
soures.? With a certain amount of labour, it is possible 
See renin panpe tha \ pacteee or 
gy of any number of jies of one document, pro~ 
ceeding powily from parent ‘epi now lost. The rela- 
tions betwoen the manuscri the New Testament have 
heen elaborately inveatiguted in this manner, and the same 
work has been porformed for many classical writings, 
especially by German scholare. 


Principle of the Inverse Method. 


The inverse application of the rules of probability 
entirely depends upon a proposition which may be thus 
stated, nearly in the words of Laplace* If an event can 


1 Lantnor, Edinburgh Reiew, July 1834, p. 277. 
+ Mémotres par divers Treen tae Lg gue by Todtoannats 
bin History of the Theory of Probability, p. 45% 





THE PRINCIPLES OF SCIENCE, [emar, 


we have any comprehension of the principle in its 

. Tt is easy to see, too, that it is the rule 

out of a toultitude of cases, lead us most 
often to the truth, since the most probable cause of an 
event really means that cause which in the 
num! 


given demoustrations of this principle, but the one 
‘easy to comprehend is that of Poisson, Ho imagn 

possible cause of an event to be represented by a 
distinct ballot-box, containing black and white balls, in 
such a ratio that the probability of a white ball being 
drawn is equal to that of the eventhappening. He further 
ashore that each box, as is possible, contains the same 
total number of bails, black and white; then, mixing all 
the contents of the boxes together, he shows that if a 
white ball be drawn from the aggregate ballot-box thus 


FE? 
A 


5 
@ 


bi 


balls in that: particular box, divided by the total number 
of white balls in all the boxes. This result corresponds to 
that given by the principle in question. 

Thus, if there be three boxes, each containing ton balls 
in all, and respectively containing seven, four, and three 
white balls, then on mixing all the balls together we have 
fourteen white ones; and if we draw a white ball, that is 
if the event happens, the probability that it came out of 


1 
the first box is 7 .; which is exactly equal to career 

tit 
the fraction given by the rule of the Inverse Nenot 


Simple Applications of the Inverse Method, 


Tn many cases of acientific induction we may apply the 
principle of the inverse method in a simple manner. 
only two, or at the most a few hypotheses, may be made 
as to the origin of certain phenomena, we may sometimes 
easily caloulate the respective probabilities, It was thus 
that Bunsen and Kirchhoff established, with a probability 
little short of certainty, that iron exists in the sun, On 
comparing the spectra of sunlight and af the light proceed- 

sya Recherches sur ta Prebabitité des Jugements, Pazis, 1837, 
Pp. 82, 83. 


from the incandescent vapour of iron, it became Appa 
Satta vt loast sixty bright lines in the spectrum of iron 
coincided with dark lines in the sun's spectrum. Such eoin- 
eidences could never be observed with certainty, because, 
even if the lines only closely approached, the instramental 
imperfections of the bee et would make them a) 
rently coincident, and if one line came within half milli~ 
metre of another, on the map of the spectra, they could not 
be pronounced distinct. Now the average distance of the 
eclar lines on Kirchhoff's map is 2mm., and if we throw 
down a lino, as it were, by aos chance on such a ly 
the probability is about one-half that the new line will fi 
within } mm, on one side or the other of some one of the 
solar lines, To put it in another way, we suppose 
‘that each solar line, either on account of its inf breadth, 
or the defects of the instrument, possesses a breadth of 
tmm., and that each line in the iron spectrum bas a like 
‘The probability then is just one-half that the 
centre of each iron line will come by chance within © mm. 
of the centre of @ colar line, 50 as to appear to coincide 
with it, The probability of casual coincidence of each 
ion line with a solar line is in like manner 4, Coinci~ 
dence in the case of each of the sixty iron lines is a very 
unlikely event if it arises casually, for it would have 2 
probability of only (3) or leas than 1 in a trillion, The 
odds, in short, are more than a million million millions 
to unity agningt such casual coincidence» But on the 
other hypothesis, that iron exists in the sun, it is highly 
probable that such coincidences would be observed ; it 
immensely more probable that sixty coincidences would be 
observed if iron existed in the sun, than that they should 
ariae from chance. Hence by our principle it is immensely 
probable that iron does exist in the sun. 

All the other intersting results, given by the comparison 
‘of spectra, rest upon the same principle of probability. 
The almost complete coincidence between the spectra of 
solar, lunar, and Unearth light renders it practically 
certain that the light is all of solar origin, and is reflected 
from the surfaces of the moon and planeta, suffering only 


1 Hircbhot Beaarches on the Solar Spectrum, Plbst par, trams 
Hed by Bcaeon, pes 1619 ee 
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Slight alteration from the of some of the 
planets. A fresh confirmation of the trath of the Coper- 


“oi bl in this wise y the connection between ge) 
Ppaeeee ue sepa of quartz crystals, 
in hic tie re tals rotate the 
Dis. plratin af h i sor it is found in a 
second sity of te be Sethe tenses re 
the prot ppenit ance is 
pty ti in another patty also the di “eee 

Pill be same is j,and so on. The probability that 
inn +1 crystals there ‘ecbld be catval ajroenioat af diree- 
tion is the ath power of 4. Thus, if in examining fourteen 
crystals the sume relation of the two phenomena is dis« 
eavered in each, the odds that it proceeds from uniform 
conditions are more than S000 to 1.) Since the finst 
observations on this subject were made in 1820, no excep- 
tions have been observed, so that the probability of in- 
variable connection is inealeulably great. 

It is exceedingly probable that the ancient Egyptians 
had exactly isco the eclipses occurring during Tong 
periods of time, for Diogenes Laertins mentions by at 303 
solar and 832 lunar eclipses had been observed, 
ratio between these numbers exactly expresses that which 
would hold trac of the cclipses of any long period, of 
Say 1200 or 1300 years, as estimated on astronomical 
grounds, It is evident that an agreement between small 
numbers, or customary numbers, such as seven, one 
hundred, « myriad, &e,, i much more likely to happen from 
chance, and therefore givea much less presumption of de- 
pendence, If two ancient writers -¢ of the sacrifice of 
oxen, basil would in all probability describe it aa a heca- 
tomb, and there would be nothing remarkable in the coin- 
cidence, But it is impossible to point out any special 

reason why an old writer shold select such numbers as 

373 and 832, unless they had been the results of observa- 
tion. 

On similar grounds, we must inevitably believe in the 


* Rdinhurgh Review, No. 1%; eet July 1850, ted 
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The Theory of Probability in Astronomy. 
relations of distance, magnitude, and motion 
hea ies, admit i 


other wcience of inte Ponsinsions founded on tie 
theory of probability. ore than a ago, in 
1767, Michell showed the extreme probability of bonds 
eonnesting together systems of stars. He was struck 
hy the unexpected number of fixed stars which have 
companions close to them. Such # conjunction might 
happen casually by one star, although possibly ot a 


the 
double stars. It has since been estimated by Struve, 
that the oie Al ft against any two stare of not 
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entirely verified by the discovery that many double atars 
Michell ‘ise Fevigied the er that the 
‘investi; ili the six 
stars in the Pleiades should have come by 
accidenta into such striking proximity, Katimating the 
number of stars of equal or greater brightness at 1360, he 
found the odds to be nearly 500,000 to 1 against cngual 
conjunction, Extending the same kind of argument to 
other clusters, such as that of Presepa, the nebula in the 
hilt of Perseus’ sword, he says:! “We may with the 
highest probability conclude, the odds against: the 
opinion being many million millions to one, that the stars 
ans really ected together in clusters in some places, 
where they form a kind of system, while in others. there 
are either few or none of them, to whatever cause this may 
be owing, whether to their mutual gravitation, or to some 
other law or appointment of the Creator.” 

The caleulations of Michell have been called in qnestion 
by the late James D. Forbes, and Mr, Todhunter vaguely 
countenances his objections,’ otherwise T should not have 
thought them of rauch rape Certainly Laplace accepts 
Michell’s views,‘ and if Michell be in error it is in the 

* methods of calculation, not in the general validity of his 
reagoning and conclusions. 

Similur calculations might no doubt, be applied to the 

uliar drifting motions which have been detected by 

ir. RAL ry mioroint the constellations® ‘The odds 
are very it any numerous group of stare mov~ 
ing (etn sess any one direction by chance, On like 
grounds, there can be no doubt that the sun has a con. 
siderable proper motion because on the average the fixed 
stars show a tendency to move apparently from one point 
of the hoavens towards that diametrically opposite, The 
sun's motion in the contrary direction would explain this 
tendency, otherwise we must believe that thousands of 
stars accidentally agree in their direction of motion, or are 


* Philosophical Transactions, 1767, vol. vii, p. 431s 
* Philosophical Magazine, 340 Scrice, vol, xxxvii. p. 4ot, December 
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urged by som on force from which the sun is 
Tt amy be oki that the rotation of the carth is 
in like manner, because it is immensely more pro- 
bable that one body would revolve than that the sun, 
moon, planets, comets, and the whole of the stars of the 
heavens should be whirled round the earth daily, with a 
uniform motion superadded to their own peculiar motions, 
This appears to be mainly the reason which led Gilbert, 
one of the earliest Copernicans, and in every way 
an ndmirable physicist, to admit the rotation of the earth, 
while Francie Bacon deniad it, 

In contemplating the planctary system, we are strack 
with the similarity in direction of nearly all its movements. 
Newton remarked upon the and uniformity of 
these mee, and contrasted them with the eccent ity 
and irregularity of the cometary orbits! Could wo, in 
fact, Took eke aie the system from the northern side, 
we should see all the planets moving round from west to 
east, the satellites moving round their ee and the 
sun, planets, and satellites rotating in the same direction, 
with some oxceptions on the verge of the system, In the 
time of Laplace eleven planets were known, and the direc~ 
tions of rolation were known for the sun, six planeta, the 
eatellites of Jupiter, Satumn’s ring, and one of his satellites. 
‘Thus ee wore altogether 43 motions all concurring, 





Orbital motions of cleven planets =. I 
Orbital motions of mentee exes ae eB 
Axial rotations. . eae: 


The probability that 43 motions independent oe each 
de “or coincide by chance is the 42nd power of }, so 

that the odds are about 4,400,000,000,000 to 1 in favour of 
some common cause for the uniformity of direction, ‘This 
probability, ag Laplace observes? ia higher than that of 
many historical events which we undoubtingly believe, In 
the eat day, the probability is much increased by the 
discovery of additional planets, and the rotation of other 


1 Brincipin Mh General eli cae of 
P55. La count the 
eps Punks ttovenedar — 


i 
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Sav fe ely test epi 
some of the outlying pentane pape 
there being considerable evidence of an accidental dis- 
turbance in the more distant purts of the system. 
air ee te EE fe et Eo 
motion is the near approximation of the orbits of the 


planets Daniel 
estimated the probability of such an agreement arising 
from accident as 1 + (12)° the greatest inclination of any 
Cone to the sun’s equator being 1-12th part of a quadrant, 

Taplace devoted to this subject some of his most ingenious 
investigations. He found the probability that the sum of 
the inclinations of the planetary orbits would not exceed 
hy accident the actual amount (914187 of a right angle’ 
for the ten planets known in 1801) to be gy (914187),\° 
or about ‘ooocoor1235. This probability may be eom- 
bined with that derived from the direetion of motion, and 
it then becomes immensely probable that the constitution 
of the planetary system arose out of hp ne conditions, 
or, a8 we say, from some common cause.t 

Tf the same kind of calculation be applied to the orbits 
of comets, the result is very different* Of the orbits 
which have been determined 489 per cent. only are direct 
or in the same direction as the planetary motions® Hunee 
it becomes apparent that comets do not properly belong 
to the solar Uc and it is probable that they are stray 
portions of nebulous matter which havo avcidentally become 
attached to the system by the attractive powers of the 
sun or Jupiter. 


The General Inverse Problem. 
In the instances doscribed in the preceding sections, 


we have been occupied in receding from the occurrence 
of certain similar events to the probability that there 


ility 14. Do M 1, Bneye. 
Metrop, art. Sethe TModbunter's 3 sry of 


af Probabiliin, p. 543. Cancoming the objections to. 
conclunions by Boole, seo ws Phit pe Magazine, ath Serie, 
vol. a Pp 8 bee oy Bien re rites e375, 

2 Ginmicer ale eaeant al ol be 





have found that the of probability, bh mover 
Hadley areareisvovate Giod seablanttc earch ta 

Nepotnene beyond the reach of reasonable doubt, ‘There 
j “+ 


Se tad asia th lig Bhees pee indeed it 
suggested. problem to be solved is as follows:— 

In event having @ certain number of timers, 
ancl ‘Sele eter pect Mier Wie os ert 
habilidy that it will hi ep lech, h P 
tir the ichredebantht weg ceo Sitnat 

All the larger planets hitherto discovered move in one 
Gireetion round the sun; what is the probability that, if a 
now planet exterior to Neptune bo discovered, it will move 
iz Uke same direction? All known permanent EX 
cept chlorine, are colourless ; what is the probability that, 
if'same new permanent ges should be discovered, it will 
he colourless? In the general solution of this problem, we 
wish to infer the future happening of any event from the 
number of times that ito alret 


feel hypothesis which is bs Lee oe to the question ee 
otal ity of every such hypothesis according to the 


the required future event will ha} The total 
ability that the event will hi ite the sum of thie 
‘separate probabilities contribu yy cach distinct hypo- 


problem, it is desirable to some concrete mode of 
representation, and the ballot-box, so often employed by 
‘tmoathematicians, will gear ad tec ee Lot the 
Isippening of any event be represented by the drawing of 
‘a white ball from a ballot-box, while the failure of an 


‘To illustrate more ely the method of solving the 
lath 
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soa 
event is represented by the drawing of a black ball, Now, 
in the inductive prol we are supposed to be ignorant 
of the contents of the ballot-box, and are required to 
ground all our inferences on our experience of those con- 
tents as shown in successive drawings. Rude common 
eense would guide us nearly to a true conclusion. Thus, 
if we had drawn twenty balls one after another, replacing 
the ball after each drawing, and the ball had in each enge 
proved to be white, we should believe that there was a 
considerable preponderance of white balls in the urn, and 
@ probability in favour of drawing a white ball on the next 
ceeusion. Though we bad dmwn white balls for 
thousands of times without fail, it would gtill be possible 
that some black balls lurked in the urn and would at last 
sprees, 80 that our inferences could never be certain, On 
other hand, if block balls care at intervals, we should 
expect that after a certain number of trials the black balls 
would appear again from time to time with somewhat the 
same frequency. 

The mathematical eolution of the question consists in 
little more than a close analysis of the mode in which our 
common sense proceeds, If twenty white balls have been 
drawn and no black ball, my common sense tells me that 
any hypothesis which makes the black balls in the urn 
considerable compared with the white ones is improbable ; 
a preponderance of white balls is a more probable hypo- 
thesis, and as a deduction from this more probable se ts 
thesis, I expect a recurrence of white balls The mathe= 

merely reduces this process of thought to exact 
numbers. Taking, for instance, the hypothesis that there 
aré 99 white and one black ballin the urn, he can caleu- 
late the probability that 20 white balla would be drawn 
in succession in those circumstances; he thus forms a 
definite estimate of the probability of this hypothesis, and 
knowing at the same time the probabilit a of o white ball 
reappearing if such be the contents of the urn, he com- 
bines these probabilities, and obtains an exact estimate 
that a white ball will recur in consequence of this hypo= 
thesis, But as this hypothesis is only one out of many 
possible ones, since the ratio of white and black balls may 
be 93 to 2, or 97 to 3, or.96 to 4, and so on, he has to 
Topeat the estimate for every such possible hypothesis. 
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To make the method of solving the problem perfec! 
evident, I will describe in the next section very simple 
ease of the problem, originally devised for the purpose 
Condorect, which was also adopted by Lacroix, and has 
passed into the works of De Morgan, Lubbock, and others, 


Simple Tilustration of the Tnversa Problem. 


Sy it to be known that a ballot-box contains only 
four ic or white balls, the ratio of black and white balls 
being unknown. Four drawings having been made with 
roplacement, and a white ball having appeared on each 
occasion but one, it is required to determine the proba- 
bility that a white ball will appear next time. Now tho 
hypotheses which can be made as to the contents of the 
um are very limited in number, and are at most the 





following five :— 
4 white und o black balls 
aD <i wo Tow ” 


2) ” ” 


ite’ 
Ton wid W ” 
et ae ee 
‘The actual occurrence of black and white balls in the 
drawings puts the first and last hypothesis out of the 
question, 80 that we have only three left to consider, 

Tf tho box contains threo white and one black, the 

bubility of drawing a white each time is 3, and a black 
oto that the compound event observed, namely, three 
‘white and one black, has the probability } x # x # x d,by 
the role already given f 204). But as it is indifferent 
in what order balls are drawn, and the black ball 
might come first, second, third, or fourth, we must multi- 
ply by four, to obtain the probability of three white and 
one black in any order, thus getting } 

Taking the next hypothesis of two white and two 
black balls in the urn, we obtain for the same proba- 
eu ite quantity } x } x 4 x 4 x 4, or #4, and from the 

i ais of ono White and three black wo deduce 
likewise } x} x}x%x4,or A According, then, as we 


1 Tyaité Mémentaire du Calcat des Probabitité, 3nt ed, (1833), 


pe 
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allopt the first, second, or third hypothesis, the proba- 
hility that the resalt actually noticed would follow is 2}, 
# and 4p. Now it is certain that one or other of these 
hypotheses must be the true one, and their absolute 
probabilities are ional to-the probabilities that the 
observed events would follow from them (pp. 242, 243). All 
we have to do, then, in order to obtain the abgolute pro- 
bubility of each hypothesis, is to alter these fractions in 
a uniform ratio, 2o that their sum shall be unity, the 

ression of certainty, Now, since 27 + 164+ 3 = 46, 
this will be effected by dividing each fmetion by 46, and 
eee ce ‘Thus the probabilities of the first, 


second, an hypotheses are respectively — 
37 6 og 
a ae 


The inductive part of the problem is completed, since we 
have found that the um most likely contains three white 
und one black ball, and have assigned the exact probability 
of each possible supposition. But we are now in a position 
to resume deductive reasoning, and infer the probebilit 
that the next drawing will yield, say a white ball Por if 
the box contains three white and one black ball, the pro- 
bability of drawing w white one is certainly 8; and as the 
probability of the box pare ae constituted is 2}, the com- 
pound probability that the box will: be so Glled and will 
give a white ball at the next trial, is 

73, 8 

46% 4 ray 

Again, the probability is 4$ that the box contains two 

white and two black, and under those conditions the 
probability is 4 thnt a white ball will appear; hence the 
probability that a white ball will appear in consequence 
of that condition, is 

Bete ® 


46 184" 
From the third supposition we get in like manner the 
probability 
3 U 3 
46g ibe” 
Since one and not more than one hypothesis can be true, 
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epenent asa the namber of balls in the box is increased, 
the absolute probability of any one hypothesis concerning 
the exact proportion of balls is decreased, but the aggregate 
‘results of all the hypotheses will assume the character of 
a wider average. 

When we take the step of supposing tho balls within 
Rho sts $0 bet iabaite ia number tin cealble proportions 
of white and black balls also become infinite, and th 
poten of any one proportion actually existing is 
infinitely small. Hence the final result that the next 
drawn will be white is really the sum of an infinite 
number of infinitely small quantities. It might seem 
impossible to calculate out a problem having an infinite 
number of el see ‘but the wonderful resources of the 
integral calculus enable this to be done with fur ter 
facility than if we supposed any large finite number of 
balls, and then actually computed the results, T will not 
attempt to deecribe the processes by which ee finally 
accomplished the a solution of the problem. They 
are to be found described in several English works, espe- 
cially De Morgan's 7'reatise on Probabilities, in the Bney- 
clopaedia Metropolitana, und Mr, Todhunter’s History of 
the of Probabitity. Tho abbreviating power of 
mathematical analysis wax never more strikingly shown, 
But I may add that though the integral caleulos is 
employed as a means of suinming infinitely numerous 
results, we in no way abandon the principles of com- 
binations already treated. We calowlate the values of 
infinitely numerots factorials, not, however, obtaining 
their actual products, which would lead to an infinite 
number of figures, but obtaining the final answer to the 
problom by devices which can only be comprehended 
after study of the integral calculus. 

It must be allowed that the hypothesis adopted by 
Laplace is in some degree arbitrary, so that there was some 
opening for the doubt which Boole has cast upon it? 
But it may be replied, (1) that the supposition of an 
infinite number of balls treated in the manner of Laplace 
ig less arbitrary and moro comprehensive than any other 
that can be suggested. (2) The result does nob differ 


* Laios of Thought, pp. 368-375, 
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ie ayia fe which arn ba oon a eh ig 
finite namber 3) eae 

fount ‘to a series of simple formulas pee ws 

1 Se igsael sande peat per Tass] 

of truth so far as it can be indopendoutly ju by a 

sound und practiced understanding. 





Rules of the Inverse Method. ? 
By the zolution of the problem, aa described in the last 


section, we obtain the fol! series of siaple rules, 
1. To the probability an event which has not 
pista to gh will ance more, 


divide the number of times the event been observed 
‘ona, by the same number increased by two. 
ve been m occasions on which a certain event 
might have been observed to happen, and it has happened 
on all thoge occasions, then the probability that it will 


happen on the next occasion of the sama kind is = 
For instance, we may say that there are nine places in 
the etteny systent where planets might exist obeying 
Bode's of distance, and in Lisi Tia Se _ 

ot ol the law more or less exactly, oug! 
Hane, being the for the coincidence. Tasos the 
yrobability that the next planet beyond Neptune will 
conform to the law is +4. 

2, To find the vay that an event which has not 
ilerto aed id not Berd ihrer nA 
occasions, divide the number of times the event has hur 
pened increased BU chi Ovi the ioaindl iter ohlarused DS 
one and the umber of times it is to happen. 

An event haying happened m tires without fail, the 
probability that it will happen more times is pees : 
‘Thus the probability that three new planets would obey 
ee pegs is $9; but it must be allowed that this, as well 

previous result, would be much weakened by the 
Set the Neptune can barely be said to obey the law. 

3. An cvont having happened and Jailed a oe 
number of times, to “find the probability tht it will ha 
the next time, divide the number of times the coal a 





——— 
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husppened incrensed by one, by the whole number of times 
pe weypemade Rope ibaa e 


00. 

Ifan event has happened m times and failed n times, 
the probability that it will happen on the next occasion is 
rer Thus, if we assume that of the elements dis- 
covered up to the year 1873, 50 are metallic and 14 non- 
metallic, then the probability that the next element dis- 
covered will be metallic is }. Again, since of 37 metals 
which have been sufficiently examined only four, namely, 
sodium, ‘ium, lanthanum, and lithium, are of less 
density than water, the probability that the next metal 
examined or discovered will be lees dense than wator is 

4t+0 5 


2 
Wha tim plate) tho rewalia oft tanto da lage 
general manner thus,\—If under given circumstances cer- 
tain events A, B, 0, éc., have happened respectively m, m, 
, &o,, times, and one or other of these events must 
pen, then the probabilities of these events are propor- 
tionalto m+ 1, m+ 1, pt ES &c.,80 that the probability 
mer & 
of A will bo Say aatitpti tke But if new 
events may happen in addition to those which have been 
observed, we must assign unity for the probability of such 
new event. The odds then become 1 for a new event, 
m-+1 for A, n+ 1 for B, and so on, and the absolute 
ae 4 mtt 
probability of Ais aera Pp 
It is interesting to trace out the variations of probability 
aceorling to these rules, The first time a casual event 
happens it is 2 to 1 that it will happen again; if it doves 
happen it is 3 to 1 that it will happen a third time; and 
on successive occasions of the like kind the odds become 
4, 5,6, do, to 1. The odds of course will be discriminated 
from the Roane which uré successively 3, $, +, &o, 
Thus on the first occasion on which a person sees ashark, 
and notices that it is accompanied by a little pilot fish, 
the odds are 2 to 4, or the probability %, that the next 
shark will be so accompanied. 


| De Morgan's Ereay on Protabiliticr, Cobinet Oyclopedie, p. 67, 
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When an event has happened a very great number of 
times, its happening once again 4) nearly to cer- 
tainty. If we suppose the stn to have risen one thousand 
million times, the probability that it will rise ee 

. 1, 2,000. 
the ground of this knowledge merely, is Sooo 


But thon tho probability that it will continue > tlee fot ax 
Jong a period in the future is only 2222022241 op almost 


3, Sa 
exactly The probability that: it ‘will continue so rising m 
times as long is only about yyy, The lesson which 
we may draw from figares is quite that which we 
should adopt on other grounds, namely, that experience 
never affords certain knowledge, and that it is exceedingly 
improbable that events will always happen as we observe 
them. Inferences pushed far beyond their data soon lose 
any considerable probability. De Morgan has said,‘ No 
fimte experience whatsoever can justify us in saying that 
the future shall coincide with the past in all time to come, 
or that there ig any probability for such @ conclusion.” On 
the other hand, we gain the assurance that experience 
sufficiently extended and prolonged will give us the 
‘no of future events with an unlimited of 
probability, ‘ided indeed that those events are nob 
subject to a1 interference. 
muat panes wcrlsatood that these probabilities are 
only such as arise from the mere ha) ing of the events, 
imespective of any knowledge derived from other sources 
concerning those events or the general laws of nature. 
All our knowledge of nature is indeed founded in like 
manner upon observation, and is therefors only probable. 
‘The law of gravitation itself is only probably true, But 
when am x of different facta, obaerved under the most 
diverse circumstances, are found to be harmonized under a 
supposed Jaw of nature, the probability of the law approxi- 
mates closely to certainty, Each science rests upon 80 
many observed facts, and derivea so much support from 
or conneotions with other scienocs, that thore 
are compuratively few cases where our judgment of the 
probability of an event depends entircly upon a few ante- 


2 Reany om Probably pro 
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cedent events, disconnected from the general body of 
physical science. 


its, again, may often exhibit a regularity of suc- 
cession or preponderance of character, which the simple 
formula will not take into account. Vor instance, the 
majority of the elements recently discovered are metals, 
80 that the probability of the noxt discovery being that of 
a metal, is doubtless greater than we calculated (p, 258). 
At the more distant parts of the planetary system, there 
are symptoms of disturbance which would prevent our 
placing much Tuliance on any inference from the prevailing 
order of the known planets to those undiseovered ones 
which may possibly exist at groat distunces. These and 
all Like complications in no way invalidate the theoretic 
truth of the formulas, but render their sound application 
umuch mora dittiou!t. 

Erroneous objections have been raisod to the thoory of 
probability, ou the ground that we ought not to trust to 
our d priori oa of what is likely to happen, bat 
should always endeavour to obtain precise experimental 
data to guide us? This course, however, is perfectly im 
accordance with the theory, which is our best and only 
guide, whatever data we possess, We ought to be always 
applying the inverse method of probabilities so ns to take 
into account all additional information. When we throw 
up a coin forthe first time, we are probably quite ignorant 
whether it tends more to fall head or tail Sees and 
we must therefore assume the probability of each event 
os }. But if it shows head in the first throw, we now 
have very slight experimental evidence in favour of @ 
tendency to show head. The chance of two honda is 
now slightly greater than $, which it appeared to be at 
first,? and as we go on throwing the coin time after time, 
the probability of head appearing next time constantly 
varies in a slight degree according to the character of our 
previous expericnce, As Laplace remarks, we ought 
always to have regard to such considerations in common 
life. Events when closely scrutinized will hardly over 
prove to be quite independent, and the slightest pre- 





2 JS Mill, System of Logie, sth edition, bk, iii, esp, xviii. § 3, 
2 Todbunter’s History, pp- 472, 598 E 
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ponderance one way or the other is some evidence of 
connection, and in the absenoo of better evidence should 
be taken into wecount. 


such was the opinion of Condorcet ; and Bernoulli may be 
said to have solved one case of the problem The English 
writers Bayes and Price are, however, undoubtedly the 
first who put forward any distinct rales on the subject 

t and several other eminent mathematicians ad~ 
vanced the mathematical theory of the subject ; but it was 
reserved to the immortal Laplace to bring to the subject 
the full power of his genius, and carry the solution of the 
problem almost to perfection. It is instructive to observe 
that a theory which arose from petty games of chance, the 
rules and the very names of which are forgotten, gradually 
advanced, until it embraced the most sublime problems of 
science, and finally undertook to measure the value and 
certainty of all our inductions. 





Fortuitous Coincidences. 


We should have studied the theory of probability to 
very little purpose, if we thought that it would furnish 
us with sn infallible guide, ‘The theory itself points 
out tho he aaa certainty, that we shall sometimes 
be decei by extraordinary fortuitous coincidences, 
There is no run of luck so extreme that it may not 
ites and it may happen to us, or in our timo, os 

a4 to other persons or in other times, We may be 
forced by correct calculation to refer such coincidences 
to a necessmry cause, and yet we may be deceived. All 
that the calculus of va chem retands to give, is the 
rendt in the long run, as it is called, and this really means 
in an infinity of cases. During any finite experience, 
however long, chances may be against us, Nevertheless 
abettiorr is the best guide we can have. Tf we always 
think act according to its well-interpreted indications, 


4 Todbunter’a History, 8, 
2 Philony eed ety vol. liii, p. 370, and [1764], 
‘Vol. liv. p, 296. Todhunter, pp. 294-300. 
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we shall have the best chance of escaping error ; and if all 
nese sure ont oll to come, obey the theory im 
like manner, they will undoubtedly thereby reap the 
greatest advantage, 

No rule can be given for discriminating between 
coincidences which are casual and those which are the 
effects of law. By a fortuitous or casual coincidence, we 
mean an agreement between events, which nevertheless 
arise from wholly indopendent and different causes or con- 
ditions, and which will not always so agree It is a 
fortuitous coincidence, if a penny thrown up repeatedly 
in various ways always falls on the same side; bub ib 
would not be fortuitous if there were any similarity 
in the motions of the hand, and the height ee the throw, 
50 ws to cause or tend to cause a uniform result, Now 
among the infinitely numerous events, objeota, or relations 
in the universe, it 1s quite likely that we shall occasionally 
notice casual coincidences. There are seven intervals in 
the octave, and there is nothing very improbable in the 
colours of the spectrum happening te be apparently 
divisible into the same or similar series of seven intervals, 
Tt is aks ve decided whether this apparent coincidence, 
with which Newton was much struck, is well founded or 
not,’ but the question will probably be decided in the 
negative, 

It is certainly a casual coincidence which the ancionts 

iced between the seven vowels, the seven strings of the 
lyre, the seven Pleiades, and the seven chiefs at Thebes* 

accidents connected with the number seven have mis- 
Jed the human intellect throughout the historical period. 

'‘thagoras imagined a connection between the soyen 
planets and the seven interyals of the monochord. The 
alchemists were never tired of drawing inferences from 
the coincidence in numbers of the seven plancts and the 
are metals, not to apeak of the seven days of the 
week, 

A singular circumstance was pointed out concerning 
the dimensions of the earth, sun, and moon; the sun's 
diameter was almost exactly 110 times as great as the 


} Newton’s Optioks, Bk, Ty Port i, Prop. 3; Nature, vole kp 286. 
a Aswcle Macpiyaen, A ea ee 


earth's diameter, while in almost exactly tha «ume ratio 
the mean distance of the earth was greater tlian the sun's 





Thi 

ment was so close that it might have proved more than 
casual, but its fortuitous aaneaed is now sufficiently shown 
Speech eeatol denise cts pacoeny ope 
tl imnensions of the planctary system. 
“or ieee number of the — have sicnile 
its, wi are apparently exact multiples of that 
af hydrogen. If this be not a law to be ultimately ex. 
tended to all the clements, ns su) “pba! by Prout, it is a 
most remarkable coincidence. But, as I have observed, 
we have no means of absolutely discriminating accidental 
coincidences from those w! imply a deep producing 
cause. A coincidence must cither be very strong in 
itself, or it must be corroborated by some explanation or 
connection with other laws of nature. Little attention 
wes ever given to the coincidence concerning the dimen- 

sions of the sun, earth, and moon, because it was not 
strong in ‘and had no apparent connection with the 
ba of ‘ical astronomy. Prout’s Law bears more 
ity because it would bring the constitution of the 
Bests themselves in cloge connection with the atomic 
theory, representing thern as built up out of a simpler 

ibatance. 


sal 
sah historical and social matters, coincidences are fre- 
aay inted out which are due to chance, although 
is always a strong popular tendency to regard them 
as the work of design, or as having some hidden meaning. 
Ifto 1794, the num! ar of the rst in which reales 
fell, ate: of its cist the result is 1815, the 
year in w! ‘apoleon full; the repetition of the 
ives 1830 the year in which Charles the Tenth chlicated, 
i, the French Chamber of Depnties,in 1830, consisted 
402 membors, of whom 221 formed the party called 
Tatas queue de Kobespierre,” while the remainder, 181 in 
number, wore named “Les honnétes gona.” If we give to 
each letter a numerical value corresponding to its place in 
the abet, twill be found that tho suse of the Values 
of the letters in each name exactly indicates the number 


of the party. 
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A number of such coincidences, often of a very curious 
character, might be adduced, and the pene against 
the occurrence of each is onormously great, They must 
be attributed to chance, because they cannot be shown 
to have the slightest connection with the general lows 
of nature; but persons are often found to be greatly in- 
fluenced by such coincidences, regarding them as evidence 
of fatality, that is of a system of causation governing 
human affairs independently of the ordinary laws of nature. 
Let it be remembered that there are an infinite number of 
opportunities in life for some strange coincidence to pre- 
sent itself, so that it is quite to be expected that remark 
able conjunctions will sometimes happen. 

In all matters of judicial evidence, we must bear in 
mind the probable occurrence from time to time of un- 
accountable coincidences. The Roman jurists refused for 
this reason to invalidate a testamentary deod, the wit- 
nesses of which had sealed it with the same seal. For 
witnesses independently using their own seals might be 
found to possess identical ones by accident,’ It is well 
known that circumstantial evidence of apparently over- 
whelming completenoss will sometimes lead to a mistaken 
judgment, and as absolute certainty is never really attain- 
able, every court must act upon probabilities of a high 
amount, and in a certain small proportion of cases they 
must almost of necessity condemn the innocent vietims 
of a remarkablo conjuncture of circumstances? Popular 
judgments usually turn upon probabilities of far less 
umount, as when the palace of Nicomedia, and even 
the bedchamber of Diocletian, having been on fire twice 
within fifteen days, the people entirely refused to believe 
that it could be the result of accident, ‘Tho Romans 
believed that there was fatality connected with the name 
of Sextus, 

“Semper sub Sextis pentita Roma fait.” 


The utmost precautions will not provide against all 
contingencies, To avoid errors in important calculations, 
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it is usnal to have them repeated by different: computers ; 
but a case is on record in which three com peters 
exuctly the same calculations of the place of a star, and 
yet all did it wrong in precisely the same manner, for no 
apparent reason? 


Summary of the Theory of Tnduetive Tnforence. 


‘The theory of inductive inference stated in this and the 
ii chapters, was suggested by the study of the 
Inverse Method of Probability, but it also bears much 
resemblance to tho so-called Deductive Method described 
hy Mill, in his celebrated System of Zogic. Mill's views 
concerning the Deductive Method, probably form the most 
original and valuable part of his treatise, and 1 should 
have ascribed the doctrine entirely to him, had I not 
found that the opinions put forward in other parts of hia 
work art entirely inconsistent with the theory here upheld. 
As this enbject is the most important and difficult one 
with which we have to deal, 1 will try to remedy the 
imperfect manner in which I have treated it, by giving a 
> <r linteste of the views ndopted, 
All inductive reasoning is but the inverse application 
of deductive reasoning. Being in possession of certain 
articular facts or events expressed in propositions, we 
Paxee some more general proposition expressing the 
existence of a law or cause; and, deducing the particular 
results of that supposed general proposition, we observe 
whother they agrea with the facta in question. Hypo- 
thesis is thus always employed, consciously or unconsei- 
ously. The sole conditions to which we need conform in 
framing any hypothesis is, that we both have and exercise 
the power of inferring deductively from the h; hesis to 
the particular results, which are to be compared with the 
known facts. Thus there are but three steps in the process 
of induction -— 
(1) ie a ing some hypothesis as to the character of the 
We 


(2) Deducing consequences from that law, 


» Memoirs of the Astronomical Society, vol. iv. p. 290, quoted 
by Landon hduburgh Rerton, Sule t834; a7 
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" G) Obwerving whether tho consequences agree with tho 
g lar facts under consideration. on 


Tn very simple cases of inverse reasoning, hy 
may seem other needless. To take numbers again as 
a convenient illustration, I have only to look ut the series, 
1, 2, 4, 8, 16, 32, &e, 
to know at once that the general law is that of 
metrical progression ; I need no successive trial of us 
Brot Bc ia ih the series, and have 





since learnt. from what general formula it proceeds. 
In the same way a mathematician becomes acquainted 
with the integrals of a number of common formulas, so 
that he need not go through any process of discovery, 
Dut it is none the less true that whenever previous reason~ 
ing does not furnish the knowledge, hypotheses must be 
framed and tried (p. 124). 

‘There naturally arise two cases, according as the nature 
of the subject admits of certain or only probable deduetive 
reasoning. Certainty, indeed, is but a singular case of 
probability, and the general principles of procedure are 
always the same, Nevertheless, when certainty of infer- 
ence is possible, the sey is simplified. Of several 
mutually inconsistent eld peri the resulta of which 
ean be certainly comp with fact, but one hypothesis 
can ultimately be entertained. Thus in the inverse logical 
problem, two logically distinct conditions could not yield 
the same series of possible combinations. Accordingly, 
in the case of two terms we had to choose one of six 
different kinds of propositions (p. 136), and in tho case of 
three terms, our choice lay among 192 possible distinct 
hypotheses (p. 140). Natural laws, however, are often 
quantitative in character, and the possible hypotheses are 
then infinite in variety. 

When deduction is certain, comparison with fact is 
needed only to assure ourselves that we have rightly 
selected the hypothetical conditions, The law establishes 
iteclf, and no number of particular verifications can add 
to its probability. Having once deduced from the prin- 
ciples of algebra that the differonce of the squares of two 
nusnbers is equal to the product of their sum and dif- 
ference, no number of particular trials of ita truth will 
render it more certain, On the other hand, no finite 


intuition, we can only: Be eccentric hate a 
ipa bypothesis sony out of a limited se a 


of a general proposi 

in reality all this certainty ue hypothetical 
character. ‘btless if we, oul ripe that a ou 
posed circle was a true and ‘et sl, we boat 
certain concerning a multit of its geometrical pro- 
perties, But goometrical figures ara physical objects, and 

Hie seasea cat ‘never assare us as. 40 thes exxat wot forms, 
Pe ecmecnselly troated in Euclid’s Hlements = 
amagi ‘we never can verify in in practice 
pa which we draw with certainty in inference ; 
questions of degree and rede pesl Orns 


EO} We deduce the probability of various series of pos- 


(3) We compare the consequences with the particular 
facts, and observe the probability that such facts would 
7 bore ae be performed fc 

al processes must lor @' con- 

and then the absolute probability of 
be yielded by the principle of the inverse 
the case of certainty we accept 
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degrees of probability proportionate to the probabilitios 
that they Saab the same results, 
rented only of the by which 
‘pass from special facts to general laws, that inverse 
npplication of deduction which constitutes induction, 
But the direct employment of deduction is often com- 
bined with the inverse. No sooner have we established 
a general law, than the mind rapidly draws particular 
consequences from it In geometry we may almost seem 
to infer that Because one equilateral triangle is equiangular, 
therefore another is so. In reality it is not because one is 
that another is, but because all are. The geometrical con- 
ditions are perfectly general, and by what is sometimes 
called parity of reasoning whatever is true of one equilateral 
triangle, so far as it is equilateral, is true of all equilateral 
triangles, 

Similarly, in all other cases of inductive inference, 
where we seem to pass from some particular instances to 
a new instance, we go through the same process, We 
form an hypothesis a3 to the logical conditions under 
which the given instances might occur; we calculate 
inversely the probability of that hypothesis, and come 
pounding this with the probability that a now instance 
would proceed from the same conditions, we gain the 
absolute probability of occurrence of the new instance in 
virtue of this hypothesis. But os several, or many, or 
even an. infinite number of mutually inconsistent hypo- 
theses may be possible, we rust repeat the calculation for 
each such conceivable hypothesis, and then the complete 
Probability of the future instance will be the sum of the 
separate probabilities, The complication of this process 
is often very much reduced in practice, owing to the fact 
that one hypothesis may be almost certainly truce, and 
other hypotheses, though conceivable, may be so. im- 
probable as to be neglected without apprecinble error, 

When we possess no knowledge whatever of the con- 
ditions from which the events proceed, we may be unable 
to form any probable hypotheses as to their mode of 
origin. We have now to fall back upon the general 
solution of the problem effected by Laplace, which consista 
in admitting on an equal footing every conceivable ratio 
of favourable and unfavourable chances for tha production 
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of the event, and then accepting the te result as 
the beet which can be obtained. This solution is only to 
be accepted in the absence of all better means, but like 
other results of the ealoulus of probability, it comes to our 
aid where knowledge is at an end and ignorance begins, 
and it prevents us from over-eatimating the knowledge we 
The general results of the solution are in accord- 
ance with common sense, namely, that the more often an 
event has happened the more probable, as a general rule, 
is if subsequent recurrence, With the extension of 
experience this probubility increases, but at the same lime 
the probability is slight that events will long continue to 
happen as they have previously happened, 
fe have now pursued the theory of inductive inference, 
as far as con be done with regard to simple logical or 
numerical relations, The laws of nature deal with time 
and space, whieh are infinitely divisible, As we passed 
from pure logic to numerical logic, so we must now pass 
from questions of discontinuous, to questions of continuous 
quantity, encountering fresh considerations of much dif- 
ficulty. Before, therefore, we consider how the great in- 
ductions and generalisations of physical science illustrate 
the views of inductive reasoning just explained, we must 
‘break off for a time, and review the means which wa 
possess of measuring and comparing magnitudes of time, 
mass, force, momentum, energy, and the various 
manifestations of energy in motion, heat, electricity, 
chemical change, and the other phenomena of nature, 


BOOK TIL 


METHODS OF MEASUREMENT, 


CHAPTER XII. 
THE EXACT MEASUREMENT OF PHENOMENA, 


As physical science advances, it becomes more and 
more accurately quantitative, Questions of simple logical 
fact after a time resolve themselves into questions of 
degree, time, distance, or weight. Forces handily suspected 
to exist by one generation, are clearly recognised by the 
next, and precisely measured by the third generation, 
But one condition of this rapid advance is the invention 
of suitable instruments of measurement. We need what 
Francis Bacon called Jnstantia cituntes, or evocantes, 
methods of rendering minute phenomena perceptible to 
the senses; and we also require Instantin radii or curri= 
culi, that is measuring instruments, Accordingly, the 
introduction of a new instrument often forms an epoch in 
the history of science, As Davy said, * Nothing tends 60 
much to the advancement of knowledge as the application 
of a now instrament. The native intellectual powers of 
men in different times are not so much the cauees of tho 
different success of their labours, as the peculiar nature 
of the means and artificial resources in their possession,” 
In the absence indeed of advanced theory and analyti- 
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can 

to them with The ious 
Reais tctearvailioe of “Tiametocd Bl si Ser 
complement to the intense imathematical powers of 


Newton. 
Every branch of knowledge commences with quantita- 
tive notions of a very rude character, After we have far 
it is often amusing to look back into the 
of the science, and contrast present with past 
methods. At Greenwich Observatory in the present day, 
the hundredth part of a second is not thought an in- 
considerable portion of time, The ancient Chaldwans 
recorded an eclipse to the nearest hour, and the early 
Alexandrian astronomers aoe it supertinous to dis- 


ceasing 
Tycho, in fact, determined the errors of his instruments, 
and corrected his observations. He also took notice 
of the effects of atmospheric refraction, and succeeded 
in attaining an accuracy often si times 28 great a3 
that of Ptolemy. Yet ‘l'ycho and Hovelius often erred 
several minutes in the determination of a star's place, and 
it was a great achievement of Roxmer and Flamsteod to 
reduce this error to seconds. Bradley, the modern Hip- 
us, carried on the improvement, his errors in right 
a etipegear to Bessel, being under one second of 
Bissiend those of declination under four seconds of arc. 
tho present day the ay error of a single observa- 
tion is probably reduced to the half or quarter of what it 
was in lley’s time; and further extreme accuracy is 
attained by the multiplication of observations, and their 
skilful combination according to the theory of error, 
Some of the mora important constants, for instance that 


i 
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of nutation, have been determined within the tenth part 
of second of 3} 

Tt would be a matter of great interest to trace out the 
dependence of this progress upon the introduction of 
new instruments. astrolabe of Ptolemy, the tele 
scope of Galileo, the pendulum of Galileo a1 Hoyeuena 
the micrometer of Horrocks, and the telescopic sights and 
micrometer of Gascoygne and Picard, Rowmer’s transit in- 
strument, Newton's und Hadley’s quadrant, Dollond’s 
achromatic lenses, Harrison's chronometer, and Ramsden's 
dividing engine—such were some of the principal addi- 
tions to astronomical apparutus. The result. is, that we 
now take note of quantities, 300,000 or 400,000 times as 
sinall us in the time of the Chaldeans. 

It would be interesting again to compare the scrupulous 
accuracy of a modern trigonometrical survey with Erato~ 
sthenes’ rude but ingenious guess at the difference of lati- 
tude between Alexandria and Syene—or with Norwood’s 
measurement of a degree of latitude in 1635. “ Sometimes 
1 measured, sometimes 1 i," said Norwood; “and I 
believe I am within a scantling of the truth.” Such was 
the pea ‘of those elaborate geodesical measurements 
which have made the dimensions of the globe known to 
us within a few hundred yards. 

In other branches of science, the invention of an instra~ 
ment has usually marked, if it has nob made, an epoch. 
The science of heat might be said to commence with the 
construction of the thermometer, and it has recently been 
advanced by the introduction of the thermo-electric pile. 
Chomistry fea been created chiofly by the careful use of 
the balance, which forms a unique instance of an instra- 
ment remaining substantially in the form in which it was 
first applied to scientific purposes by Archimedes, The 
balwnce never has been and probably never can be im= 
Eee. except in details of construction. The torsion 

lance, introduced by Coulomb towards the end of last 
century, haz rapidly become essential in many branches 
of investigation, In the hands of Cavendish and Baily, it 
gave a determination of the earth's density ; applied in the 
gulvanometer, it gave a delicate measure of clestrical 











| Baily, British Association Catalogue of Stars, yp. 7, 23+ 
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forces, and is indispensable in the thermo-clectric pile. 
‘This balance is made by simply suspending any light rod 
by a thin wire or thread attached to the middle point. 
Heo tengiede teen the more vet investign~ 
ories, eloctricity, and magnetism, 

Though we can now take note of the millionth of an 
inch in space, and the millionth of a second in time, we 
must not overlook the fact that in other ns_of 
science we are yet in the position of the Chaldeans, Not, 
many years have elapsed since the magnitudes of the 
stars, meaning the amounts of light they send to the 
observer's eye, a atin the rudess manner, and 
the astronomer adji 


expression, bearing some relation to the real photometric 
magnitudes of the stars’ Previous to the researches 
of Bunsen and Roscoe on the chemical action of light, 
we were devoid of any mode of measuring the energy of 
light; even now the methods are tedious, and it is not 
clear that they give the energy of light so much as one of 
its special effects, Many natural phenomena have hard 
yet made the eublect of measurement at all, 4 
as the intensity of sound, the phenomena of taste and 
smell, the magnitude of atoms, the temperatura of the 
electric spark or of the sun's photosphere, 

To suppose, then, that quantitative science treats only of 
exactly measurable quantities, is a gross if it be a common 
mistake. Whenever we are treating of an event which 
either happens altogether or docs not happen at all, we are 

‘with a non-quantitative phenomenon, a matter of 
fact, not of degree ; but whenever a thing may be greater or 
Jess, or twice or thrice as t as another, whenever, in 
short, ratio enters even in the rudest manner, there 
Science will have a quantitative chamcter. There can 
be little doubt, i |, that every science as it pro- 
gresses will become gradually more and mors quantita- 
tive. Numerical precision is the soul of science, as 


2 Ouilinee of Astronomy, 4th ed, oct, 781, p- $22. Results of 
Obuervatons athe Cape af dod Hope, &,'p-372 > 
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Herschel suid, and as all natural objects exist in spuce, and 
involve molecular movements, measurable in velocity and 
extent, there is no apparent limit to the ultimate extension 
of quantitative science. But the reader must not: for a 
moment suppose that, because we depend more and more 

upon mathematical methods, we leave logical’ methods 
teh us. Number, ving L have sete oe show, = 

in its origin, and quantity is but a pment o! 
number, or analogous thereto, 





Division of the Subject, 

The general subject of quantitative inv ion will 
Taye.te be. divided. into. several parts, We shall firstly 
consider the means at our disposal for mncasuring phe- 
nomena, and thus rendering them more or leas amenable 
to mathematical treatment, This task will involve an 
avalysis of the principles on which accurate methods of 
measurement are founded, forming the subject of the 
remainder of the present chi As measurement, how- 
ever, only ylelds ratios, we ve in the next chapter to 
consider the establishment of unit magnitudes, in terms of 
which our results anay be expressed. Ae every pheno- 
mnenon is usually the sum of several distinct quantities 
depending upon different causes, we have next to investi- 
gate in Chapter XV, the methods by which we may dixen- 
tangle complicated effects, and refer each part of joint 
effect to its separate cause, 

It yet remains for ue in subaequent chapters to treat of 
sesaniaare, induction, properly. so called, We must 
‘ollow out the inverse logical method, as it itself 
in problems of a far higher degree of difficulty than those 
which treat of objects related in a simple logical manner, 
and incapable of merging into each other by addition and 
subtraction. 


Continuous Quantity. 
jomena of nature are for the most part mani- 
tal uantitics which increase or decrease continu- 
aly en we inquire into the precise meaning of 
uous quantity, we find that it can only be described 
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as that whieh is divisible without limit. We can divide 
a millimetre into ten, or a hundred, or a thousand, or ten 
thousand parts, and mentally at any rate we can carry 
on the division ad injinitiem Any finite space, then, 
must be conceived as made up of an infinite numer of 
parts cach infinitely small, We cannot entertain the 
simplest: geometrical notions without allowing this. The 
of a square involves the conception of a side 
ee, which, as Euclid we eee proves in the 
tt7th proposition of his tenth book, have no common 
meature, meaning no finite common measure. Incom- 
mensurable quantities are, in fact, those which have for their 
only common measure an infinitely emall quantity. It is 
somewhnt startling to find, too, thet in agree Leman 
surable quantities will be infinitely a cnieeane 
commensurable, Let any two ren be drawn 
it is infinitely unlikely that they will be enue 
90 that the commeneurable quantities, which we are sup- 
posed to deal with in practice, are but singular cases 
among an pad greater number of incommensurable 
Cases. 











Eapekatae opt cae ee 
iy age a compet lan 


ean seo that a proof which is carried through a few 
steps in fact, might be carried on without limit, and it is 


4 Bee De Morgan, Study af Mathematics, in U-K.S. Users sr. 
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infinitely great. The same methods of approximation 
which seem confined to the finite, a extend them 
selves to the infinite. 

‘One result of these considerations is, that we cannot 
possibly: Slt two quantities in “aheolute equality. The 
suspension of Mahomot’s coffin between two procisely 
i magnets is theoretically conceivable but practically 

impossible, The story of the Merchant of Venice turns 
upon the infinite improbability that an exact quantity of 
flesh could be cut, Unstable equilibrium cannot exist in 
Sat for it is that which is destroyed by an infinitely 

mall displacement, It might be possible to balance an 
a ‘on its end practically, because no has a surface of 
perfect curvature. Suppose the cag ll to be perfectly 
smooth, and the feat wont become impossible, 


The Fallactous Indications of the Senses. 


1 may briefly remind the reader how little we can trust 
to our unassisted senses in estimating the degree or 
magnitude of any phenomenon, The eye cannot correctly 
sone the comparative “aie of two luminous 
ies which differ much in lianey ; for we know 
that tho iria is constantly adjusting itsolf to the intensity 
of the light received, and thus admits more or less light 
according to circumstances. The moon which shines with 
almost dazzling brightness by night, is pale and nearly 
imperceptible while the eye is yet affected by the vastly 
more powerful light of day. eMuch has been recorded 
voncerning the comparative brightness of the ae 
light at different times, but it would be difficult to 
that. these changes are not due to the varying 
at the time, or the different acuteness of the terete 
ie For o like reason it is exceedingly diflicult to esta- 
ih the existence of any as in the form or compara~ 
gla brs ‘htness of nebule; the appearance of a nobula 
rou depen upon the keenness of sight of the 
accidental condition of froshmess or 
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of his eye, ‘The same is true of 
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Nor is the eye when unassisted by instraments a mu 
better judge of magnitude. Our estimates of the si 

ainute bright , such as the fixed stars, are com- 
pletely falsified by the effects of irradiation. Tycho 
calculated from the a it size of the star-disca, that 
no one of the principal fixed stara could be contained 
within the area of the earth's orbit, Apart, however, from 
irradiation or other distinct causes of error our visual 


sf 


Fears beight of the aurora and the distance of meteors, 
are to be utterly distrusted. When Captain 

eaye that a ray of the aurora shot suddenly downwards 

between him and the land which was only 3,000 yards 

distant, ‘we must consider him subject to an illusion of 


It is true that errors of observation are more often 
errors of judgment than of sense. That which is actually 
seen must be so far truly seen ; and if we correctly interpret 
the meaning of the phenomenon, there would be no error 
tall. But the weakness of the bare senses as measuring 
instruments, arises from the fact that they import varying 
conditions of unknown amount, and we cannot make the 

juisite corrections and allowances ax in the case of a 

and invariable instrument, 

Bacon has excellently stated the insufficiency of the 


4 Loomis, On the Aserora Borealis. Smithsonian Transactions, 
‘quoting Parry's Thinl Voyage, p. 61. 
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senses for estimating the magnitudes of objects, or do- 
tweeting the degrees in which phenomena present them- 
‘solves, eerie he the senses,” ho says, “ because the 
object is not sufficient in quantity to strike the sense: as 
all minute bodies ; because the percussion of the object is 
too great to be endured by the senses: as the form of the 
sun when looking directly at it in mid-day; because the 
time is not proportionate to actuate the sense: as the 
motion of a bullet in the air, or the quick circular motion 
of a firebrand, which aro too fast, or the hour-hand of 
common clock, which is too slow; from the distance 
of the object: as to place: as the size of the celestial 
bodies, and the aetee metas all distant bodies; 
from prepossession another object > as one 

emell renders other emelle in the same room imper- 
coptible; from ‘the interruption of interposing bodies : 
a the internal parte of animals; and beeause the object 
is unfit to make on impression upon the sense; as the 
air or the invisible and untangible spirit. which is ine 
‘oluded in every living body.” 


Complecity of Quantitative Questions. 

One remark which we may well make in entering 
upon quantitative questions, has regard to the great variety 
and extent of phenomena presented to our notice. So 
Tong as we deal only with # simply logical question, that 
question is merely, Doos a certain event happen ? or, Dooa 
certain object exist? No sooner do we regard the event 
or object as capable of more and less, than the question 
branches out into many. We must now ask, How much 
is it compared with its cause? Does it chango when the 
amount of the cause changes? If so, does it in 
the same: or opposite direction? Is the change in simple 
proportion to that of the cause? If not, what more com- 
plex Jaw of connection holds true? This law determined 

i ily in one series of circumstances may be varied 
under new conditions, and the most complex relations of 
several quantities may ultimately be established. 

In every question of physical science there is thus a 
series of steps the first one or two of which ava usually 
made with ease while the succeeding ones demand more 








eas joes the solubility vary with the ence or 
not? Inall probability some variation will exist, and we 
aunt bare an answer to further question, Does 


temperatare, and then varying in the opposite 

We meta to ee amount of variation as 
compared | that of the temperature, assuming at first 
that the increase of solubility is proportional to the in~ 
ie ER a Common salt is an: instance of 
very i variation, and potassium nitrate of con~ 
siderable increase with temperature, ‘becca. diera 


aan will ly show, Piaget that the simple law 
‘of propo! ite variation is only apy iy true, 
Sah ae more Seagate Jaw involving the second, 


third, or eee Las ie of the temperature may ultimately 
All these investigations have, to be 


Bertie tock wis eine since no distinet prin- 
ciples by which we may infor from one) substance to 
another have yet been detected. There is still an in- 
definite field for farther research open; for the solubility 
of salts will probably vary wil tei th, pressure under 
aay the medium is ison the presence of other salts 
already dissolved may have effects yet unknown, The 
already: as regards the solvent power of 

water must be aesraiee with alechol, ether, carbon 
and other media, so that unless general laws 

can be detected, this one phenomenon of solution can 








another, will vary 
lower, nice probably follow a shy irae ie) 
aes in some cases gives negutive or exceptional result 
In crystalline substances the same researches have to te 
each distinct axial direction. 
iences of pure observation, such as those of 
astronomy, meteorology, and terrestrial magnotism, we 
mect with many interesting series of quantitative doter- 
minations The so-called fixed stars, 2s Giordano Brano 
divined, are not really fixed, and may be more truly 
described as vast wandering orbs, each pursuing its own 
ith through space. We must then determine separately 
each star the following questions — 
1, Does it move? 
2, In what direction ? 
3, At what velocity ? 
4. Is this velocity > variable or uniform ? 
& If variable, according to what law? 
6. Is the direction uniform ? 
7. If not, what is the ica “pile apparent path? 
4 Does it yer or recede 
Peas Prform of Ue real path? 
successive answers to such questions in the case of 
certain binary stars, have afforded a proof that the 


* Watts! Dictionary of Chemiery, vot $1. 790% 
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motions are due to a central force coinciding in law with 
yan. Goubtleae identical with it, Tn other cases 
motions are so small that it is exceedin, y 
Giffiouls to distinguish em with certainty. And the 
is yet far off when any general eects opacities 
motions can be established. 
The variation in the brightness of stars opens an un- 
limited field for curious observation. There is not a star 
OB aes concerning which we might mot have to 


‘Wi a inh of te oa 

Are there minor periods ? 
i ‘What is the Jaw of variation within the period ? 
8. Is there 1 esl cna os 


wine periods have also been detected. 

There is, perhaps, no subject in which more complicated 
quantitative conditions Lave te be determined Bete, apie 
restrial maguetism, Since the time when the declination 
of the compass was first noticed, as some suppose by 
Columbus, we have had successive discoveries from time 


change; of the difference of the declination in various 

parts of the earth’s surface; of the varying laws of 

as change Soe opt con of the ip or eee 

ie needle, correspond ws of is 

G vas horizontal and pepeniitla? een have 

also subject of auisimees measurement, and have been 
test with place and time, like the directions of 
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the needle; daily and periodic have also 
been detected, and all the Riemer be subject 
to occagional storms or abnormal perturbations, in which 
the eleven year period, now known to be common to many 
planetary relations, is apparent. The complete solution 
of these motions of the compass needle involves nothing 
less than a determination of its position and oscillations in 

part of the world at any epoch, the like determina- 
tion for another epoch, and so on, time after time, until 
the periods of all changes are ascertained. This one sub- 
ject offers to men of science an almost inexhaustible field 
for interesting quautitative research, in which we shall 
doubtless at some future time discover the operation of 
causes now mosb mysterious and unaccountable. 


The Methods of Accurate Mearwrement: 


In atudying the modes by which physiciata have as~ 
complished very exact measurements, we find that they 
are very various, but that they may perhaps be sadena 
under the following three classes :— 

1. The increase or decrease, in some determinate ratio, 
of the quantity to be monsured, so ag to bring it within 
the scope of our senses, and to equate it with the standard 
unit, or some determinate multiple or sub-multiple of this 
wait, 

2 The discovery of some natural conjunction of events 
which will enable us to comy directly the roultiples of 
the qaantity with those of the unit, or a quantity related 
in a dofinite ratio to that unit, 

3- Indirect measurement, which gives us not the qnan- 
tity itself, but some other quantity connected with it by 
known mathematical relations, 


Conditions of Accurate Measurement. 


Several conditions are requisite in order that a mea- 
surement may be made with great accuracy, and that 
the results may be closely accordant when. several inde- 
pendent mensurements are made, 

Tn the first place the magnitude must be exactly defined 
by sharp terminations, or precise marks of inconsiderable 


F 
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thickness, When a boundary is vague and graduated, 
like the penombra in a lunar eclipse, it is Jah to 
say where the end really is, and different people will come 

to different resulta) We may sometimes overcome this 
amen toa certain extent, by observations repeated in 


a manner, a3 we shall ls BoC; when 
possible, we should choose measure 
mont when definition ia easy, Tho moment of 


occultation of a star by the moon can be observed with 
eee , because the star ie ewaferlien: = 
ness; but there are other astronomical conjunctions, 
eclipses, transits, &e,, which oceupy « certain length of 
time in happening, and thus open the way to differences: 
of opinion. Tt would be impossible to observe with pre- 
elzion the movements of a body possessing no definite 
ion Meare The colours of the comp! detiesc 
shade into each other so continuously 
seta of refractive indices would have eiepomtae 
had we not the dark lines of the solar 3} apne a8 precise 
for measurement, or various kinda of homogeneous 
ight, such as that of sodium, possessing a nearly uniform 
length of vibration, 

In the second place, we cannot measure accurately 
unless we have the means of multiplying or dividing 
@ quantity without considerable error, so that we 
Cea equate one magnitude with the multiple or ~ 

taultiple of the other. In some eases we operate upon the 

to be measured, and bring it into accurate coin- 
idence with the actual standard, as when in photometry 
we aps the distance of our luminous body, until its 
ating power at a certain point is equal to that of 
lamp. In other cases reel err unit until it 

equals the object, as in surveying land, or determining a 


are:—(1) That we can repeat unit after unit of exactly 
equal, fia byere (2) That these can be joined topes 


Bey a eetet ean mn of subordinate units. 
order to measure to the th of an inch, we must 
thousandth after thousandth without error 

ude of these spaces, or in their conjunction. 


Fee 
= 
bil 
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Measuring Instruments, 


To consider the mechanical construction of seientific 
instruments, is no pert of my purpose in this book, I 
wish to point cut merely nas purpose of auch 
instruments, and the methods ited to carry out that 
isaac Parad erp In the first place we must 

istinguish between the instrament which effects a com~ 
parison between two quantities, and the standard 
nitude which often forms one of the quantities compared. 
‘The astronomers clock, for instance, is no standard of the 
efflux of time; it serves but to subdivide, with approxi- 
mate accuracy, the interval of successive passages of 4 
star across the meridian, which it may effect perhaps to 
the tenth part of a second, or wt of the whole. 
Tho moving globe itaclf ig the real stan clock, and the 
transit instrument the finger of the clock, while the stars 
are the hour, minute, and second marks, none the leas 
accurate because they are disposed at unequal intervals. 
‘The photometer is a simple instrument, by which we com- 
pare the relative intensity of rays of light falling upon a 
given spot. ‘The gulvanometer shows the comparative 
intensity of electric currents passing through a wire. 
The calorimeter gauges the quantity of heat passing from 
a given object. But no such instraments furnish the 
standard‘ unit in terms of which our results are to be ex- 

In one peculiar case alone does the same instra- 
ment combine the unit of measurement and the means of 
comparison, A theodolite, mural circle, sextant, or other 
instrument.for the measurement of angular magnitudes 
has no need of an additional eee ‘unit; for the circle 
itself, or complete revolution, is the natural unit to which 
all greater or lesser amounts of angular magnitude are 
referred. 

‘The result of every measurement is to make known the 
purely numerical ratio existing between the magnitude 
to be measured, and a certain other magnitude, which 
should, when possible, be a fixed unit or standard magni- 
tude, or at least an intermediate unit of which the value 
van be ascertained in terms of the ultimate standard. 
though a ratio is the required result, an equation is the 
mode in which the ratio is determined and expreased. In 
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every measurement we equate some multiple or submul- 
pin beatae with some multiple or submultiple 

another, and cquality is always the fact which we 
ascertain by the senses. By the eye, the ear, or the touch, 
wo judge whether thore is a peda or nob between 
two lights, two sounds, two int Is of tite, two bars of 
metal Often indood we substitute one sense for the other, 
as when the efflux of time is judged by the marks upon 
& moving slip of paper, so that ‘intervals of time are 
represented by equal lengths. ‘There is a tendency to 
reduce all comparisons to the comparison of space magni- 
tudes, but in every cuae one of senses must be the 
ultimate judge of coincidence or non-coincidence. 

Since the equation to be established may exist between 
any multiples or submultiples of the quantities compared, 
there naturally arise several differant modes of comparison 
adapted to different cases. Let p bo the magnitude to 
be measured, and g that in terms of which it is to be 
expressed. Then wo wish to find such numbers # and y, 


that the equation p = 52 may be true. This equation 
may be presented in four forms, namely :— 


‘Pirst Form, Booond Form, ‘Thint Form, Fourth Farm, 
= Ve = 2.1 
past Fe=s y= oe 


Each of these modoa of ing tho same equation cor- 
responds to oue mode of effecting a measurement. 

When the standard quantity is greater than that to bo 
measnred, we often adopt the first mode, and subdivide 
the unit until we get a magnitude equal to that measured, 
The angles observed in surveying, in astronomy, or in 
goniometry are usually smaller than a whole revolution, 
and the measuring le ia divided by the use of the 
serew and microscope, until we obtain an angle undistin- 
guishable from that observed. The dimensions of minute 
objects aro determined by subdividing the inch or centi- 
metre, the screw micrometer being the most accurate 
means of subdiviion, Ordinary temperatures are eati- 
aig Sas acre interval Be 
freezing boiling points water, as mar! ona 
thermometer tube, 
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In the second caso, where p ¥= 9, we multiply or divide 
a magnitude until we get what Stetson the unit, or to 
some magnitude eusily com with it, As a general 
rule the quantities which we desire to measure in 
physical science are too small rather than too great 
easy determination, aud the problem cousiats in multiply» 
ing them without introducing error. Thus the expansion 
of a-metallic bar when heated from 0’ C to 100° may be 
multiplied by a train of levers or cog wheels, In the 
common thermometer the expansion of the mercury, 


Ey 


though slight, is rendered very ap, t, and casily 
Largs the fineness of the tube, and many other 
cases might be quoted. There are some phenomena, on 
the contrary, which are too great or rapid to come within 
the easy range of our senses, and our task is then the oppo- 
site one of diminution. Gulileo found it difficult to measure 
the velocity of a falling body, owing to the considerable 
velocity acquired in a single second, He adopted the 
elegant device, therefore, of erarh the rapidity ie 
letting the body roll down an inclined plane, whi 
enables us to reduce the accelerating force in any required 
ratio, The same purpose is effected in the well-known 
experiments performed on Attwood's machine. and the 
measurement of gravity by the pendulum really depends 
‘on the same principle applied in @ far more ad) 

manner. Wheatstone invented a beautiful method of gal- 
vanomotry for strong currents, which consists in drawing 
off from the main current # certain determinate portion, 
which is equated by the galvanometer to a standard 
current. In short, he measures not the current itself but 
a known fraction of it, 

‘In many electrical and other experimenta, we wish to 
measure the movements of a needle or other body, which 
are not aalyavary sbigbt in themeelves, but the manifee- 
tations of exceedingly small forces, We cannot even 





with accuracy, is to attach a small mirror to, the 
moving oy ema light reflected fron: 


advantage that the angalar devietion is by the law of 
qwilection double that of the mirror. Mus method was 
introduced by Gauss, and is now of great importance ; 
but in Wollaston’s reflecting goniometer a ray Le ee 

ier 


had ly been em mene as an index, 
ta ape also ui ad eioaleecorie in connection with 


riven advantage in some instruments that they 
tan be readily made to manifest a phenomenon in a greater 
‘or loss degree, by a very slight change in the construction, 
‘Thus either by enlarging the bulb or contracting the tube 
of the thermometer, we can make it give more conspicuous 
indicationa of change of temperature. The ordinary baro- 
meter, on the other hand, always gives the variations of 


ss Std, 
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‘The fourth mode of measurement, in which we equate 
che pw of two magnitudes, is comparntively Pati 


‘employed, because it does uot conduce to accurucy. Tn 
‘the meter, perhaps, we may bo said to use it; wo 
com} the intensity of two sources of light, by 

them both at anch distances from a given surface, the 
light falling on the surface is toleruble to the eye, and 
equally intense from each source. Since the intensity of 
light varies inyerecly us the square of the distance, the 
relative intensities of the luminous bodies are propor- 
tional to the squares of their distances. The equal in- 
tensity of two rays of similarly coloured light be 
most accurately ascertained in the mode su; 

Arago, namely, A causing the ne to pass in opposite 
directions through two nearly flat lenses pressed ther, 
‘There ig an exact equation between the intensities of the 
beams when Newton's sa eiesrpean ti Ting created 
by one ny being exactly the comp! it of that created 
by the other, \ 


The Method of Repetition. 


The ratio of two quantities can be determined with 
unlimited accuracy, it we can multiply both tho object 
of measurement and the standard unit without error, and 
then observe what multiple of the one coincides or nearly 
coincides with some multiple of the other. Although per~ 
fect coincidence can never be really attained, the error 
thus srising may bo indefinitely reduced. For if the 
equation py = ge be uncertain to the amount ¢, #0 
that py=gr4¢ then wae have p=q7s‘, and 
6% We are sup to be able to make y as great as we 
like without increasing the error ¢, it follows that we 
can make ¢ + y as small as wo like, and thue approxi- 
mate within an inconsiderable quantity to the required 
mtio 2 + y. 

This method of repetition is naturally employed when- 
ever quantities can bo repeated, or repeat themselves 





sun, and its rotation on its own axis. We might ascertain 
| leila Sea All aa of m star 

it i by a good 
clock with that between two passages of the sun, the 


have an error af a considerable part of a second at each 
observation, in addition to the irregularities of the clock. 
But tho revolutions of the earth repeat themselves day 
after day, and year after year, without the slightest in- 
terval between the end of one period and the beginning 
of another. The operation of multiplication is perfectly 
ed for us by nature. If, then, we can find an obser- 
of of g star aeross the meridian a hun 
years is of the interval of time between 
sun and the star, the instrumental 
is interval by a clock and pee 
in the present day, but will 
24 days, and rendered excessively 
it astronomers have been able to 
of the mean solar to the sidereal diy 
decimals (1'00273791 to t), or to the 
‘millionth purt, ey the most accurate result 
“measurement in the whole range of science, 
‘The antiquity of this mode of comparison is almost as 
as that of astronomy itself Hipparchus made the 
clear application of at, when he compared his own 
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observations with those of Aristarclus, made 145 years 
Etree thus ascertained the length of the year. 
calculation may in fact be regarded as the carlicst 


at an exaet determination of the constants of 
‘The method is the mnin resource of astrono- 
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found ble to take a shorter interval, rather than 
incur the risk of greater instrumental errors in the earlier 
oon ob that many of the sl changes of th 

obvious lower 1 
heavenly bodies must require the lapse of large intervala 
ef time to render their amount perceptible. Hipparchua 
could not: possibly have Sacre the smaller inequalities 


And just as the observations of Hipparchus formed the 
startil int for subsequent comparisons, #0 & large part 
of the labour of present astronomers is directed to record- 
ing the present state of the heavens so exactly, that future 
generations of astronomers may detect changes, which 
cannot possibly become known in the present age. 

The jee of repetition waa ays ingeniously em- 
ployed in an iment first proposed by Mayer in 1769, 
and carried into practice in the Repeating Cirelo of Borda, 
The exact measurement of angles is gadispenatle) nob 
only in astronomy but also in trigonometrical survays, and 
the highest skill in the mechanical exeoution of the gradu- 
ated cirele and teleseope will not prevent terminal errors 
of considerable amount, If instead of one telescope, the 
cirele be provided with two similar telescopes, these may 
be alternately directed to two distant points, say the 
marks in a trigonometrical survey, #0 that the circle shall 
be turned through any multiple of the angle subtended 
by those marks, before the amount of the jay revola- 
tion is read off upon the graduated circle. ‘Theoretically 

aking, all error arising from imperfect aslo eh 

us be indefinitely reduced, being divided by the num! 
of repetitions. In practice, the advantage of the invention 
ia not found to be vory great, probably because a certain 
error is introduced at each observation in the changing 
and fixing of tho Cre a It is moroover inapplicable 
to moving objects like the heavenly bodies, so that its uae 
is confined to important trigonometrical surveys. 

The peodulem is the most perfect of all instruments, 

i se it admits of almost endless repelition. 
Since the force of gravity never ceases, one swing of the 
pendulum is no sooner ended than the other is begun, 
so thut the juxtaposition of successive units is absolutely 





eoepeding the oscillations of two exactly similar rtd 
the aid of electric clock signnla 
To ascertain the c comparative times of vibration af two 
Saree it, ia only: Sette to swing them one in 
it of the other, to record by a clock the moment when 
they coincide in swing, so that one hides the other, and 
then count the number of vibrations until they again come 
to coincidence, If one pendulum makes m yibrutions and 
the other m, we at onco have our equation ancsan 
which gives the length of vibration of either pendulum in 
terms of the other, This method of coincidence, embody- 
ing the principle of repetition in perfection, was employed 
with wonderful skill by Sir George tie in his sihery, 


bps ante as carried ae Sir George ‘Aw, thav he 
was able to measure a total difference in the vibrations at 
Sette and bottom of the shaft, amounting to only 224 


The principle of ropetition has been elegantly applied 
+ Philosophical Transsetions, (1856) vol. hPa eee 


a 
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im observing the motion of waves in re a be 
in which tho experimenta are made be short, 
feet long, the waves will ack 2 ray at 
‘sn observation of one length, as practised by Walker, will 
be subject to much terminal error, even when the observer 
is very skilful, But it is a result of the a tatinritd 
‘that a wave is unaltered, and loses no time 
plete refloction, so that it may be allowed to travel ok 
oF 1200 fect, may 
cone accuracy as in acanal 1200 feet long, wih the 
advantage of greater uniformity in the condition of the 
par aud water It is always desirable, if possible, to 
an ox nt into a small compass, #0 that it 
= Lear under papers eae eo ce be 
repetition enjoy at same the advan 
extensive trial. : ae 
‘One reason of the great accuracy of weighing with a 
liner ee hat weigh laced in the same 
scale are naturally added together without the slightest 
error. There is no anes in the precise juxtaposition 
of two groms, but the juxt ition of two metre mea- 
sures can only be effected with tolerable accuracy, by the 
use of microscopes and man} (Leste Hence, the 
extreme trouble and cost to the exact measure- 
ment of a base ling fore wcrvey, 4 ¢ risk of error entering 
at every juxtaposition of the measuring bars, and inde- 
fatigable uttention to all the requisite precautions 
necessary throughout the operation. 


Measurements by Natural Coincidence, 


Tn certain cases a peculiar conjunction of circumstances 
enables ng to dispense more or less with instramental 
aids, and to obtain very exact numerical results in the 
simplest, manner. The mere fact, for instance, that mo 
human being has ever seen a difforont face of the moon 
from ee familiar to us, conclusively proves that the 
period of rotation of the moon on its own axis is equal 


8‘ cl M 
peer. Oe Tete mae ese Perse ens fetropolitana, p. 345. 


xu) MEASUREMENT OF PHENOMENA. 2 


to that of its revolution round the earth, Not only have 
wo the repetition of these movements during 1000 or 
2000 years at least, but we have observations made for 
us at very remots periods, free from instrumental error, 


satellite of Saturn is eabjeot to a similar law, because its 
light undergoes a variation in each revolution, owing ta 
the existence of some dark tract of land; now this 
of light always occurs while it is in the came 
Pattee bo) Eine lealy prong the squall et Oe 
axial and revolutional periods, as Huygens perecived? 
A like peculiarity in the motions of Jupiter's fourth satel- 
Lite was Feimilarly detected by Maraldi in 1713. 
Remarkable conjunctions of the plancts may sometimes 
allow us to compare their periods of revolution, thi 
great intervals of time, with n much accuracy, Laplace im 
eplaining 4 the long inequality in the motions of Jupiter 
Saturn, was assisted by a conjunction of 
planets, observed at Cairo, towards the close of the 
heed century. Lay calculated that such a con- 
junction must have happened on the 31st of October, Am 
1087; and the discordance between the distances of the 
plancts as recorded, and as assigned by theory, was loss 
than one-fifth of the apparent diameter of the sum 
This difference ne. less than the probable error of the 
early record, the theory waa confirmed as fur as facte 
were available® 
Ancient astronomers often showed the highest 
nuity in turning any opportunities of measurement whieh 
oceurred to 4 to good caine hobeeateape ag anne ag 
clin i ing to hear that the sun at ie, in 
IP ees lite at the suramer golstice at the 
bias of a well, beater that it was in the zenith, pro- 
posed to determine the dimensions of the earth, by mea- 
suring the length of the shadow of a rod at Alexandria on 
ra same day of the year. He thus learnt in a rude 
manner the differonce of latitude between Aloxandria and 
wa finding it to be about one fiftieth part of the 
eee, he ascertained the dimensions of the 


Reh Lermarere PP: 147, 118 Laplace's Systéme, trans. 
ats Faiksp of Papateal Aacoacay, 9 12% 
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earth within abont one sixth part of the truth. The une 
‘of wells in astronomical observation appears to have been 
occasionally practised in comparatively recent times as 
by Wlanateod i 1679" The Alexandrian astronomers 
employed the moou as an instrument of measurement 
‘im several sagacious modes, When the moon is exactly 
half full, the moon, sun, and earth, are at the angles of 
right-angled triangle, Aristarchus measured at such a 
tame the moon's elongation from the sun, which gave him 
‘thetwo other angles of the triangle, and enabled him to 
tag Sele er Ui reel plies 
from the earth. His result, though very rude, was far 
more accurate than any notions previously entertained, 
and enabled him to form some estimate of the comparative 
magnitudes of the bodies. eclipses of the moon were 
very useful to Hipparchus in ascertaining the longtitude 
of the stars, which are invisible when the sun is above 
the horizon. For the moon when eclipsed must be 180° 
distant from the sun; hence it is only requisite to measure, 
the distance of a fixed star in longitude from the eelij 

moon to obtain with ease ite angular distance from the 


sun. 

In later times the eclipses of Jupiter have served to 
measure on le; for at the middle moment of the 
‘eclipse the satellite must be in the eame straight line with 
‘the planet and sun, so that we can learn from the known 
laws of movement of the satellite the longitude of Jupiter 
Cea the sun. If at the 

longation or apparent angular di: 
from the sun, as seen from the earth, we have 
angles of the triangle between Jupiter, the sun, and the 
earth, and can calculate the comparative magnitudes of 
the sides of the triangle by: trigonometry. 

The transits of Venus over the sun's face are other 
natural events which give most accurate measurements 
of tho sun’s parallax, or apparent difference of position 
a8 seen from distant points of the earth's surface, The 
aun forms a kind of background on which the place of 
the planet is marked, and serves a8 a measuring instru- 
ment free from all the errors of construction which affect 


1 Bailyn Account of Flamstead, p. lix. 
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boman elcome (Roe peentnrt of the merit ‘too, by 
variously affecting apparent velocity 
egress of Venus, a8 seen from different Tinea Niolces 
the amount of the parallax. Te Len ehe ame 
shown that by rightly choosing the moments of obser- 
vation, the planetary may often be made to reveal 
their relative distance, to measure their own position, to 
their own movements with a high dearenet of 
accuracy, With the improvement of astronomical 
ments, such conjunctions sede eto Ea 
Progress of the science, but it will always remain advan- 
tageous to choose those moments for observation when 
instrumental errors enter with the least effect. 

In other sciences, exact quantitative laws can occasion- 
ally be obtained without instrumental measurement, as 
when we learn the exactly equal velocity of sounds of 
different pitch, by chung nb a peal of bells or a 

musical heard harmoniously at any dis- 
tenhereor bith the’ eoabd penetnites; this could not be 
the case, as Newton remarked, if one sound overtook 
the other, One of the most important principles of the 
atomic theory, was proved by implication before the use 
of the balanee was introduced into chemistry. Wenzel. 

observed, before 1777, that when two neutral substancon 
deeompose each other, the resulting salts are ulso neutral 
In mixing sodium sulphate and barium nitrate, we 
obtain insoluble barium sulphate and neutral sodium 
nitrate, This result could not follow unless the nitric 
acid, requisite to saturate one atom of sodium, were 
peta equal to thet required by one atom of barium, 
Sn ne ots babs plese iwiioaat, leaving 
either acid or base in excess, 


principle of mechanics may also be 
qaablaiel ty a simple acoustical conan When 


a rod or tongue of metal fixed at one end is set in 
SaisioD, the piteh of the sound may be observed to 

be exactly the same, whether the vibrations be small or 
great; henca the oscillations are isochronous, or equally 
rapid, independently of their magnitude, On the ground 
of theory, it can be shown that such a result only 
eppene when ine. flexure is proportional to the detlecting 
‘Thus the simple observation that the Wiha ot 
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the sound of a harmonium, for instance, doee not chinge 
with its loudness establishes an exact law of nature.’ 

A closely similar instance is found in the proof that the 
intensity of light or heat rays varies inversely as the 
squary of the distance increases. For the apparent mag- 
nitude certainly varies ing to this law ; 6, if the 
intensity of light varied according to any other law, the 
brightness of an object would be different at different 
distances, which is not observed to be the case. Mellom 
pi led the game kind of reasoning, in a somewhat 

rent form, to the radiation of heat-rays. 


Modes of Indivect Measurement, 


Some of the most conspicuonsly beautiful experiments 
in the whole range of acience, have been devised for the 
purpose of indirectly measuring quantities, which in their 
extreme greatness or smallness surpass the powers 
sense. All thot we need to do, is to discover some 
other conveniently measurable phenomenon, which is re- 
lated in a known ratio or according to a known law, 
however complicated, with that to be measured. Having 
once obtained experimental data, there is no further 
difficlty beyond that of arithmetic or algebraic caleu- 
Tatior 


mn. 
Gold is reduced by the gold-beater to leaves so thin, 
that the most powerful microscope would not detect any 
measurable thickness. If we laid several hundred leaves 
each other to multiply the thickness, we should 
still have no more than yjoth of an inch at the most to 
measure, and the errors arising in the superposition and 
measurement would be considerable, But we can readily 
obtain an exact result through the connected amount of 
weight. Faruday weighed 2000 leaves of gold, each 
38 inch square, and found them equal to 384 grains, 
ni the known specific gravity of gold if was easy to 
calculate that the average thickness of the leaves was 
sweeee Of an inch? 
We must ascribe to Nowton the honour of Tending the 


1 Jamain, Cours de Physique, vol. Lp. 152. 
* Furolay, Chemical Researches, py. he 
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= in methods of minute measurement, He did not 
waves of light by thoir right name, and did not 
understand their nature; yet be measnred their length, 
though it did mot exceed the 2,c00,00oth part of a metre 
orthe one fifty-thousandth part of an inch, He rom 
together two lenses of large but known radii, It was 
easy to calculate the interval between the lenses at any 
point, by measuring the distance from the ceutral point 
of contact. Now, with homogeneous rays the successive 
rings of light and darkness mark the points at which the 
interval between the lenses is equal to one half, or any 
multiple of half a vibration of the light, so that the 

of the vibration became known. In a similar 
manner many phenomena of interference of rays of light 
admit of the measurement of the wave lengths Fringes 
of interference arise from raye of light which cross each 
other at a small angle, and an excessively minute dif- 
ference in the lengths of the waves makes a very perceptible 
difference in the position of the point at which two rays 
will interfere and produce darkness, 

Fizeau has recently employed Newton's rings to measure 
small amounts of motion. By merely counting the number 
of rings of sodium monochromatic sy es peaslng & certain 
point where two glass plates are in close proximity, he is 
able to ascertain with the greatest accuracy and ease the 
change of distance between these Hota produced, for 
instance, by the expansion of a metallic bar, connected with 
one of the glass plates. 

Nothing excites more admiration than the mode in which 
scientific observers can occasionally measure quantities, 
which seetm beyond the bounds of human observation. 
We know the average depth of the Pacific Ocean to be 
14,190 feet, not by actual sounding, which would be 
impracticable in sufficient detail, but by noticing the 
rate of transmission of earthquake waves from the South 
American to the opposite coasts, the rate of movement 
i Malet by theory with the depth of the water* 
Tn the same way the average depth of the Atlantic Ocean 
is inferred to be no less than 22,157 feet, from the velocity 
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of the ordinary tidal waves. A tidal wave again gives 
beantiful evidence of an effect of the law of gravity, 
which we could never in any other way detect. Newton 
estimated that the moon's force in moving the ocean is 
only one part in 2,871,400 of the whole force of gravity, 
so that even the pendulum, used with the utmosb 
would fail to render it apparent, Yet, the immense extent: 
of the seat allows the eee of the effect Bc ry 
le amount; and from the comparative heights 
ba Rai and solar tides, Newton roughly i 
the comparative forces of the moon's and sun's gravity at 
Sy? rae cht hay ied impossible that 
A few yoars it might have seemed i idle 
we should ttle pce the velocity with which a star 
or recedes from the earth, since the apparent 
position of the star is thereby unaltered. But the spec- 
trogcopé now enables us to detect and even measure such 
motions with considerable accuracy, by the alteration which 
it canses in the apparent rapidity of vibration, and conse 
quently in the refrangibility of rays of light of definite 
colour. And while our estimates of the lateral move- 
mente of stars depend upon our vory uncertain know- 
ledge of their distances, the spectroscope gives the motions 
of sepa and receas irrespective of other motions excopt~ 
ing that of the earth. It gives in short the motions of 
approach and recess of the stars relatively to the earth? 

‘he rapidity of vibration for each musical tono, having 
been accurately determined by comparison with the Syren 
(p. 10), we can use sounds as indirect indications of rapid 
vibrations. It is now known that the contraction of a 
muscle arises from the periodical contractions of each 
separate fibre, and from a faint sound or ausurrus which 
accompanies the action of a muscle, it is inferred that each 
contraction lasts for about one 300th part of 9 second. 
Minute quantities of radiant heat are now always measured 
indirectly by the electricity which they produce when fallin 
upon a thermopile, The extreme delicacy of the met) 
seems to be due to the power of multiplication nt s¢veral 
points in the apparatus, The number of elements or junc- 


! Principia, i. Prop. 37, Corollaries, 2 and 3. Motte's 
translation, ¥ol. ti. p. 310. 
2 Rorcoe's Spectrum Analysis, tet ed. p, 296, 
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‘tions of different metals in the thermopile can be increased 
80 that tho tension of the electric current derived from the 
same intensity of radiation i# multiplied; the effect of the 
current upon the magnetic needle can be multiplied within 
certain bounds, by passing the current many times round 
it in coil; the excursions of the needle can be increased 
by rendering it astatic and increasing the delicacy of ite 
1 ion ; lastly, the angular divergence can be ol 4 

any required accuracy, by the use of am attached 
mirror and distant scale viowed through a telocope (p, 287). 
Such is the delicacy of this method of measuring heat, that 
Dr. Joule euccoeded in making a thermopile which would 
indicate a difference of o*coort4 Cent? 

A striking case of indirect measurement is furnished by 
the revolving mirror of Whoatstone and Foucault, whereby 
a minnte interval of time is estimated in the form of an 
angular deviation. Wheatstone viewed an electric s] 
in a mirror rotating so rapidly, that if the duration of the 
spark had been more than ona 72,cooth part of a second, 

int of light would have appeared clongated to an 
w extent of one-half degree. In the spark, as drawn 
dircetly from a Leyden jar, no elongation was apparent, 20 
that the duration of the spark was immeasurably small; but 
when the discharge toole ee through a conductor, 
the tion of the spark denoted a sensible duration.” 
Tn the hands of Foucault the rotating mirror gave a 
meagure of the time occupied by light in passing h 
afew metres of space 


Comparative Use of Measuring Instruments. 


Tn almost every case a measuring instrument serves, 
and should serve only a8 a meana of comparison ech 
two or more magnitudes. As a general rule, we should 
not attempt to make the divisions of the measuring scale 
exact multiples or submultiples of the unit, but, regarding 
them as erty marks, should determine their values by 
comparicon with the standard itself. The perpendicular 
wires in the field of a transit telescope, are fixed at nearly 


2 Watte’ Dictionary of 


4 Philosophizal Transactions (1859), vol. axlix. Y. 
Philosophical eS hte Sta 
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equal but arbitrary distances, and those distances are after- 
wards determined, as first suggested by Malvasia, by watoh- 
ing the passage of star after star across them, noting 
the intervals of time by the clock. Owing to the 
regular motion of the earth, these time intervals give exact 
determinations of the angular intervals, In the same way, 
the a: value of cach turn of the screw micrometer 
at to a telescope, can be easily and accurately 
agcertained. 4 
When a thermopile is used to observe rmdiant heat, it 
would be almost impossible to caleulate on d priori grounds 
what is the value of each division of the gulvanometar 
circle, and still more difficult to construct a galvanometer, 
= that each division ae a Cie Len fe 
quite unnecessary, ‘ing the 
before a body of known dimensions, at a known distance, 
with a known temperature aud radia ing Hiatt we measure 
a known amount of radiant heat, and inversely measure 
the value of the indications of the the: lo. Ina 
similar way Dr Joule ascertained the actual temperature 
luced by the compression of bars of metal. For having 
inserted a small thermopile composed of a single junction 
of copper and iron wire, and noted the detlections of the 
ee water of 
temperatures, until he preduced a like deflec- 
tion, in order to ascertain the temperature developed by 
pressore+ 
In some cases we are obliged to accept a very 
constructed instrament as a standard, ay in the case of a 
standard barometer or thermometer, But it is then best 
to treat all inferior instruments comparatively only, and 
determine tho values of their scales by comparison with 
the assumed standard. 


Systematic Performance of Measurements, 


When a large number of accurate measurements have 
to be effected, it ix usually desirable to make a certain 
number of determinations with scrupulous care, and after 
wards use them a8 points of refarence for the remaining 


* Philosophical Tranwictions (2859), vol. exlix, p. 119, Re. 
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determinations. In the trigonometricul survey of a 

try, the principal triangulation fixes the relative Pantin 
and distances of a fow points with rigid A 
minor mn refers every ib hill or 

Ip eadet, Con pemspel eotony co cties be cae 
filled in by reference to the secondary points, The survey 
of the heavens is effected in a like manner, The ancient 





pe i eat attaa toned Flamateed was in the in 

it of using about seven stars, favourably situated at 
points all round the heavens. Tn his early ol 

Sha dietaticcs of the other stars from these standard points 

were determined by the use of the quadrant? Even since 

the introduction of the transit telescope and the mural 

as tables of standard stars are formed at Greenwich, 

being determined with all possible nceuracy, 

bey eae anne for purposes of reference by 

astronomers, 

the specific gravities of substances, all 

erate scincepbicln ate ub a given tempera- 

ture and ure; all liquids and solids ave refurred to 

water. fe require to compare the densities of water and 

air with great care, und the comparative densities of any 
ip abesenone whatever can then be watch ar 

a very great with a very small magnitude, 

= is "desirable Naber up the process into several 

2 anna terms of comparison. We should 

of measuring the distance from London to 

Bdinbungh by la ing down measuring rods, throughout the 

whole ape base of several miles is selected on level 

compared on the one hand with the standard 

fee Ee on mere other it the Hea int hee ei 

or nny o! two paints, trigonometrical 

Again i wou bo exceedingly diftcult to com- 

prete ernie fet ot a star with that of the sun, which would 

thousand million times greater; but Her- 


* Buily’s Account of Flamstead, pp, 378—Fo. 
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schel' effected the ison by using the full moon as 
‘an intermediate unit. Wollaston eacettalned thet the ene 
min 801,072 times as much light 
jerachel determined ext 
that of a Centauri 27,408 times, so that we find the ratio 
between the light of the sun and star to be that of about 
22,000,000,000 to I. 


The Pendulum. 


By far the most perfect and beautiful of all instruments 
of measurement is the pendulum. Cousisting merely of a 
heavy body suspended freely at an invariable distance from 
@ fixed point, it is most simple in construction ; yet all the 
highest problems of physical meusurement depend upon its 
careful uso, Its excessive value arises from two Im 
stances. ol tly applicable 

t) The method of repetition is eminently appli 
to as already doer (pe 290). 
@) Unlike other instruments, it connects together three 
i ib quantities, those of space, time, and force, 

Tn most works on natural philosophy it is shown, that 
when the oscillations of the pendulum are infinitely small, 
the square of the time occupied by an oscillation is directly 
proportional to the length of the pendulum, and may 


GaSe to the force affecting it, of whatever 
whole theory of the pendulum is contained in the 
formula, firat given by Huygens in his Horologium Cscil- 
latoriwm. 


Time of oscillation = 314159 x Af Sah tpatie 


re, 
The quantity 3°14159 is the constant ratio of the cireum- 
ference ond radius of a circle, and ia of course known with 
accuracy. Hence, any two of the three quantities con- 
cerned being given, the third may be found; or any two 
being maintained invariable, the third will be invariable. 
‘Thus a pendulum of invariable length suspended at the 
same place, where the force of gravity may be considered 
constant, furnishes @ measure of time. The same invari- 
able pendulum being made to vibrate at different points of 


+ Horschel’s Astronomy, § 817, 4th. ed. p. $53 





xi] MEASUREMENT OF PHENOMENA. 303 


the earth's surface, and the timea of vibration being aatro- 
nomically determined, the force of gravity becomes accu- 
rately known. Finally, with a known force of parton, 
and time of vibration ascertained by reference to the stars, 
the length is determinate, 

All astronomical observations depend upon the first 
manner of using the pendulum, namely, in the astrono- 
mical clock. In the second employment it has been almost 
equally indispensable, ‘The primary ipesnisp bia excuses 
fs equal in all matter waa proved by Newton's and Gauss* 
pendula experiments, The torsion pendulum of Michell, 

otal aul Baily, apenas upon exactly the ane 
principles a2 the ordinary pendulum, gavo the donsit; 
the earth, one of the foremost nataral constants. Kater 
and Sabine, by pendulum observations in different 
of the carth, ascertained the variation of gravity, whence 
comes a determination of the earth's ellipticity. The laws 
of electric and press attraction bave also been deter- 
mined by the method of vibrations, which is in constant 
use in the measurement of the horizontal force of terres~ 
trial magnetiem. 

We must not confuse with the ordinary use of the 
pendulum its application by Newton, to show the absence 
of internal friction against space,’ or to ascertain the laws 
of motion and elasticity? In these cases the extent of 
vibration ia the quantity measured, and the principles of 
the instrument are different. 


Attainable Accuracy of Measurement. 


It ia a matter of some interest to compare tho degrocs 
of accuracy which can be attained in the measurement of 
if kinds of magnitude. Few measurements of an; 

kind are exact to more than six significant figures, bul 

is keldom that such accuracy cin be hoped for. Time is 
the magnitude which seems to be capable of the most exact 
estimation, owing to the properties of the pendulum, and 
the principle of repetition bed in previous sections. 


* Principia, bk. 4l, Sect. & Prop. 31. Motte's Translation, vol. ii 
Pia. pit. kaw ft. Conaly 6 ‘Motte’s Translation, vol. fp. 3% 
2 Theanson and Tait’s Natural Philosophy, voi. \.y. 333 
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melee conception.” ? The ratio between the moan solar 
the sidereal day is known to be about one part in 
a millions, or to the eighth place of decimals, 

2 
Dr ecctatine cof weight seem to come next in exact 
ness, owing to the fact that repetition bee? error is 
peti to them. An ordinary good balance should 

Scub ons Te in 500,000 of the load. The finest 
balance employed by M, Stas, tumed with one 
825,000 of the load? But balances have certai 
constructed to show one part in a million,* and Temiden “l 
said to have constructed a balance for the Royal Soci 
to indicate one part in sevon millions, though this is 
aS fessor Clerk Maxwell takes it for granted that 

in five millions can be detected, but we ought to 
dissciminate betwoon what a balance can do when firat 
constructed, and when in continuous use. 

Determinations of length, unless performed with extra- 
ordinary care, are open to much error in the junction of 
oa aS She bars, Even in measuring the base line of 

Hs arenes survey, the accuracy generally attained 
is only that of about one part in 60,000, or an inch in the 
mile; Fiat te. ald that in fon ere 
base line carried out Hai recently at Cape Comorin, the 
greatest error was 01077 inch in 168 mile, or one part in 
1,382,400, an almost incredible degree of accuracy, Sir J. 
Whitworth has shown that touch is even a more delicate 
mode of measuring lengths than sight, and by means of a 
splendidly executed screw, and a small cube of iron ae 
Detween two flat-ended fron burs, so as to be suspended 
when touching them, he can detect a change of dimension 
in a bar, amounting to no more than one- of an 
inob.* 


+ Philomphical Transactions, (1856), vol. ext ia 
3 First Annual the ee oes aoe ae 
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CHAPTER XIV. 
UNITS AND STANDARDS OF MEASUREMENT. 


As we have seen, instruments of measurement are 
only means of comparison between one magnitude and 
another, and ax a genenil rule we must assume some 
one arbitrary magnitude, in terme of which all results 
‘of measurement are to be expreased, Mere ratios be- 
tween any series of objecte will never tell us their 
absolute magnitudes; we must have at least one ratio 
for each, and we muat have one absolute magnitude. The 
numbor of ratios x are expressible in m equations, which 
will contain at least n+ 1 quantities, so that if we 
employ them to make known » magnitudes, we must 
have one magnitude known, Hence, whether we are 
measuring time, space, density, mass, weight, energy, or 
any other physical quantity, we must refer to some con- 
crete Ramdas some actual object, which if once lost and 
irrecoverable, all our measures lose thelr absolute mean- 
ing. This concrete standard is in all oases arbitrary in 
pala of theory, and its selection a question of practical 
convenionce, 

‘There are two kinds of magnitude, indeed, which do not 
need to be expressed in terms of arbitrary concrete units, 
since me, pre-suppose the existence of natural standard 
units, One case is that of mbstract number itself, which 
noods no special unit, because any object which existe or 
is thought of as separate from other objects (p. 157) fur- 
nishes us with unit, and is the only standard required. 

Angular magvitude is the second case in which 
we have a natunil unit of reference, namely, the whs\s 

* 
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revolution or perigon, a3 it has been called by Mr. Sande- 
man* Ttisa result of the uniform jes 
of space, that all complete eras aba es era Po raabe 
other, so that we not select any one revolution, but 
can always refer anow to space itself. Whether we take 
the whole perigon, its half, or its quarter, is really imma- 
torial ; Euclid took the right angle, because the Greek geo- 
meters had never generalised their notions of angular 
magnitude sufficiently to treat angles of all magnitudes, ov 
of unlimited quantity of revolution, Euclid 198 & ight 
angle as half that made by a line with its own continuation, 
which is of course equal to half a revolution, but which 
was not treated as an angle by him, In mathematical 
analysis a different fraction of the perigon is taken, namely, 
such a fraction that the are or portion of the circumference 
ineluded within it is equal to the mdius of the circle. Tn 
this point of view angular magnitude is an abstract ratio, 
ly, the ratio between the length of are subtended and 
the length of the radius, The geometrical unit is then 
necessarily the angle corresponding to the ratio unity. 
This angle is equal to about 57°, 17’, 448, or decimally 
57°'295770513.., * It’ was called by De Monyan the arowal 
wnit, but a more convenient name for common use would 
radian, a8 8 by Professor Everett. Thow, 
atandard aaals is naturally aria in mathematical 
analysis, and any other unit would introduce great com- 
loxity, we must not look upon it as a diatinot unit, sineo 
ita amount is connected with that of the half perigon, 
by the natural constant 314159... usually denoted by 
the letter wr. 

When we pass to other species of quantity, the choice 
of unit is found to be entirely arbitrary. cre is abso- 
Tutely no mode of defining a length, but by selecting some 
physical object exhibiting that length between certain 
obyious points—as, for instance, the extremities of a bar, 
or marks made upon its surface, 


spine tenes gears aio maa 
peat, 
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Blandard Unit of Time 


‘Time is the greut independent variable of all change— 
that which itself flows on Lolita 7, and brings the 
variety which we call motion and Life. en we reflect 
upon its intimate nature, Time, like every other elementof 
existence, proves to be an inseratable mystery. We can 
only gay with St, Augustin, to one who asks us what is 
time, “I know when you do not ask me.” ‘The mind of 
man will ask what can never be answered, but one result 
of a true and rigorons logical philosophy mnst be to 
convince us that scientific eset cain only take place 
between phenomena which have something in common, 
and that when we fee down to primary notions, like those 
of time and space, the mind must meet a point of mystery 
beyond which it cannot penetrate. A definition of time 
must not be looked for; if we say with Hobbes,! that it 
is “the phantasm of before and after in motion,” or with 
Aristotle that it is “the number of motion according to 
former and latter,” we obvious! = nothing, because 
the notion of time ix involved in the expressions before 
and after, former and latter. Time is undoubtedly one 
of those primary notions which can only be detined physi- 
ely, or by observation of phenomena which procead in 

ime. 


If we have not advanced astep beyond Augustin’s acute 

jons on this subject* it 1s curious to observe the 
wonderful udvances which have beeu mude in the practical 
measurement of ite efflux, In earlier conturies the rude 
sun-dial or the rising of a conspicuous star gave points of 
reference, while the flow of water from the eclepsydra, the 
burning of o candle, or, in the monastic ages, even the 
continuous chanting of psalms, were the means of roughly 
subdividing periods, and marking the hours of the day and 
night* ‘The sun and stars still furnish the standard of 
time, hut means of accurate subdivision have become 
requisite, and this has been furnished by the pendulum 


t English Works of Ths. Hobs, Rit. ty Molesworth, vol. 4.7.95 


+ Confearions, bie, xi. 
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and the chronograph, By tho pendulum we can accurate) 
| Ritts thsiday ttn mecueita ef ena! ike kien 
swe can subdivide the second into a hundred, a 
or even a million parts. Wheatstone measured the dura- 
tion of un electric spark, and found it to be no more than 
one 115,200th of a second, while more recently ; 
Captain Noble been able to appreciate intervals of | 
time not exceeding the millionth part of a second. 
When we come to inquire precisely what phenomenon 
it is that. we thus so minutely measures, we meet insure 
ible diffieulties. Newton distinguished time accord- 
ing as it was absolute or apparent time, in the fel 
‘words :—" Absolute, true, and mathematical time, af i 
and from its own nature, flows equably without regard to 
ing external,and by another name is called duration; 
relative, apparent and common Lime, ig some sensible and 
external measure of duration by the means of motion,”! 
Though we are perhaps obliged to assume the existence 
of a uniformly increasing quantity which we call time, 
yet we cannot or know abstract and absolute time, 
Duration must be made manifest to us by the recurrence 
of some phenomenon. The succession of our own thoughts 
is no doubt the first and simplest measure of time, but a 
very rude one, because in some ms and cireumstances 
the thoughts evidently flow with much greater rapidity 
than in other persons and circumstances. In the absence 
of all other phenomena, the interval between one thought 
and another would necessarily become the unit of time, 
bot the most cursory observations show that there are 
changes in the outward world much better fitted by their 
aay, to measure time than the change of thoughts 
within us, 

The earth, a3 I haye already said, is the real clock of the 
astronomer, and is practically assumed as invariable in 
ite movements, But on what ground is it eo assured ? 
According to the firat law of motion, every body perseveres: 
in its state of rest or of uniform motion in a right line, 
unless it is compelled to chango that state by forces im- 
pressed thereon. Rotatory motion is subject to a like 


* Principia, Uk. i, Scholivm to Dyinitions. Translated by Motte, 
volo Bee alo ps tte J 
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condition, namely, that it ii unless dis~ 
PbtmDf estates tech Mon seloat motion moans 
motion through equal spaces in times, so that if we 
have a body entirely free from all resistance or perturba- 
tion, and can measure equal spaces of its uth, we have n 
perfect meazure of time. But let it be remomberod that 
this law hos never been absolutely proved by experience ; 
for we cannot point to any body, and say that it is wholly 
unrosiated or undisturbed ; and even if we had auch a body, 
we should need some independent standard of time to 
ogcertain whether its motion was really uniform. As it 
is in moving bodies that we find the best standard of time, 
‘we cannot use them to prove the uniformity of their own 
movements, which would amount to a petitio principti. 
Our experience comes to this, that when we examine and 
compare the movements of bodies which seem to us nearly 
free from disturbance, we find them saving nearly hor 
monious measures of time. If ane body which seems 
to us to move uniformly is not di 80, but is subject to 
fits and starts unknown to us, because we have no absolute 
standard of time, then all other bodies must be subject to 
‘the game arbitmry fits and starts, otherwise there would ba 
discrepancy disclosing the ii ‘ities, Just as in com- 
paring ogee a anne of cl Fa we should soon 
it ones by thoir going i ly, a3 com: 

with the others, 80 ie renee eontay be 
by its discrepancy from that of othor bodies which we 
believe to be undisturbed, and which agree a among 
themselves, But inasmuch as the measure of motion 
inyolves time, and the measure of time involves motion, 
there must be ultimately an assumption. We may define 
al times, as times during which a moving body under 
influence of no force describes equal spaces ;* but ull 

we can say in support of this definition is, that it leads us 
into no known difficulties, and that to the best of our ex- 
perience one freely moving body gives the sume resulls as 








epee. 

on We ante where the freely moving body is, no 
perfectly satisfactory answer can be given, Practically 
the rotating globe is sufficiently accurate, and Thomson 


1 Ranking, Philosophical Magasine, Fob. 1867, vol. xxxili. p. 9h. 
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and Tait say: “Equal times aré times during which the 
earth turns through equal angles.”* No long time has 
passed since astronomers thought it impossible to detect 
inequality in its movement. Poisson was supposed 
Sa bats proved that a change im the length of the si 1 
day umounting to ane ten-millionth part in 2,500 years was 
incompatible with an ancient oclipse by the 
Chaldwans, and similar calculations were made by Laplace. 
ches itis now aie that enero 8 phaser 
what in error, and that the dissipation of energy ari 
‘out of the friction of tidal waves, ea the radiation of the 
heat into space, has slightly decreased the rapidity of the 
earth's rotatory motion. ¢ sidereal day is now Toupee by 
one part in 2,700,000, than it was in 720R,.c. Even 
this discovery, it was known that invariability of rotati 
depended upon the perfect maintenance of the earth’ 
internal heat, which juisite in order that the earth's 
dimensions shall be unaltered. Now the earth being 
superior in temperature to empty space, must cool more or 
less rapidly, so that it cannot furnish an absolute measure 
of time, Similar objections could be raised to all other 
rotating bodies within our cognizance. 

‘The moon's motion round the earth, and the earth's 
motion round the sun, form the next best measure of 
time, They are subject, indeed, to disturbance from other 
i’ ‘but it ie believed that these perturbations must 
in the course of time run through their rhythmical courses, 
leaving the mean distances unaffected, and consequently, 
bythe third Law of Kepler, the periodic times uchaniger 

int there is more reason than not to believe that the earth 
encounters a slight resistance in pestion throngh ae 
like that which is so apparent in Encke's comet. ere 
may also be dissipation of energy in the electrical relations 
of the earth to the sun, possibly identical with that which 
is manifested in the retardation of comets” Tt is probabily 
an untrue assumption thon, that the earth's orbit remains 
quite invariable. It ia just possible that sore other body 
may be found in the course of time to furnish a better 






* Treatise on Naturol Philosophy, vol. i. B79 
woe ings af te Manchester Philowphical Society, 28th Nov. 
1871, vol. x1, p. 33. 
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standard of time thin the earth in ils annual motion. 
‘The greatly supe mre of Jupiter and its satellites, and 
Rapes tance from the sun, may render the 





will always be an open one, and oo moving berly 
we choose may ultimately ba ehown to be subject to 


forces, 
pendulum, al zo admirable an instrament for 
subdivision of time, fails as a standard; for though the 
same Sane affected, a the same foree of wity per- 


‘the point of sus; ., falsifies the results, and there enter 
many hen di ma t questions of tomperature, friction, 
jon, dc, 


tance, length 
Thomson and ta are of opinion that the ultimate 
standard of chronometry must be founded on the physical 
properties of some body of more constant character than 
the earth; for instance, a care! arranged metallic 
spring, hermetically senled in an exhausted glass veasal. 
But it is hand to see how we can be sure that the dimen- 


unchanged for the few reali 
ee - 


Sarat elasticity of eae we aot 
Moreover, it is difficult to perceive how ree undulations of 
such a spring could be observed with the ne 
eer More recently Professor Clerk Max 
made the novel suggestion, discussed in a rages 
section, that undulations of light in vacuo would form the 
most universal standard of reference, both as regards time 
space. According to this system the Anis of time 
woull be the time occupied by one “ticpyiren of the aa Der 
ticular kind of light whose wave length is taken aa the 
unit of length, 


* Phe Klements of Natural Philosophy, part i. p. 119 





The Unit of Spase and the Bar Standard. 


that of space. ‘frst in th because pheno- 
. comes ery, 
our internal thoughts for instance, may change in 


‘be conceived or measured without reference both to time 
and 3] 
Turning now to space measurement, we find it almost 
equally difficult to fix and define once and for ever, a unit 
itude ‘There are three different modes in which 
it has been proposed to attempt the perpetuation of a 
Seem Sti ual specimen of the standard 
r ting an actual specimen of 
vies Sphlrds faite tart tata 


2) By assuming the globe itself to be the ultimate 
eo he Ge 


f magnitude, the practical unit being n sub- 
barns poe some atone it = be. is a 

3) By i Tengti the simple secon \- 
dulom, as 4 Seed of reference. is 

At first Ee apse Sie ee ee ee 
difficulty in this matter, and that any one of these 

it serve well enough; but the more minutely we 

inquire into the details, the more hopeless Be! to be 
the attempt to establish an invariable stand ‘We must 
in the first place point out a principle not of an obvious 
character, namely, that the standard length must be defined 
by one single object.* To make two bars of exactly the 
same length, or even two bara bearing a ctly defined 
ratio to each other, is bayond the power of human art. Tf 
two eed of a standard metro re and de 
equi correct, future investigators wil inly discover 
some discrepancy’ apes ay proving rot that they 
eunnot both be the standard, an pe ae ee 
‘as towhat magnitude should then en as correct. 

Tf one invariable bar could be constructed and main- 
tained as the absolute standard, no such inconvenience 
could arise. Each successive generation as it, acquired 


* Seo Harriv’ Kesay upon Money and Coins, part. i [1758] p. 127. 
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errors in 
the of the standard, but the standard itself 

be hed, and would, as it were, become by degrees 
mors more accurately known. Unforti to con 


bar, by Pee it with some other bar sup- 
(ergy @ invariab! Bab baiwaxe we eulcaow retin 
the invariable bar? It is’ certain that many rigid 
and apparently invariable substances do change in di- 
mensions. The bulb of a asestpers certainly contracts 
besides undergoing, rapid chai of dimensions 
Lite ise sae thro wh 100" Cent. Can we 
be ily that even the moat ae motallic bars do not 
i contract b; », OF WK variations in their 
paler by Sraanes ul acapeestaresa Tie was induced 
try whether a quartz crystal, subjected to several 
fits pigs propery en 8 roosts oe 
ies, 10 was unable to an 
change in coefficient of expansion.' It cea 
follow, however, that, because nu apparent change was 
discovered in a quartz newly-constructed bara of 
metal would nO 
‘The best principle, as it seems to me, upon which the 
tof acre ty standard of length can be rested, is that, 
@ variation of length occurs, it will in all probability be 
of differont amount in different substances. If then a 
es aaa were constructed of all 
inds of different metals and lloras here, rocks, ahs a 
granite, serpentine, slate, quartz, limestone; artificis 
substances, such as aad by glass, dc. co, careful 


* Philosophical Magasine, (1868), ath Series, woh, xx2vie Yeo 
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comparison would show from time to time the comparative 
variations of length of these different substances, The 
most variable substances would be the most divergent, and 
the standard would be furnished by the mean. 

of those which agreed moat closely with each other just 
as uniform motion is that of those bodies which agree 
most closely in indicating the efflux of tima, 


The Lerrestrial Standard. 


‘The second method assumes that the globe itself is a 
‘body of invariable dimensions and the founders of the me~ 
trical gystem selected the ten-millionth part of the dis- 
tance from the equator to the pols as the definition of the 
metre, The first imperfection in such a method is that the 
earth is certainly not invariable in size; for we know 
that it is superior in temperature to surrounding space, and 
must be slowly cooling ond contracting. There is, much 
reason to believe that all jnakes, Yolcanoes, mountain 
elevations, and changes of son level aro evidences of this 
contraction as asserled by Mr. Mallet? But such is the 
vast, zak kha earth and the Bieiog of its past exis~ 
‘tence, that this contraction is ps legs rapid: in propor- 
tion than that of any bar or cher anaterial pe whih 
we can construct. 

‘The second and chief difficulty of this method arises 
from tho vast size of the earth, which prevents us from 
making any comparison with the ultimate standard, ex- 
cept by a trigonometrical survey of a most, elaborate and 
coatly kind. The French physicists, who firat proposed 
the method, attempted to obviate this inconvenience by 
carrying out the survey once for all, and then constructing 
a standard metre, which should be exactly the one ten 
millionth: ase of the distance from the pole ta the 
equator. since all measuring operations are merely 
approximate, it was impossible that this operation could be 
perfectly achieved. Accordingly, it was shown in 1838 
that the supposed French metre was erroneous to the con- 
siderable extent of one in 5527. It then became. 
necessary either to alter the length of the assumed metre, 


4 Proceedings of the Koya Society, 20th June, 1872, voli x=. p. 438. 


xiv.) UNITS AND STANDARDS OF MEASUREMENT, 315 


Metrical i 
favour of the latter course, and have thas reverted to the 
first method of defining the metre by a given bar, As 

Spe rep seem tprmipemetyte ice i a 
metre and the quadrant of the earth becomes more acen- 
rately Pica emeany eae 
by rernon fo the plate if required: But uncil lost, des- 
or for some clear reason discredited, the bar motre 
not the globe is the standard. Thomson and Tait re~ 
mark that any of the more accurate mensuroments of the 
English trigonometzical sorvey might in like manner be 
8 lene beet at dee hope ie aie oa 
the results are recorded. 


The Pendulum Standard. 


Tho third method of defining a standard length, 
reference to the seconds pendulum, was 
Huygbens, and was at one time 3 by the Boring 
Government. From the principle of lulum (p. 302) 
it clearly appears that if the time of ‘acillation and the 
foree actuating the pendalany be the eame, the length of 
the pendulum must be the sume. We do not get rid of 
“tiem difficulties, for we must assume the attraction 

ity at some point of the carth’s surface, say 
ee to be unchanged from time to time, and the 
sidereal day to be invariable, neither assumption being 
absol correct so faras we can judgs The pendulum, 
in short, aber indirect means of maling one physical 
a suetelg upon two other physical quan- 
ties of ee Sandie: 

The practical difioultics are, however, of a far more 
serious character than the theoretical ones. ‘The length 
of a pendulum: on not the ordinary length of the inatra- 
ment, which might be greatly varied without allecting the 
duration of a vibrution, but the distanco from the centre of 
suspension to the centre of oscillation, There are no 
direct means of determining this lutter centre, which 
depends upon the average momentum of wll Yas Rass 


| 


corrections were rendered unn 
vacuum, other difficult 2 
comparing the vibrations of a wire pendulum when sus- 
at two different lengths is open to equal or greater 
ical difficulties. Thus it is found that the pendulum 
standard cannot compete in accuracy and certain( 
the simple bar standard, and the method would 
useful as an accessory mode of restoring the bar 
if ab any time again destroyed. 
Unit of Density. 
Before we can measure the phenomena of nature, we 
uire a third independent unit, which shall enable us to 
define the quantity of matter occupying any given ess 
All the el of nature, as we shall see, are probably #0. 
manifestations of energy ; but energy requires some 
substratum or material Poop ete in and by 
which it may be manifested, 1 ition shows that, as 
regards foree, there may be two modes of variation of 
matter. As Newton saye in the firet dofinition of the 
Principia, “the quantity of matter is the measure of the 
same, arising from its density and bulk conjunetly.” 


+ Kater’s Treatise on Me Cabinet i a 
Aaa Bees of eevee Laomeey ot aoe 





my 





require twice as much force as one cubic inch 
acertain velocity in a given time; but one cubic 
of gold will require more force than ‘one cubic inch of 


Sano 
which is, striotly ing, indicated by its capacit} 

resist and Seapets ane of force, For Sa unle of 
density we may assume that of any substance which is uni~ 
quality, and can rendil rinxetacal to from time to 


nishes an invariable standard of iY; jet ue 
ing. bulks of bse a with a ia 


Unit of Mass, 


Multiplying the number of units of density of a 
2 Siete eee! aire 
‘we arrive at the quantity of matter, or, as it ia usually 
ae z5 unit sacs as. es by lee inertia me 
it possesses. To procee the most 
tanner, the unit of mass ought to be that of a cubic unit 
of matter of the standard ity; but the founders of 
‘the metrical took as their unit of mass, the cubic 
centimetre of water, at the temperature of maximum 
denaity (about 4° Cont), They thie unit of mass 
Hiogtoen whist might be really reared fo by al who 
wi referred to by all who 
required to employ accurate weights, Unfortunately the 
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a eat atte et ape pir water ab a 
‘aa is an operation involving many dif- 
Seattle, it cannot be performed in the jess day 
with a exactness than that of about one part in 
5! 1 results of careful observers being sometimes: 
found to differ as much as one in 10003 
Weights, on the other can be compared with 
each other to at least one part in a million, Hence if 
different specimens of the kilogram be prepared by direct: 
moenie against water, they will not agree closely with 
the two prineipal standard kilograme agree 
neither with each other, nor with their definition. Accord 
SOs Elem Dine she tac-oalted Sea me des 
Archives abe 5 15432°34874 Aira while 
depoatien at y peli the ca in 344 ioe 
sta commercial purposes, weighs 15432344. 
Since a standard: eae constructed of plativum, or 
uum and iridium, can be preserved free from any yarn 
able alteration, and since it can be ir perhaps 
pared with other weights, we shall ul ly attain th the 
greatest exactness in our measurements of masa, by assum- 
ing some single kilogram asa slandar crm 
the determination of its actual mass in units of space ani 
density for future investigation. This is what is 
cally done at the present day, and thus a unit of mass 
takes the placo of the unit of density, both in the French 
and i Bees systerns. The English pound is defined by a 
ee lump of platinum, preserved at Westminster, and 
ry mags, chosen merely that it may agree as 
al as pons with old English pounds ‘The allo, 
‘old English unit of cubic measurement, ia defined 
the “condition that ib stall contain exactly ten pounds 
weight of water at 62° Fabr.; and although it is stated that 
it has the capacity of about 277'274 cubic inches, this 
ratio between the cubie and linenr systems of mensure~ 
ment is not Jegally enacted, but left open to investigation. 
While the French metric system as originally Fr ee 
was theoretically perfect, it does not differ prectsial ly in 
this point from the Englieh system, 


* Glerk Maxwell's Meory of Heat, p. 79. 
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Natural System of Standards, 


Quite recently Professor Clerk Maxwell has suggested 
that the vibrations of light and the atoms of matter might 
conceivably be employed as the ultimate standanis of 
length, time, and mass. We should thus arrive at a 
natural system of standards, which, though possessing no 
present practical importance, has considerable theoretical 
interest. “In the present state of science,” he says, “the 
moat universal standard of length which we could assume 
would be the wave-length in vacuum of a particular kind 
of Light, emitted by some widely diffused substance such 
as sodium, which has well-defined lines in its spectrum. 
Such a standard would be independent of any changes in 
Hie Sipe aie of {he earth, and sabi be Shee By . 
those w! + their writings to be more ent than 
re groped Serpapernns 
standard unit of time, independent of all questions about 
the motion of material bodies, by taking as the unit the 
periodic time of vibration of that particular kind of light 
whose wave-length is the unit of length. It would follow 
that with these units of length and time the unit of 
velocity would coincide with the pees light in empty 
space, As regards the unit of mass, Professor Maxwell, 
humoronsly as L should think, remarks that if we expect 
soon to be able to determine the mass of a single molecule 
of gome standard substance, we may wait for this deter- 
mination before fixing a universal standard of mass. 

In a theoretical point of view there can be no reasonable 
doubt that vibrations of light are, as far as we can tell, the 
most fixed in magnitude of all phenomena. There is as 
‘usual no certainty in the matter, for the Ly er of the 
basis of light may vary to some extent in different parts of 

But no nees could ever be established in the 
velocity of light in different parts of the solar system, and 
the spect of the start show that the times of vibration 
there do not differ perceptibly from those in this part of 
the universe. Thus all presumption is in favour of the 
absolute constancy of tho vibrationa of light—absolute, 
thatis, so far as regards any means of investigation we are 


1 Treatise om Electricity and Magnetinm, xh. 








which we have any knowledge, eo that they necessarily 
‘become the natural unite. 

Ina teal point of view, as Profeasor Maxwell would 
be the first to point out, they are of little or no value, be- 
cause in the present state of science we cannot measure a 
‘vibration or weigh an atom with any approach to the 
accuracy ae is attainable in the comparison of standard 


metres and kilograms, The velocity of light is not known 
probably within a thousandth and as we progress in 
the knowledge of light, so we shall in the aceu- 
rate fixation of other standards, that can be said then, 
is “ee itis very desirable M3 Kapaa) the Bice) 
and periods of the principal lines of the solar spectrum, 
and the absolute aris eights ‘of the elements, with all 
attainnble accuracy, in terms of our existing standards. 
The numbers thus obtained would admit of the reproduc- 
tion of our standards in some future age of the world to a 

nding degree of accuracy, were there need of such 
reference ; but so far as we can see ab present, there is no 
considerable probability that this mode of reproduction 
would ever be the best mode. 


Subsidiary Units, 

Having once established the standard units of time, 
space, and density or mass, we might employ them for the 
expression of all qaantitica of such nature, “But itis often 
convenient in particular branches of science to use mul- 
tiples or submultiples of the original units, for the ex~ 
pression of quantities in a simple manner. We use the 


mile rather than the yard when treating of the magnitude 
of the globe, and the mean distance of the earth and 
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sun is not too large a unit when we have to describe 
the distances of the star. On the other hand, when we 
are ooenpied with ic objects, the inch, the line 

or the millimetre, become S Saay Gomelantenaiee 


ion, 

t is allowable for scientific man to introduce a new 
unit in any branch of knowled; peor that it nasists 
of cee it wht into relation 
ma the primary units. Pe be ow Williamson 

hos proposed as a convoniont unit of volumo in chemical 
science, an absolute volume equal to about 112 litres 

ting the bulk of one gram of hy gas at 
cae ae ae pressure, or the: weight 
any of! Hedin as 16 grams of oxygen, 14 grams 
of nitrogen, &e.; in short, the bulk of that quantity of 
any one of those gases which weighs as many grams ns 
there are units in the number expressing ita atomic 
weight? Hofmann has proposed a new unit of weight for 


litre of hydrogen gas at o° 0, and 0°76 mm., i 
about 010896 gram? Both of these units must be re~ 
pan subordinate units, ultimately defined by 





Derived Units, 

‘The standard units of time, space, and mass having been 
once fixed, many kinds of magnitude are naturally measured 

by units derived from them. From the metre, the unit; of 
Iinoar magnitude follows in the most obvious manner the 
centiare or square metre, the unit of superficial magnitude, 
and the litre that is the eube of the tenth part of a metre, 
the unit of Cae or volume. Velocity of motion is ex~ 
pressed by the rutio of the space passed over, when the 
motion is uniform, to the time occupied ; hence the unit 
Gfevelocity is that of w body which passes over a unit 
of — in a unit of time, In physical science the 
unit of velocity might be taken as one metre per second, 


Pemety Sluden| te W. Williatason, Clarendon Press 
ica, 20d Seiten ty Fern eee RN ESS 


z- 


‘THE PRINCIPLES OF SCIENCE. 
‘Momentum iz measured by the masa movin; 
paid both to » the amount of matter and 
which it is ares. Hence the unit of 
that of a unit volume of matter of the unit density moving 
with the unit velocity, or in the French system, a cubic 
eontimetra of water of the maximum moving ane 
ane per second, 
An accelerating force is measured by the ratio of the 
momentum generated to the time occupied, the fore 
being sup] to act uniformly, The unit of force will 
therefore that whieh ites & unit of momentum 
in a unit of time, or which causes, in the French system, 
one cuble centimetre of water at maximum density to 
acquire in one second a yelocity of one metre per second. 
The force of gravity is the most familiar kind of foree, 
and as, when acting unimpeded vip any substance, it 
produces in a second a velocity of 980868 .. metres 
per second in Paris, it follows that She absclate unit 
of force is about the tenth part of the force of gravity, 
If we employ British weights and measures, the absolute 
unit of force is ed Has by the gravity of about half 
an ounce, since the force of gravity of any portion of 
matter scting upon that matter during one secot . pro: 
duces a final velocity of 321889 piers per second or 
32 units of velocity. Although from its perpetmal action 
and approximate uniformity we find in gravity the most 
convenient force for reference, and thus habitually employ 
it to estimate quantities of matter, we must remember 
Fae it is only one of many instances of force, Strictly 
Paarl we should express weight in terms of force, but 
YT wo express pedoroastl in terms of weight, 
fe still require the unit of energy, a more com- 
ae eres The momentum of a ae sea the 
quantity of regs which ae or would belong to the 
te of the when we consider how this 
motion is relate 6 ae of a force lucing or 
Temovi ih wosted that the effect of a is pro- 
to the mass multiplied by the square of the 
velocity and it is convenient to tale half this Paes 
as the expression required, But it is shown in bool 
upon dynamics that it will be exactly the same t) it 
we define energy by a force acting through o space. 
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natitral unit of energy will then be that which overcomes 
Sa ae acting through a unit of space; when we 
one kilogram through one metre, against gravity, we 
therefore accomplish 980868 . . units of fvork, tat we 
tur so many units of potential energy existing in the 
muscles, into potential en of gravitation. In lifting 
one pound through one foot there is in like manner a eon— 
version of 321389 units of energy, Accordingly the 
‘unit of energy will be in the English system, that required 
to lift one pound through about the thirty-second part of 
a foot; in terms of metric units, it will be that required to 
lift a kilogram through about one tenth part of a metre. 

Every person is at liberty to measure and record 
quantities in terms of any unit which he likea He 
may use the yard for linear measurement und the litro 
for cubic measurement, only there will then be a com- 
plicated relation between his differert results. The 
system of derived units which we have been briefly con- 
sidering, is that which gives the most simple and natural 
relations between quantitative expressions of differant 
kinds, and therefore conduces to ease of comprehension 
and ering of laborious caleulation, 

It ld evidently be a source of great convenience if) 
selentific men could agree upon some single system of 
‘units, original and derived, in terms of which all quantities 
could be expressed. Statements would thus be rendered 
easily compatable, a largo part of scientific literature would 
‘Ve made intelligible to all, and the saving of mental labour 

‘be immense, It seems to be generally allowed, too, 
that the metric system of weights and measures presents 
the best basis for the ultimate system; it is thoroughl 
established in Weatern Europe ; it is legalised in England ; 
it is already commonly employed by scientific men; ib is 
fn itself the most simple and scientific of ayatema, Thera 
is every reason then why the metric system should be 
apcepted at least in its main features, 


Provisional Units, 
‘Ultimately, aa we can hardly doubt, ll phenomena 


will be recognised as so many manifestations of energy, 
and, being expressed in terms of the unit of ores 
t 
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be referable to the pri units of time, and 
density. To effect this reduetion, howeren ins any 
Jar case, we must not only be able to compare dil 
quantities of the phenomenon, bub to trace the whole 
sare fap By ih i connected with the primary 
notions, We can readily observe that the intensity of 
ome source of light is greater than that of another; and, 
knowing that the intensity of light decreases aa the 
square of the distance increases, we can easily determing 
their comparative brilliance. Hence we can express tho 
intensity of light falling upon any surface, if we have a 
unit in which to make the expression, Light is un- 
donbtedly one form of energy, and the unit: it therefore 
to be the unit of energy, But at present it is quite im- 
possible to say how much energy there isin any particular 
amount of light, The question then arises,—-Are we to 
defer the measurement, of light until we can assign its 
relation to other forms of energy? If we anewer Yee, it is 
nivalent to saying that the science of light must stand 
still perhaps for a generation; and not only this science 
but many others. @ true course evidently is to select, 
us the provisional unit of light, some light of convenient 
intensity, which can be reproduced from time to time in 
‘the same intensity, and which is defined by physical cir- 
cumstances, All the phenomena of light may be experi- 
mentally investigated relatively to this unit, for instance 
that obtained after much labour by Bunsen and Roscoe.’ 
Tn after years it will become a matter of inguiry what is 
the energy exerted in such unit of light; but it may be 
Yong ‘before the relation is exactly determined. 
rovisional unit, then, means one which is assumed 
and physically defined in a safe and reproducible manner, 
in order that particular quantities may be compared inler 
se more accurately than they can yet be referred to the 
units, In reality the great majority of our 
measurements are expressed in terms of such provisionally 
independent units, and even the unit of mass, as we have 
seen, ought to be considered as provisional, 
The unit of heat ought to be simply the unit of eustey, 
already described. But a weight can be measured to 


* Philomp\ical Transactions (1859), vol. oxlix. p. 884, &e, 
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one-millionth part, and rature to less than the 
thousandth part of a degree iheit, and to less thore- 
fore than the five-hundred thousandth part of the absolute 
tem, re, whereas the mechanical equivalent of heat is 
probably not known to the thousandth part. Hence the 
need of a provisional unit of heat, whieh is often taken as 
that requisite to raise one gram of water through one dogroe 

atigrade, that is from o’ to 1°, This quantity of heat is 
capable of approximate expression in terms of time, 

‘mass; for by the natural constant, determined by Dr. 
Joule, and culled the tnechanical equivalent of heat, we 
now that the assumed unit of heat is equal to the energy 
of 423'55 gram-metres, or that energy which will raise 

Tass of 423°55 grams through one metre against 9°3... 
absolute units of fore, Heat may aleo be expressed in 
terms of the quantity of ice at o* Cent, which itv is capable 
of converting into water under inappreciable pressure, 


Theory of Dimensions, 


Tn order to understand the relations between the quan- 
tities dealt with in physical science, it is to pay 
attention to the Theory of Dimensions, first clearly stated 

Joseph Fourier,' but in later years developed by several 
cists. This theory investigates the manner in which 
derived unit depends upon or inyolyes one or more of 

the fundamental units. The number of units in a rectan- 
galor area is found by multiplying together the numbers 
of units in the sides ; thus the unit of length enters twice 
into the unit of aren, which is Ueeefare sid to have ap 
dimensions with respect to h, oti ith. by 
‘we may say that Stacia of ey x Z or 
4A, Itie obvious in the same way that the dimensions of 
volume or bulk will be Z*. 

‘The number of units of mass in a is found Wy mul- 


ie 


tiplying the number of units of volume, by those of density. 


we mass i of three dimensions 1s dx length, 
and one a8 regards density. Calling density 2, the dimen- 
sions of mass are J79D. As al: explained, however, 


4 Dhéorie Analytique dele Cheleur, Paris; 1822, 137 1S. 
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mass, symbolised by Mf; according to the view here taken 
Serie sg ark toe tiaaaais of Mare 1D. 
Introducing time, denoted by 7, ib is easy to see that 


the dimensions of velocity will be $ or L7, because 


the number of units in the velocity of a body is found ~ 
by dividing the units of length passed over by the units 
of time parr in passing. * The acceleration of a body 
is measured by the increase of velocity in relation to 
the time, that is, we must divide the units of velocity 
gained by the units of time ied in gaining it; hence 
its dimensions will be L7-* Momentum is the product 
of mass and velocity, so that its dimensions are MZT™\ 
The effect of a force is measured by the acceleration 

oduced in a unit of mass in a unit of time; hence the 

imensions of force are ML7-*. Work done is pro- 
portional to the force acting and to the space throu; 
which it acts; 90 that it has the dimensions of force with 
that of ew added, giving MIT". 

It should be particularly noticed that angular mag- 
nitude has no dimensions at all, being measured by the 
ratio of the are to the radius (p. 305). ‘Thus we have the 
dimensions LL~* or L°. This agrees with the statement 
previously made, that no arbitrary unit of angular mag- 
nitude is needed, Similarly, all pure numbers expressing 
ratios only, such as sines and other trigonometrical func- 
tiong, logarithms, exponents, &c., ard devoid of dimensions. 
They are absolute numbers necessarily expressed in terms 
of unity itself, and are quite unaffected by the selection of 
the arbitrary physical units. Angular magnitude, however, 
enters into other quantities, such as angular velocity, which 


has the dimensions $ or 7, the units of angle being 


divided by the units of time occupied. The dimensions of 
vad acceleration are denoted by T-*, 

quantities treated in the theories of heat and 
electricity are numerous and complicated as 
their dimensions. Thermal capacity has the dimensions 
ML, thermal conductivity, AZT. In Magnetism 
the dimensions of the strength of pole are AMZLIT+, 
the dimensions of field-intensity are MiZ-~47-4, and the 
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intensity of magnetisation has the same dimensions. In the 
science of sae oaee a hid have to deal with numerous 
kinds of quantity, ir dimensions are differant too in 
the clectro-static and the electro-magnetic systems. ‘Thus 
electro- motive force has the dimensions M¥AT 3, in 
the former, and MiZi7* in the latter system. Capa- 
city rere depends upon length in electro-statics, but 
L in electro-magnetics. It is worthy of par- 
ticular notice that electrical quantities have simple dimen= 
sions when expreseed in terme of density instead of mass, 
‘The instances now given are sufficient to show the diffi- 
culty of conceiving anil following out the relations of the 
quantities treated in physical science without n systematio 
method of calculating and exhibiting their dimensions. 1t 
is only in quite recent years that clear ideas about these 
quantities have been attained. Half a Lay ea Na 
bably no one but Fourier could have explained what he 
meant by ol ate or capacity for heat. The notion 
of Banya jectricity had hardly been entertained. 
pice! fondling wa ont ae! ‘of the bes ee 
of i jwantities, this theory is specially useful in 
Hirst , it affords a test of the correctness of 
mathematical reasoning. According to the Principle of 
Homogeneity, all the quantities added together, and equated 
in any equation, must have the same dimensions. ence 
if, on estimating the dimensions of the terms in any equa- 
tion, they be nat homogeneous, some blunder must have 
been committed. It is impossible to add a force toa velo- 
city, or a mass to a momentum. Even if the numerical 
values of the two members of 4 non-homogencous equation 
peas equal, this would be accidental, and any alteration in 
“ar aape units would luce inequality and disclose 
the falsit cbse capitan tat tha ate 
Secondly, the theory of units enables us readily and 
infallibly to deduce the change in the numerical expression 
of any physical quantity, produced by a change in the 
fundamental unita, It is of course obvious that in order 
to represent the same absolute quantity, « number must 
vary inversely as the magnitude of the units which are 
numbered. The yard expressed in feet is 3; rey ae 
inch as the unit instead of the foot it hecomes 36, Exery 
quantity into which the dimension length enters yostiaadsy 


x12 X12 
ta fale wil bo {ete the 
sane Sota es ee, 
numbers : we _velocities 
and numbers expressing ae acceleration by 60 x 60. 
‘The rule is that a numerical ex| 


ratio of change has ae 
‘The study of this subject may be continued in Professor 
J.D. ent the Centime' 


i of Heat 
fessor Fleeming Jenkin's “Text Book of Electricity. 
Natural Constants. 


Having acquired accurate measuring instruments, and 
decided upon the units in which the results shall be ex- 
pressed, there remains the question, What use shall be 
made of our powers of measurement? Our principal 
object must be to discover (ay quantitative laws of 

nature; but a very lanye amount of preliminary labour is 
employed i in cuyh accurate determination of the dimensions 
of existing objects, and the numerical relations betwoen 
diverse forces and phenomena, St step ev 
of the material universe need ras ugh EH 
known relations with other Each manifestation of 
is correlated with other kind of manifestation, 
fessor Tyndall has described the care with which such 
‘operations are conducted,? 

“Thoss who are unacquainted with the details of 
scientific investigation, have no idea of the amount of 
labour expended on the determination of those numbers 
‘on which important calculations or inferences depend. 
‘They have no idea of the patience shown by a Borzclius 
in determining atomic weights; by a Regnault in deter- 

1 Tyndall's Sownd, tot ed. p. 26, 
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mining cosfiicients of expansion; or by a Joule in deter- 

mining the mechanical equivalent of heat, There is a 

ay ‘brought to bear upon such matters which, in 

ae severity, is probably without a parallel in any other 
iin of intellectnal action,” 

ge natural constant which is recorded brin, 
eee #h inferences within our power, For if n be the 
number of such constants known, then 4 (n*—m) is the 
number of ratios which are within our powers of calcula~ 
tion, and this increases with the square of % We thus 

lually plese together a map of nature, in which the 

of inference from one phenomenon to another rapidly 

grow in complexity, and the powers of scientific prediction 
are correspondingly augmented. 

Babbage? proposed the formation of a collection of the 
constant numbers of nature, a work which -has at last 
Yeen taken in hand by the Smithsonian Institution* It 
ig true that a complete collection of such numbors would 
be almost co-extensive with scientific literature, since 
almost all the numbers occurring in works on chemistry, 

ineralogy, ica, astronomy, &0o,, would have to be 
included. Still a ‘handy volume giving all the more 
important numbers and their logarithms, referred when 
requisite to the different units in common usc, would be 
very useful. A small collection of constant numbers will 
be found at the end of Babbage’'s, Hutton’s, and many 
other tables of logarithms, and a somewhat larger collec- 
tion agen: in Templeton's Millwright and Engineer's 
Pocket Companion, 

Our present object will be to, classify these constant 
numbers roughly, according to their comparative generality 
and importance, under the following heads :— 

ts Mathematical constanta, 
2) Phynical constants, : 
3) Astronomical constants, 
) Terrestrial numbers. 
5 


inie numbers, 
3 Sh numbers, 


¥ British Amociation, Cambridgs, 1833. Report, — 

2 Smiwonire Micelonzoue Hide, vole sit the Gonatats of 
Neture pars i, Specie gravties lea by F. W. Clarke: Sva. 
faahington, 1873. 





At the head of the list of natural constants must come 
those which ex the relations of numbers to 
each other. The onary Maliplaton "able i is the 
most familiar and the most important 
constants, and is, theoretically speakis mig | et Sat 
Noxt we mast place the Arit 
nificance of which has already been pune ae ts 
Tables of logarithms also contain vast series 
constants, ariaing out of the relations of pure aes 
At the base of all logarithmic theory is the mysterious 
‘natural constant commonly Sees ss €, or ¢ being 
equal to the infinite series 1 + + +45 zs tia 
and thus consisting of the sum of. the ratios between the 
numbers of permutations and combinations of 0, 1, 2, 3, 
4, &c. things. Tables of prime numbers and of the factors 
of composite numbers must not be forgotten. 

vast and in fact infinite series of numerical 
constants contains those connected with the measure 
ment of angles, and embodied in trigonometrical tables, 
whether as natural or logarithmic sines, cosines, and 
tangents. It should never be forgotten that though 
these numbers find their chief employment in connection 
with trigonometry, or the measurement of the sides of a 
right-angled triangle, yot the numbers themselves arise 
out of numerical relations bearing no relation to 
space, Foremost among trigonometrict bppmyetidel i is the 
well known number 7, usually syle a ag expressing 
the ratio of the circumference diameter of a 
circle ; from w follows the value of the arcual or natural 
unit of angular valne as expressed in ordinary degrees 
(p. 306). 
rane other mathematical constants not uncommonly 
used may be mentioned tables of fuctorials (p, 179), tables 
of Bernouilli’s numbers, tables of the error function,’ 
which latter are indispensable not only in the theory of 
probability but also in several other branches of science, 


© JW. Glaisher, Philosophical Magazine ath Series, vol. xlii, 
Bath 
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Tt should be clearly understood that the mathematical 
constants and tables of reference already in our possession, 
although extensive, are only an infinitely small part 
of what might be formed. With the pee of science 
the tabulation of new functions will continually 
demanded, and it is worthy of consideration whether 
public money should not available to reward the 
severe, long continued, and generally thankless labour 
which must be gone through in caleulating tables, Such 
labours are a benefit to the whole human race as long as 
it shall exist, though there are fow who can 
the extent of this benefit. A most interesting and excel- 
ent description of many mathematical tal will be 
found in De Morgan's article on Tables, in the Hnglish 
Mm ia, Division of Arts and Seiences, vol. vii. p. 976. 
An almoat exhaustive critical catalogue of extant tables is 
being published by a Committee of the British Association, 
two j Sere drawn “P chiefly by Mr. J. W. L. Glaisher 
and m Cayley, having appeared in the Reports of 
the Association for 1873 and 1875. 


Physical Constants. 


The second elass of conetants contains those which 
refer to the sry constitution of matter. For the most 
part upon the peculiarities of the chemical 
substance in uy but we may begin with those 
which are of the most general character. In a first sub- 
class we may place the velocity of light or heat undula- 
tions, the numbers expressing the relation between the 
engiie of tho undulations, and the rapidity of the 
ir numbers depending only on the pro- 
perties of the ethereal medium, and being probably the 
same in all parts of the universe. The theory of heat 
gives rise to several numbers of the highest importance, 
especially Joule’s mechanical equivalent of heat, the 
absolute zero of temperature, the mean temperature of 
a space, &e. 

fing into account the diverse properties of the 
eloments we must have tables of the atomic weights, 
the specific heats, the specific gravities, the refractive 
powers, not only of the elements, but their almost 
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infinitely compounds. The properties of hardness, — 
elasti vacoeity, expansion by Tea eat, conducting powers — 


city, 
SE and ema must also be determined in 
immense detail, There are, however, certain of these 
numbers which stand out prominently becauee they serve 
ae ono or terms of comparison. Such are, 
for instance, the absolute coefficients of ex] of air, 
water and mercury, the temperature of the maximum 
vasa of water, the latent heats of water and. stear, 
the int of water under standard pressure, the 
Peale am cine solute of arson, and so forth. 


Astronomical Constants, 


‘The third great class consists of numbers possessing far 
Tess, ity because they refer not to the properties of 
matter, but to the special forms and distances in which 
matter has been disposed in the part of the universe open 
to our examination, We have, first of all, to define the 
magnitude and form of the earth, its mean density, the 
constant of aberration of light expressing the 
between the earth's mean velocity in space and the 
way, of light. From the earth, as our obeervatory, we 

Sen geped to lay down the mean distances of the sun, 

the planets from the same centre; all the elements 

of the planctary orbits, the magnitudes, densities, mnases, 

iods of axial rotation of the several planets are by 

degen determined with growing accuracy. The same 

Inbours must be gone through for the satellites. Cata~ 

Jogues of comets with the elements of their orbits, as fur 
a8 ascertainable, must not be omitted, 

From the earth's orbit aa a new base of observations, 
We next proceed to survey the heavens and lay comaiaa the 
Ctl positions, magnitudes, motions, distances, pet 

ariation, &c, of the stars. ~All cat “ete 

ee ss Hipparchus and Tycho, are of numbers ex- 

lely the conformation of the visible universe, 

there | is obviously no limit to the labours of astrono- 

mers; not only are millions of distant stars usr their 
first Ineasurementa, but those already regist 

endless scrutiny as regards their eis: in pee 

dimensions of space, their periods of revolution, their 
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changes of brilliance and colour, It is obvious that 
though astronomical nurabers are conventionally called 
constant, they are probably in all cases subject to more 
or less rapid variation. 

Lorrestriat Numbora, 

Our knowledge of the globe we inhabit involves many 
Tumerical seticatinna which have little or no con- 
nection with astronomical theory. ‘The extreme heights 
of the principal mountains, the mean elevations of 
continents, the mean or extreme depths of the oceans, 
the specific gravitios of rocks, the temperature of mines, 
the host of numbers expressing the meteorological or 
magnetic conditions of every part of the surface, must 
fall into this claas, Many such numbers aro not to be 

constant, being subject to periodic or secular 
changes, but they are hardly more variable in fact than 
some which in astronomical science are set down as 
constant, In many cases quantities which seem most 
variable may go through rhythinical changes resulting 
in nearly uniform average, and it is only in the long 
Broan of physical investigation that we can hope to 
liscriminate successfully vetween those elemental num- 
bers which are fixed and those which vary, In the latter 
case the Jaw of variation becomes the constant relation 
which is the object of cur search. 


Organic Numbers, 


‘The forms and properties of brate nature having been 
sufficiently defined by the previous classes of numbers, 
the organic world, both v ible and animal, remaing 
gutatanding, and offers a higher series of phenomena for 
‘our investigation, All exact knowledge relating to the 
forms and sizes of living things, their numbers, the 
quantities of various compounds which they consume, 
contain, or excrete, their muscular or nervous energy, dc. 
tust be placed apart in a class by themselves. such 
numbers are doubtless more or less subject to variation, 
and but in a minor degree capable of exact determination. 
Man, so for ns he is an animal, and as regards his physical 
form, must algo be treated in this class. 
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Social Numbers. 


Little allusion need be made in this work to the fact 
that man in his economic, sanitary, intellectual, msthetic, 
or moral relations may become the gubjeet of sciences, 
the highest and most useful of all sciences. Every one 
who is engaged in statistical inquiry must acknowledge 
the possibility of natural laws governing such statistical 
facts. Hence we must allot a distinct to numerical 
information relating to the numbers, as, physical and 
sanitary condition, mortality, é&c., of different peoples, in 
short, to vital statistics. onomic statistics, com 
hending the quantities of commodities produced, existing, 
exchan; and consumed, constitute another extensive 
body of science. In the progress of time exact investi- 

tion mi pea subdue regions of phenomena which 
MS aaa lefy all ‘cientifi weatment: That scientific 
method can ever exhaust the phenomena of the human 
mind is incredible, 


CHAPTER XV. 
ASNALYSIB OF QUANTITATIVE PHENOMENA. 


Is the two preceding chapters we have been engaged 
in consideri 7 how . phenomenon may be accurately 
measured and expressed. So delicate and complex an 
operation ig a measurement which pretends to any cou- 
siderable degree of exactness, that no small part of the 
kill sececaee of physicists is usually spent upon this 
work, Much of this difficulty arises from the fret that 
it is scarcely ever possible to measure a single effect at a 
time, The ultimate object must be to discover the 
mathematical equation or law connecting a quantitative 
cause with its quantitative effect; this purpose usually 
involves, as we shall see, the varying of one condition at 
& time, the other conditious being maintained constant. 
The labours of the experimentalist would be compara~ 
tively light if he could carry out this rule of varying one 
ciroumstance at a time. Ho would then obtain a series of 
corresponding values of the variable quantities concerned, 
from which he might by proper hypothetical treatment 
obtain the required Jaw of connection. But in reality it 
is seldom possible to carry ont this direction except in an 
Approximate manner, Before then we proceed to the 
consideration of the actual process of quantitative induc 
tion, it is mec to review the several devices by 

which a complicated series of effects can be discntangled, 
Every phenomenon measured will usually be the sum, 
difference, or it may be the product or quotient, of 
two or more different effects, and theas musk ‘oe in korn 





I 


way analysed and eeparately measured before we o 
The rnatarials for inductive treatment. 
Mtustrations of the Complication of Eifects. 

It fs easy to bring forward a multitude of instances to 
show that a phenomenon is seldom to be observed simple 
and alone. A more or less elaborate process of anal; 
is almost always necessary. Thus if an experimen 
wishes to observe and measure the expansion of a liquid 
pbaapes it in 9 thermometer tube and registers 

e rise of the column of liquid in the narrow tube, But 
he cannot heat the liquid without also heating the glass, 
so that the change observed is really the diflerenoe between 
the ere ot ihe sad and the at More minute 
invest jow the neccssit) aps of allowing 
for frtuer winute effects, neces of the 


pressure of the column as it becomes lengthened. - 
In a great many cases an observed effect will be 
ntly at least the simple sum of two separate and 


of oil is partly due to the carbon and partly to the 
hydrogen. A measurement of the heat yielded by the two 
jointly, cannot inform us how much proceeds the 
one and how much from the other, If by some 
mn we ean ascertain how much the hy 
yiclds, then by more subtraction we learn what is due 
to the carbon; and vice wersd. The heat conveyed by a 
liquid, may be partly conveyed by true conduction, partly 
by convection. The light dispersed in the interior of a 
liquid consists both of what is reflected 
particles and what is due to true flucrescence ;* and we 
muat find some mode of determining one portion before 
‘we can learn the other. ‘The apparent motion of the spots 
on the sun, is the algebraic sum of the sun's axial 
rotation, and of the ail ed motion of the spots upon the 
sun’s surface; hence the difficulty of ascertaining by 
direct observations the period of the sun's rotation. 
We cannot obtain weight of a portion of liquid 


\ Stokes, Philorophisal Transactions (1852), vol. exlii, p. 529. | 
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in a chemical balance without weighing it with the 
a af rol Hee. have i se ait 
mic w experiment, we must 
euaec with or without 
a ees ae 

se ots tickets 





Petar er inca peopel se to the expan- 
eer tha crepisl ciiconl bp tae 
be discriminated, if, instead of ona barometer tube we have 


closed at: the bottom so as to be unaffected by the atmo- 
spheric pressure, it will show the changes due to tempera- 
ture ,and, by subtracting these changes from those 
shown in the other tube, employed as a barometer, we 
Levee real oscillations of atmospheric pressure, But 

oer as it is called, of the barometric reading, 
is better effected by calculation from the readings of 
an ordinary thermometer. 

Tn other cases a quantitative effect will be the difference 
of two causes acting in opposite directions. Sir John 
Herschel invented an instrumeut like a large thermometer, 
which he called the Actinometer,? and Pouillet constructed 
asomewhat similar instrument called the Pyrheliometer, 
for ascertaining the heating power of the aun’s rays. In 
both inetruments the heat of the eun was absorbed by a 
veservoir containing water, and the rise of temperature 
of the water was exactly observed, either by its own 
expansion, or by the cadiage of a delicate thermometer 
immersed in it But. in eraae the actinometer to the 
sun, we do not obtain the full effect of the heat absorbed, 
because the receiving surface is at the same time radiating 
heat into empty space. The observed increment of tem- 

ature is in short the difference between what is received 

the sun and lost by radiation, The latter quantity is 
capable of determination ; we have only to shade the 
dostrument from the direct rays of the sun, leaving it 


} Admiroliy Manual of Scientsfc Enquiry, 2a: ed, p, 209. 
2 
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an time. By alternate ex| in sun and shade 
a Srol reealispity. bs oA 


pose of demonstrating the compressibility of water, 
He constructed « Heiser with a large Ti full of 


the water was relieved from the pressure of the attno- 
sphere, but the glass bulb in bearing that pressure was 
somewhat contracted. He next placed the instrument 
under tho receiver of an wee on exhausting the 
air, the water sank in the tube, Having thus obtained a 
mensure of the effect of atmospheric pressure on the bulb, 
he opened the top of the thermometer tube and admitted 
the air, The level of the water now sank still more, partly 
from the pressure on the bulb being now compensated, and 
partly from the compression of the water by the utma- 
spheric pressure, It is obvious that the amount of the 
latter effect was approximately the difference of the two 
observed depressions. 

Not uncommonly the actual phenomenon which we wish 
to measure is considerably less than various disturbing 
effects which enter into the question. Thus the compres- 
sibility of mercury is considerably less than the expansion 
of the vessels in which it is measured under UN, 80. 
that the attention of the experimentalist has Bietly to be 
concentrated on the change af magnitude of the vessels, 
Many astronomical phenomena, such as the parallax or the 
proper motions of the fixed stars, are far less than the 
errors caused by instrumental imperfections, or motions 
arising from procession, nutation, and aberration. We 
need not be surprised that astronomers have from time to 
time mistaken one phenomonon for anothor, as when Flam~ 
ateed imagined that he had discovered the paralldx of the 
Pole star? 

} Pouillet, Taylor's Scientific Memoirs, vol. iv. p. 45- 
2 Bally's Aecount of the Kev. Sohn Flamateed, p, $8. 
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Methods of Etiminating Error. 

In any patticular experiment it is the object of the ex~ 
peximentalist to measure a singlo effect only, and he 
endeavours to obtain that effect free from interfering 
effects, Ef this cannot be, as it seldom or never can 
really be, he makes the effect a8 considerable as possible 
compared with the other effects, which he rwduces to a 
i jum, and treats as noxious errors. Those quantities, 
which are called errors in one case, may really be most 
important and interesting phenomena in another investiga- 
tion, When we speak of climinating error we really 
mean disentangling the complicated phenomena of nature. 
‘The physicist rightly wishes to treat one thing at a time, 
but as this object can seldom be rigorously carried into 

ice, he has to seek some mode of counteracting the 
levant and intérfering causes, 

‘The general principle is that a single observation can 
render known only a single quantity. Hence, if several 
different quantitative effects are known to enter into any 





a2 





THE PRINCIPLES OF SCLENCE, fenar. 


(4) The Method of Compensation. He may invent sore 
mode of neutralising the interfering cause by balancing 
against it an exactly equal and opposite cause of unkuown 


amount. 

(5) The Method of Reversal. He may so conduct the 
experiment that the interfering cause may act in opposite 
directions, in alternate observations, the mean result being 
free from interfarence. 





1. Melhod of Avoidance of Error. 


Astronomers seek opportunities of observation when 
errors will be as small as possible, In spite of elaborate 
observations and long-continued theoretical investigation, 
it is not. practicable to assign any satisfactory law to the 
refractive power of the atmosphere. Although the appar 
rent change of place of a heavenly body dee 
airanion alle more Sr Jess accurately salouiete yet 
the error depends upon the temperature and pressure of 
the atmosphere, and, when a ray is highly inclined to the 
perpendicalar, tho uncertainty in the refraction becomes 
very considerable. Hence astronomers always make their 
observations, if poasible, when the object is at the highest 
point of its course, i.e. on the meridian, In some 
kinds of investigation, as, for instance, in the determination 
of the latitude of an observatory, the astronomer is at 
liberty to select one or more stars out of the countless 
number visible, Thore is an evident advantage in such a 
case, in selecting a star which passes close to the zenith, 
so that it may be observed almost. entirely free from atmo= 
epheric refraction, aa was done pepack 

Astronomers endeavour to render their clocks.as accurate 
ae ible, by removing the source of variation, The 
pendulum is perfectly isochronous a0 long as its 
remains invariable, and the vibrasions are exactly of equal 
Jength. They render it nearly invariable in length, that 
is in the distance between the centres of suspension and 
oscillation, by a compensatory arrangement for the c) 
of temperature, But as this compensation may not 
perfeotty. accomplished, some astronomers place their chief 
controlling clock in a collar, or other apartment, whore 
the changes of temperature may be as slight as possible, 
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At the Paris Observatory a clock bes beon placed in the 
caves beneath the building, where there is no appreciable 
difference between the summer and winter temperature, 
To avoid the effect of unequal oscillations Huygheus 
made his benutiful: investigations, which resulted in the 
dizcovery that-a pendulum, of which the centre of oscilli- 
tion moved — a cycloidal ety would be es 
fsochronous, whatever the variation in the length of oseilla- 
tions, But though a precalecs may be easily rendered in 
some degree cycloidal by the use of a steel suspension 
spring, it is found that the mechanical arrangements re- 
quisite to produce a truly eyeloidal motion introduce more 
error than they remove. Hence astronomers seek to 
reduce the error to the smallest amount by maintaining 
their clock pendulums in uniform movement; in fact, 
while a clock is in good order and has the same weights, 
there need be little change in the length of oscillation, 
When a pendulum cannot be made to ewing uniformly, as 
in experiments upon the force of gravity, it becomes re- 
quisite to resort to the third method, and a correction is 
introduced, caloulated on theoretical grounds from the 
amount of the observed change in the length of vibration. 
‘It has been mentioned that the apparent expansion of a 
liquid by heat, when contained in a thermometer tube or 
other vessel, ia the difference between the real ex} rs 
of the liquid and that of the containing v: e 
effects mete accurately dist fahed. provided that we 
can learn the real expansion by heat of any one convenient 
liquid ; for by observing the apparent expansion of the 
same liquid in any required vossel wo can by difference 
learn the amount of expansion of the vessel due to any 
‘of temperature, When we once know the 
change of dimensions of the vessel, we can of course deter- 
mine the absolute expansion of any other liquid tested in 
it. Thus it became an all-important object in scientific 
research to measvre with accuracy the absolute dilatation 
by heat of some one liquid, and mercury owing to several 
circumstances was by far the most suitable. Dalong and 
Petit devised a beautiful mode of effecting this by simply 
avoiding altogether the effect of the change of size of the 
yessel. Two upright tubes full of mercury were connected 
by a fine tube at the bottom, and were maintained at two 





mercury, 
length of columns of equal hydro- 
static pressure, which at once gives the difference of den- 
sity ot the mercury, and the dilatation by, heat, The 
changes of dimension in the containing tubes became a 
anatter of entire indifference, and the length of a column 
of m at different temperatures waa measured as 
ar ciaeae bar. The oe 

ault with many improvements 

and the absolute dilatation of eae tem 
between co” Cent and 350°, was determined as 

accurately as was : 

The presence of a large and uncertain amount of error 
may render a method of experiment valueless, Foucault 
devised a beautiful experiment with the pendulum for 
demonstrating popularly the rotation of the earth, bub it 
could be of no use for measuring tho rotation exactly, It 
is impossible to make the pendulum swing in # perfect 
plane, and the slightest lateral motion gives it an elliptic 
path with # progressive motion of the axis of the ellipse, 
which disguises and often entirely overpowers that due to 
‘tho rotation of the earth.* 

Faraday's laborious experimeAts ou the relation of gravity 
and electricity were much obstructed by the fact that it is 
impossible to move # large sweet of metal without gener 
poucane of electricity, either by friction or induction. 
To distinguish the electricity, if any, directly due to the 
action of gravity from the greater quantities indirectly pro- 
duced was a problem of excessive difficulty, Baily in his 
experiments on the density of the earth was aware of the 
existence of inexplicable disturbances which have since 
been referred with much probability to the action of 
olectricity,* The skill and ingenuity of the experimentalist 
' Jamin, Coura ds Physique, vol. i. pp. 1s—28, 

+ Philowphteat Maputing 18st, qth herls, vol. pasion 
2 ets Philosophical Trunaactions, 1847, vol, cdsavii. pp. 217 
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are often exhausted in trying to devise « form of ap) 
in which such causes of error shall be reduc Sate 
minimum. 
Ta some rudimentary experiments we wish merely to 
ee, the existence on A quantitative effect ‘without 
Measuring its amount; if there exist causes of 
ent ae which we can neither render the amount known 
le, the beat way ia to make them all 
Mea so that the quantitative effects will be Jess than 
trath rather than greater, Grove, for instanee, in 
ene eines the magnetisation or demagnetisation of a 
piece of iron raises its temperature, took care to maintain 
the electro-magnet by which the iron was magnetised at 
a lower temperature than the iron, so that it would cool 
rather than warm the iron by radiation or conduction.+ 
Ramford's celebrated experiment to prove that heat was 
generated out of mechanical foree in the boring of a 
cannon was subject to the difficulty that heat might be 
brought to the cannon by conduction from neighbouring 
bodies, It was an ingenions devico of ner 6 oe 
friction by a piece of clock-work resting wy & block 
of ice in an exhausted receiver; as the ine rose in 
temperature above 32°, it was certain that no heat was 
received by conduction from the Brie Tn many 
other experiments ice may be employed to prevent the 
access of = by conduction, a his ee) a put in 
practice by Murray,* is beautifully employed in Bunsen’s 
calorimeter. 


To observe the true temperature of the alr, thongh 
rently 80 oP is really a vory difficult matter, because 

ie thermometer is sure to be affected either by the sun's 
ry tn radiation from neighbouring objects, or the escape 
t into space, These sources of error are too fluctu- 

ating to allow of correction, so that the only accurate mode 
of procedure is that devised by Dr. Joule, of surrounding 
the thermometer with a copper cylinder ingeniously 


} Phe Correlation of Phywical Poreen, 31 8. p. 159. 
2 Goliclal ‘Works of Sir H, Dovy, voh. ii. pp. 13-14. Elements of 


* Nichols aoa L 241; quoted in Treative on Heat, 
Geefal Knowledge Society, p. 2c 
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adjusted to the temperature of the air, as described by 
‘him, so that the effect of radiation shall be nullified. 

When the avoidance of error is not practicable, it will 
yet be desirable to reduce the absolute amount of the 
interfering error as much as possible before employing the 
succeeding methods to correct the result. As a general 
rule we can determine « quantity with less inueoursoy as 
‘it is amaller, so that if the error itself be small the error in 
determining that error will be of a still lower order of 
magnitude. But in some cases the absolute amount of an 
error is of no consequence, as in the index error of a 
divided circle, or the difference between a.chronometer and 
astronomical time. Even the rate at which a clock gains 
or loses is a matter of little importance provided it remain 
constant, 80 that a sure calculation of its amount can be 
made, 


24 Differentiad Aethod, 


When we cannot avoid the existence of errr, we can 
often resort with success to the second mode by measurin, 
phenomena under such circumstances that the error shi 
remain very nearly the same in all the observations, and 
neutralize itzelf aa regards the purposes in view. This 
mode is avnilable whenever we want a difference between 

juantities and not the absolute quantity of either. The 
dutermination of the parallax of the fixed stars is exceed- 
ingly difficult, because the amount of parallax is far less 
than most of the correstions for atmospheris refraction, 
nutation, aberration, precession, instrumental irregularities, 
&c, and can with difficulty be detected among these pheno» 
amnena of various magnitude, But, as Galileo long ago 
ageetes, all such difflculties would be avoided by the 
ifferential observation of stars, which, though apparently 
close together, ane really far separated on the line of sight. 
Two such stars in close apparent proximity will be sub- 
ject to almost exactly cqual errors, so that all we 
need do is to observe the apparent change of place of 
the nearer star ag referred to the mor distunt one 


1 Clak Maxwell, Theory of Heat, p. 228. Eroconléage of the 
Manchesler Philosophical Socsey, Nov, 46, 186}, eel eas. 
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A good telescope furnished with an accurate micrometor 
is alone needed for tho ay tion of the method, 
aeayuiiece jargon to ere the first observer who 
ied to method practically, but 
Teac wotil 1835 riety the improvement of telescopes 
and micrometers enabled Struye to detect in this way 
the parallax of tho star a Lyre, It is one of the many 
advantayes of the observation of transits of Venus for the 
determination of the solar parallax that the refraction of 
‘the atmosphere affects in an exactly equal degres the planet 
and the portion of the sun's face over which it is passing, 
Thus the observations are strictly of a differential nature, 


to ascertain the equality or inequality of two weights 
Wik almost perfect freedom fom 


A and B be placed in the scales of the best balance 
we cannot be sure that the equilibrium of the beam 
indicates exact equality, because the arms of the beam 

be unequal or unbalanced, But if we take B out 

dd put another weight © in, and equilibrium still 
exists, it is apparent that the same causes of erroneous 
wi ‘exist in both cases, supposing that the balance 
has not been disarranged ; B then must be exactly equal 
to ©, since it has exactly the same effect under the same 
circumstances, In like manner it is a general rule that, 
if by any uniform mechanical process we get a copy of an 
object, it is unlikely that this copy will be precisely the 
same as the original in magnitude and form, but two copies 
will equally diverge from the original, and will therefore 
almost exactly resemble each other, 

‘Leslie’s Differential Thermometer* was well adapted 
to the experiments for which it was invented. Having 
two equal bulbs any ulteration in the temperature of the 
air will act equally by conduction on each and produce 
no chauge in the indications of the instrument. Only 
that radiant heat which is purposely thrown upon one 
of the bulbs will produce any effect. This thermometer 
in short carries out the principle of the differential method 
in a mechanical manner, 





1 Leslie, Inquiry jato the Nature af Heat, 7. 10. 
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3. Methad of Correction, 


Whenever the result of an experiment is affected by an 
interfering cause to a calculable amount, it is sufficient to 

ld or subtract this amount. We are said to correct 
observations when we thus eliminate what is due to 
extraneous causes, although of course we are only sepa- 
rating the correct effects of several agents The variation 
in the height of the barometer is partly due to the change 
of temperature, but since the coefficient of absolute 
dilatation of merenry has been exactly determined, as 
already described 341), we have only to mnke enl- 
culations of a simple churacter, or, what is better still, 
tabulate a series of such calculations for general use, and 
thecorreetion for temperature can be made with all d 
accuracy, ‘The height of the mercury in the barometer is 
also affected by capillary attraction, which depresses it by 
aconstant amount depending mainly on the diameter of 
the tube. The requisite corrections can be boteetr with 
aceul sufficient for most pw , Mone especi as 
we ca Chae the correctness Tetha vending of ¢ ban 
wise arison with a standard barometer, and introduce 
if need be an index error including both the error in the 
allixing of the scale and the effect duc to eapillarity, But 
in constructing the standard barometeritsell we mist take 
greater procautions ; the capillary doproseion depends 
somewhat upon the quality of the glass, the absence of air, 
and the perfect cleanliness of the mercury, so that 
cannot assign the exact amount of the effect. Hence a 
standard barometer is constructed with a wide tube, some 
times even an inch in diameter, a0 that the capillary effect 
may be rendered almost zero Gay-Lussac rade baro- 
meters in the form of a uniform siphon tube, so that the 
capillary forces acting at the upper and lower surfaces 
should balance and destroy each other; but the method 
fails in pructice because the lower gurface, being open to 
the air, becomes sullied and subject to a different force of 
capillarity, 

In mechanical experiments friction is mm interfering 
condition, and drains away a portion of the energy in- 





' Jevons, Watts’ Dictionary of Chemistry, vol, i pe $13—515- 
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tended to be operated upon in a definite manner. We 
should of course reduce thestiction in the 





his admirable but almost ens researches concerning 
agen eee teat os ahem apie 
manner letermining ial what weight, acting by a 
cord and roller upon his model water-wheel, would make 
it turn without water as mpidly as the water made it turn. 
Tn short, he ascertained what weight concurring with the 
‘water would exactly compensate for the friction! In Dr. 
Joule’s experiments to determine the mechanical equiva- 
lenp of heat by: the condensation of air, a considerable 
amount of heat was produced by friction of the conn 
pump, and a small portion by stirring the water employs 
to absorb the hest, This heat of friction was measured. by 
simply repeating the experiment in an exactly similar 
manner except that no condensation was eifacted, and ob- 
serving the change of temperature then produced. 

We may describe as test experiments any in which we 
prion Leen not intended to give the Lire 
t incipal phenomenon, but some quantity whic! 
hick main ag an error in the result. Thus in 
astronomical observations almost every instrumental error 
may be avoided by increasing the number of observations 
and distributing them in such a manner os to produce 
in the final mean as much error in one way as in the 
other. But there is one source of error, first discovered 
by Maskelyne, which cannot be thus avoided, because it 
affects all observations in the same direction and to the 
same average amount, namely the Poraonal Error of the 
observer or the inclination to record the passage of a star 
across the wires of the telescope a little too soon orn 
little too late. This personal error was first carefully 
described in the Edinburgh Journal of Science, vol. i. 
p.178 Thedifference between the judgment of observers 
nt the Greenwich Observatory usually varies from yy to f 


1 Philosephicad Transactions, vol. lie pe 100. 
1 Phidowphieal Muyasine, 3rd Sezica, Tol. xxvb pe 372, 
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fleereacst) Cy presi Obes ee eons A 
ol ne ‘ised. ol ir Ai 
lulum experiments recorded all his time per 
a second too early on the average as compared with 
the chief observer? In some observers it has amounted to 
seven or eight-tenths of « second” De Morgan appears to 
have entertained the opinion that this source of error was 


exact moment of its passage 
has in fact boon successfully empl in Leyden, Paris, 
and Neuchatel.” More recently, observers were ed 


judgments of different observers would become apparent, 
it seers likely that teste of this nature might be employed 
with advantage in other cases, 

Newton employed the pendulum for making experi- 
ments on the impact of balls, ‘wo balls were hung in 
contact, and one of them, being drawn aside through a 
measured are, was then allowed to strike the other, the 
ares of vibration giving sufficient data for calculating the 
distribution of energy at the moment of impact. The 
resistance of the air was an interfering cause which he 
estimated very simply by causing one of the balls to 
nuke several complete vibrations without impact and then 
marking the reduction in the lengths of the arcs, a proper 
fruetion of which reduction was added to each of the other 
ares of vibration when impact took place? 


1 Greenwich Observations for 1866, p. xllx. 
inieat 56, De 


? Frinpipia, Book I, Law TIL Corollary VI Scholiam. Motte's 
translation, vol. i. p. 33. 
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80 08 to atta heniegs 
cia 


infortunately 
the French metre was dotined ys a ae of platinum at, 


‘Ite quite impossible, then, to make a rion of the 
=e econ the introduction of & corr 


according to their er condition that it is 

8 to infer from one bar to another, 
we come to use instruments with great accuracy 
there: ars many minute sounes of error which must be 
guarded against. If a thermometer has been pees 
Bebe et, # will read somewhat differently 
pressure of a column of mercury 
Gee ran Ay tulb. The reading may also be 
shat altered if it has recently been raised to a 
temperature than usual, if it be placed under 


act woights and measures, &e, ie upon the 
height of the barometer; but when experiments in dif- 
ferent parts of the world are compared together we ought 
ren ae refinement to take into account the varying 
ola ned which even between London and Pans 

ifference of ‘008 inch of mercury. 
aan of quantities of heat is a matter of 
> because there is no known substance 
to heat, and the problem is therefore as 
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difficult as to measure liquids in porous vessela, To 
determine the latent heat of steam we must condense a 
cartain amount of the steam in a known weight of water, 
te ie! observe the rise of temperature of the aaa 
ut while we are carrying eut the experiment, 
the heat will escape by Tediation and Lantaroea eS 
the condensing vessel or calorimeter. We way indeed 
roduce the loss of heat by using vessels with double sides 
and bright surfaces, surrounded with swans-down wool or 
, other non-conducting materials; and we muy also avoid 
raising the temperature of the water much above that of 
the surrounding air. Yet we cannot by any such means 
render the loss of heat inconsiderable, Rumford ingeni- 
ously proposed to reduce the loss to zero by commencing 
the experiment when the temperature of the culorimeter 
is as much below that of the air as it is at the end of the 
experiment above it, Thus the vessel will first gain and 
then lose by radiation and conduction, and these opposite 
errors will approximately balance each other. Bat Reg- 
nault has ahown that the loz and gain do not proceed by 
exactly the some laws, so that in very accurate inves- 
tigations Rumford's method is not suflicient. There 
remains the method of correction which was beautifally 
quried out by Reguault in his determination of the latent 
heat of steam. He employed two calorimeters, made in 
exactly the same way and alternately used to condense a 
certain amount of steam, so that whale one was measuring 
the latent heat, the other calorimeter was engaged in 
determining the corrections to be npplied, whether an 
account of radiation and conduction from the vessel or 
on account of heat reaching the vessel by means of the 
connecting pipes 


4 Method of Compensation, 


There are many cases in which a cause of error cannot 
conveniently be rendered null, and is yet beyond the 
reach of the third method, that of calculating the requisite 
correction from independent observations, The magnitude 


\ Graham's Chemical Reports and Memoirs, Cavendish Society, 
PP: 247, 208, do 


ie 
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of an error may be subject to continual yariations, on 
account of change of weather, or other fickle cirumstances 
beyond our control, It may either be impracticable to 
observe the variation of those ciroumstinces in sufficient: 
Getail, or, if obsarved, the calculation of the amount of 
error may be subject to doubt, In these cases, and only 
in these cases, it will be desirable to invent some artificial 
mode of counterpoiaing the variable error against an equal 
error subject to exactly the same variation, 

We cannot weigh an object with great bead unless 
we make a correction for the weight of the air displaced 
hy the object, and add this to the apparent weight, In 
very accurate investigations relating to stondard weights, 
it is usual to note the barometer and thermometer at the 





isplacod ; the third method in fact ig adopted. ‘To make 
these calculations in the frequent weighings requisite in 
chemical analysis would be exceedingly laborions, hence 


ned in a large glass globe for 
the purpose of determining its specitic gravity, the corrov- 


sealed glass globe of equal capacity to that containing the 
gas to pabtels ake ah “ ra 


A device of nearly the same kind is a a in the 
construction of galvanometers which measure force of 
an clectric current by the deflection of a suspended 

needle, The resistance of the needle is partly 
due to the directive influence of the corth’s mnguetism, 
and partly to the torsion of the thread. But the former 
force may offen bo in¢onveniently great os well as 
troublesome to determine for different inclinations, Hence 
it is enstomary to connect together two equally magnetised 
needles, with their poles pointing in opposite directions, 


§ Rognanlt's Cours Blémentaive de Chimie, r85¢, voli. p. rgt, 
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pole 

An elegant instance of the elimination of a disturbing 
force by compensation is found in Foroday’s researches 
upon the magnetism of gases. To observe the magnetic 
attraction or repulsion of a gus seems impossible unless we 
enclose the gas in an envelope, probably best made of 

But any such envelope is sure to be more or 

affected by the magnet, 20 that it becomes difficult to 
distinguish between three forces which enter into the 
problem, namely, the magnetism of the gas in question, 
that of the envelope, and that of the surrounding atmo- 
spheric air, Faraday avoided all difficulties by employing 
two equal and similar glass tubes connected together, 
so suspended from the arm of a torsion balance that the 
tubes were in aimilar parta of the magnetic field. One 
tube being filled with nitrogen and the other with 0; 
it was found that the oxygen seemed to be attracted and 
the nitrogen repelled. “The suspending thread of the 
balance was then turned until the foree of torsion restored 
‘the tubes to their original places, where the magnetism of 
the tubes as well as that of the surrounding air, 
the same and in the opposite directions upon the two tubes, 
could not produce any interference. The force required 
to restore the tubes was measured by the amount of 
torsion of the thread, and it indicated correctly the dif- 
ference between the attractive powers of oxygen and 
nitrogen, The oxygen was then withdrawn from one of 
the tubes, and a second experiment made, so as to compare 
a vacuum with nitrogen. No foree was now required. to 
maintain the tabes in their places, so that nitrogem was 
found to be, approximately speaking, indifferent to. the 
magnet, that is, neither magnetic nor diamagnetic, while 
oxygen was proved to be heated magnetic.’ It required 
the highest experimental skill on the part of Faraday 
and Tyndall, to distinguish between what is apparent and 
real in magnetic attraction and repulsion. 

Experience alene can finally decide when a com 


1 Tyndall Formiay, pp. 114, 1155 
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pensating it is conducive to accuracy. As a 
general rule mechanical compensation is the pera 
and in the more accurate observations it is likely to 
introduce more uncertainty than it removes, A multitude 
of instruments involving mechanical compensation have 
been devised, but they are usually of an unscientific 
character, because the errors meated can be more 
accurately determined and allowed for, But there are 
ext 2 to this rule, and it seems to be proved that in 
the delicate and tiresome operation of mi ing a base 
ine, invariable bars, compensated for expaon by heat, 
ive the most accurate resulta. This arises from the fact 
it is very difficult to determine accurately the 
temperature of tho measuring bars under varying con- 
ditions of weather and manipulation? Again, the last 
RGus vaeey depends upon muchas eoncpeciaton 
upon mec! com 7m. ae 

George Airy, 0 that the standard clock increased 
ite losing rate o'30 second for an increase of one inch in 
Oe Nd placed a magnet moved by a baro- 
meter a position below the rakes ag almost 
entirely to neutralise this cause of irregularity. ‘The 
thorough remedy, however, would be to remove the cause 
of error altogether by ing the clock in a vacuous case, 
We thus see that the choice of one or other mode of 
eliminating an error depends entirely upon circumstances: 
and the object in view; but we may safely lay down the 
followin; nt conclusions. First of sll, seek to avoid the 
source of error altogether if it can be conveniently done; 
if not, make the experiment so that the error may be as 
small, but more especially as constant, as possible, If the 
means are at hand for determining its amount by calcula- 
tion from other experiments and principles of science, allow 
the error to exist and make a correction in the result, If 
this cannot be accurately done or involves too much labour 
for the in view, then throw in a counteracting 
errot Which shall as nearly as possible be of equal amount 
in all circumstances with that to be eliminated, There yet 
remains, however, one important method, that of Reversal, 


7 5 one 
Seo, sprees wu sate pear nem 
* Grant, History of Physical enw PE BABS TAT. 
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which will form an appropriate transition to the i 
chapters on the Method of Mean Results and the Law 


5. Method of Reversal, 


The fifth method of eliminating error is most po! 
and satisfactory when it can be applied, but it ie 
that we shall be able to reverse the apparatus and mode 
of procedure, so ns to make the interfering cause act 
aterm in a exons directione, If we can get two 
experimental its, one of which is as much too great as 
the other is too small, the error is equal to half the dit 
ference, and the true result is the mean of the two 
apparent results. Tt is an unavoidable defect of the 
chemical balance, for instance, that the \ pk of guspen- 
sion of the pans cannot be fixed at exactly equal distances 
from the centre of suspension of the beam, Hence two 
weights which seem to balance each other will never be 
quite oqual in reality, The difference is detected re Te. 
versing the weights, and it may be estimated by adding 
small weights to the deficient side to restore equilibrium, 
and then taking as the true weight the geometric mean of 
the two sipeit weights of the same object, If the 
difference is small, the arithmetic mean, that is half the 
sum, may be substituted for the geometric mean, from which 
it will not appreciably differ. 

This method of reversal {3 most extensively employed 
in practical astronomy. The apparent elevation of a 
heavenly body is observed by a telescope moving upon 
a divided circle, upon which the ation of ae 
telescope is read off. Now this reading will be erroneous 
if the circle and tho erie have not accurately the 
same centre. But if we off at the same time both 
ends of the telescope, the one reading will be about a5 
much too amall as the other is too great, and the mean 
will be newrly free from error, In practice the observu- 
tion is difforontly conducted, but the principle is the sama ; 
the telescope is fixed to the circle, which moves with it, 
‘and the anglo through which it moves is read. off at three, 
six, or more points, disposed at equal intervals round the 
cirele. The older astronomers, down even to the time of 
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Flamsteed, were accustomed to use portions only of a 
divided circle, generally quadranta, and Romer made a 
‘vast improvement when he introduced the complete circle, 

The transit circle, employed to determine the meridian 
passage of heavenly bouies, 48 so constructed that the 
nei and the axis bearin, git, in fact the whole moving 
part of the instrument, can be taken out of the bearing 
gockets and turned over, so that’ what was formerly the 
‘western pivot becomes the eastern one, and vice versd, 
Tt is impossible that the instrument could have been 
*0 perfectly constructed, mounted, and adjusted that the 
telescope should point exnetly to the meridian, but the 
effect of the revereal is that it will point as much to 
the west in one position us it does to the east in the 
other, and the mean result of observations in the two 
positions must be free from such cause of error. 

‘The accuracy with which the inclination of the compass 
needle can be determined depends almost entircly on the 
amethod of parca! The dip needle consists of a bar 
of magnetised steel, suspended somewhat like tho boam of 
a delicate balance on a slender axis pasting, song the 
contre of gravity of the bar, so that it is at liberty to rest 
‘in that exact degree of inclination in the magnetic meridian 
which the maguetiun of the earth induces. The inclinn= 
tion is read off upon a vortioal divided circle, but to avoid 
error arising from the centring of the needle and circle, 
‘both ends are read, and the mean of the results is taken, 
The whole instrument is now turned carefully round 
through 180°, which causes the needle to assume a new 

ition relatively to the circle and gives two new readings, 
in which any error due to the wrong position of the zero 
of the division will be reversed, As the axis of the needle 
may not be exactly horizontal, it is now reversed in the 
same manner a8 the transit instrument, the end of the axis 
Which formerly pointed east being made to point weet, and 
& new set of four readings is taken. 

peas erm Seapets Arie Mn 
ly through centre of gravity of the bar, an 
this error can only be detected and eliminated on chang- 
ing the magnetic A iises of the bar by the application of a 
stroug magnet. The error is thus made to act in opposite 
directions, To ensure all possible accuracy each reversal 

Aaa 





passing in opposite directions through 

air and the wind will accelerate one 

t exactly na it retards the other. Again, in 
surveys the t height of a point will 
eileen : ra an beh! 

ut if in the case of points the apparent 

ion of each as seen from the other be observed, the 


ions will be the same in amount, but reversed in 
direction, and the mean between the two apparent dif- 
ferences of altitude will give the trae difference of level. 

In the next two chapters we really pursue the Method 
of into more complicated applications. 





* Quetelut, Sur Ia Physique du Globe, . Jamin, Cours de 
eens ied ra 





CHAPTER XVI. 
THE meron OF MEANS. 


ALL results of the measurement of continuous quantity 
can be only approximately true, Were this assertion 
doubted, it could readily be proved by direct 
If any person, using an instrument of the test pre~ 
cision, makes and registers successive be greta in 
an unbiassed manner, it will almost invariably be found 
that the results differ from each other. When we operate 
with sufficient care we cannot perform so Spl an 
experiment as weighing an object in a good 
withont getting discrepant numbers. Only the rough 
and careless experimenter will think that his observations 
agrees ‘but in reality he will be found to overlook the 
differences, The most elaborate researches, such as those 
undertaken in connection with standard weights and 
measures, always render it apparent that complete coinci- 
dence is out of the question, and that the more accurate 
our modes of observation are rendered, the more numerous 
are the sources of minute error which become apparent. 
We may look upon the existence of error in all mensure- 
ments as the normal state of things It is absolut 
impossible to eliminate separately the multitude of smi 
disturbing influences, except by balancing them off against 
each other, Even in drawing a mean it is to be 
‘that we shall come near the truth rather than exactly to 
it. In the measurement of continuous Rate absolute 
coincidence, if it seems to occur, must nit, 
and is no indication of precision. Tt is one a's je most 
embarrassing things we can meet when experimental 


q 
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than any other, as a wal rule, to bring us 

pre a Th dpe npn ote area ea 
was highly esteemed in the ancient philosophy of Greece 
Moe ie ws Uutany of the suelants 
should have been able cl to analyse and express the 
reasons why thay sstvoeatea tb the mean as the safest: course, 
But in the last two centuries this apparently oa 

uestion of the mean malay been found to afford a field 
exercise of the utmost mista} skill. Roger 
Cotes, the editor of the Principia, appears to have had 
some insight into the value oft the ela ec esed but Baits 
gee aed aS etd Daniel ie 

‘Tagran, nas, Quetelet, orga, 
Taio Ellis, Boole, Glaisher, and others, have "haaily ex- 
hausted the subject. 


Several uses of the Mean Result. 


wate elimination of errors of unknown sources, is almost 
aking accomplished by the simple arithmetical process 
eee er or, as it is often called, the ews 
ascend nt numbers, To take an 
quantities together, and divide ty hs 
or quantities thus added, which gives a quotient 
ying among, or in the middle of, the several quiintitios, 
jefore however inquiring fully into the grounds of this 
procedure, it is ossontial to observe that this one arith- 
metical process is really applied in at least three different 
cases, for different purposes, and upon different ely 
and we must take great care not to confuse one app! 
tiom of the process with another, A mean result, then, 
have any one of the following «i . 
ma) I tt oer give a merely representative number, 
he general magnitude of a series of quantities, 
aay asa convenient mode of comparing them 
with other series of quantities. Such a number is ae 
called Phe fictitious mean or The average reault. 

(2) Tt may give a result epeuinataly free from 
disturbing quantities, which are known to affect some 
results in one direction, and other results equally in tho 
4 appara ‘We may say that in this case we get 

ise mean result, 


Tt ive a result tnoreor less free from wnkaow 
sapere ai this we may call rile ae 
heparin 


these three uses of the mean Sas Biv lnsndlehies 
aggregate of 


the mean resta entirely upon 
and will be more fully 


The Mean and. tha Average 


Much confusion exists in the popular, or even the 
scientific employment of the terms mean and average, and 
they ans commonly taken as synon3 . This nee 
to ascertain carefully what significations wo 
attach to them, The poet mat nay ee lent to 
medium, being derived, perhaps through t 
from the Latin medius, whioh again is undoubtedly indeed 
with the Greek pecog. Etymologists believe, too, that this 
Greek word is connected with the preposition wera, the 
German mitts, and the true English mid or middle ; s0 that 
after all the mean is a term identical in its root 
with the more popular equivalent middle. 

Tf we inquire what is the mean in a mathematical point 
of view, the true answer is that there are several or.many 
kinds of means. The old arithmeticians recognised ten 
kinds, which ore stated by Bocthius, and an eleventh was 
added by Jordanus.” 

The arithmetic mean ia the one by far the most 
commonly denoted by the torm, and that which we may: 
understand it to signify in the absence of any qualification, 
It is the sum of a series of quantities divided by their 
number, and may be represented by the formula 4 (a +). 


‘De , 
appbe, Merme, Surplaness to the Peway Oylpai, tet Old 
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moean of which is $ (i 4 7), and the reciprocal again is 
eee harmonic mean, Other kinds of 


ibolicall npr -)=$ Cn ty 2%...) thon y 
Bb Pel f cican of the quictiiioy eras &e 
jetric mean is necessarily ‘edopted i in certain 
eases, n wo estimate the work done against a force 
which varies inversely as the square of the distance from a 
fixed point, the mean force is the geometric mean between 
the forces at the beginning and end of the path, When in 
an balance, we reverse the weights to eliminate 
‘error, the true weight will be the geometric mean of the 
fo npparent weights. In almost all the calculations of 
and commerce the geometric mean ought, strictly 
‘speaking, to be used. If a commodity rises in price 100 
‘Percent, and another remains unaltered, the mean rise of 
A price is not 50 per cent. becanse the ratio 150: 200 is 
Hot the same a 160: 150. ‘The mean ratio is ax unity to 
Poo X Feo or T to 14h. The difference between the 


ly according to the Geometric and Harmonic 


chy tans ta} ae tha Mistiteod Boca, June 1865, vol. xxvii 
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In all calenlations concerning the average tate of 
of haere En atte a operations, the 
ic mean should be employed. For if a quant 

ereases 100 per cent, in TOO years, ib would not on 
average increase 10 per cent. in each ten years, as the 
10 per cent. would at the end of each decade be calenlated 
upon larger and larger quantities, and give at the end of 
100 years Touch more than 100 per cent, in fact as much 
a8 159 per cent. The true mean mte in each decade 
would he %/3 or about to7, that is, the increase would 
bo about 7 per cont. in cach ten years. But when the 
quantities differ very little, the arithmetic and geometrie 
means are approximutely the same, Thus the arithmetic 
mean of 1'000 and 1001 is 10005, and the geometric mean. 
is about 10004998, the difference heing of an order in- 
appreciable in almost all scientific and practical matters, 
Even in the comparison of standard weights by Gauss’ 
anethod of reversal, the arithmetic mean usually be 
substituted for the geometric mean which is the true result, 

‘eganding the mean in the absence of express qualifica- 
tion to the contrary as the common arithmetic mean, we 
must, still distinguish between its two uses where it 
gives with more or less aceuracy and probability o 
really existing quantity, and where it acts as a mere 
representative of other quantities If I make many 
experiments to determine the atomic weight of an element, 
there is a certain number which T wish to approximate to, 
and the mean of my separate results will, in the absence 
of any reasons to the contrary, be the most probable 
approximate result. When we determine the mean 
density of the earth, it is not because any part of the earth 
is of that exact density; there may be no part exactly 
corresponding to the mean density, and as the crust of thie 
earth has only about half the mean density, the internal 
matter of the globe must of course be above the mean. 
Eyen the density of a homogeneous substance like carbou 
or gold must be regarded as a mean between the real 
density of its atoms, and the zero density of the interven- 
ing Vacuous space. 

The very different signification of the word “mean” in 

these two uses was fully explained by Quetelet,! and the 

4 Letters on the Theory of Probabilities, wwunsl. by Downes, Patt 8, 
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i joe of the distinction was pointed ont by Sir Sohn 
Heschel reviewing his work. It is much bes de desired 
that scientific men would mark the difference by using the 
word mean only e the former sense whon it a ap: 
proximation to a definite existing quantity; and average, 
when the moan is only @ fictitious quantity, used for con~ 
venience of thought and expression. The MU eens of 
this word “average” is somewhat obscure ; bub ing 
to De Morgnn® it comes from averia, * havings or pos- 
sessions,” especially applied to farm stock. By the acci- 
dents of language everagium came to mean the labour of 
farm horees to which the lord was entitled, and it 

ably acquired in this manner the notion of distributing « 
whole into parts, a sense in which it was carly applied to 
Maritime averages or contributions of the other owners of 
same to those whose goods have been thrown overboard or 

for the safety of the vessel. 


On the Average or Fictitious Mean. 


Although the average when employed in its proper 
sense of a fictitious mean, represents no really existing 
quantity, it is yet of the highest scientific importance, as 
enabling us to conceive in a single reault a multitude of 
details It enables us to make a hypothetical simplifiea- 
tion of a problem,and avoid complexity without somite 
error, ‘The weight of a body is the sum of the weights 
infinitely small particles, exch acting at a different place, 
80 that a mechanical problem resolves itself, strictly speak- 
ing, into an infinite number of distinct problems.) We 
owe to Archimodes tho first introduction of the beautiful 
idea that one point may be discovered in a gravitating 
body such that the weight of all the particles may be re- 

led as concentrated in that point, and yet the behaviour 

of the whole body will be exactly mted by the 
haviour of this heavy point, ‘This Centre of Gravity 
may be within the body, as in the case of a sphere, or it 
may be in empty space, ag in the easeofaring, Any two 
ies, whether connected or separate, may be conceived 

1 Herschel's Euays, &e. pp 404, 405. 

+ On the Brrors tons, Cambridge PW) 

On the Theory of Berors ii aceon Jambeidge Bhilowoyliead 
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ee ane SEN ATT that of the sun and carth 
\ within the sun and only 267 miles from its centre, 

ugh we most commonly use the notion of a contre 

or avermge point with regard to gravily, the same notion 

a applicable i a nae npgearyenm e arene & cae 
approximately pa) forces, anc centre al 

is but a special case of the more Centre of Parallel 

Forces. Wherever a nuraber of forces of whatever amount 

act in parallel lines, it is penne to discover 4 point at 

which the algebraic sum of the foroes may be imagined to 

act with exactly the same effect. Water in a cistern 


presses against the side with a pressure varying acco! 
to the depth, but always in a direction dicular to 
the side. We may then conceive the w! ure as 


exerted on one point, which will be one-third from the 
bottom of the cistern, and may be called the Centre of 
Pressure. The Centre of O: jon of a pendulum, dis- 
covered by Huyghens, is that point at which the whole 
weight of the pe lulum may be considered a8 concentrated, 
without altering the time of oscillation (p. 315). When 
one body strikes another the Centre of Perenssion is that 
point in the striking body at which all its mass might be 
con rated without altering the effect of the stroke, Ta 
position the Centre of Percussion does not differ from. the 
Centre of Oscillation. Mathematicians have also described 
the Centre of Gyration, the Centra of Conversion, the 
Centre of Friction, &c, 

We ought carefully to distinguish between those cases 
in which an trvariatle centre can be assigned, and those in 
which it cannot. In perfect strictness, there is no such 
thing as a true invariable centre of gravity. As a general 
rule a body is capable of possessing an invariable centre 
only for perfectly parallel forees, and gravity never does 
act in absolutely parallel lines Thus, as usual, we find 
that our conceptions are only hypothetically correct, and 
only approximately applicable to real circumstances. 
‘There are indeed certain geometrical forms called Centro- 
dare, such that a body of that shape would attract anothor 
exactly as if the mass were concentrated at the centre of 
grayity, whether the forces act in a parallel manner or not. 





+ Thomson and Tait, Treatise on Natural Philosuphy, vol. i. P. 3946 
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Newton sect ee ees of matter have this 
A truth pi greatest importance 
in enti ing his calculations, Butitis after all cds 
hi feath, becanse we can nowhere meet with, nor 
can we construct, o perfectly spherical and homogeneous 
body. The slightest i ity or protrusion from the 
surface will ‘the rigorous correctness of the assum) 
tion, The spheroid, on other hand has no invariab] 
centre at which its mass may always be regarded as con- 
centrated. The point from which’ its reaultant attraction 
acta will move about according to the distance and posi- 
tion of the other attracting , and it will only coincide 
with the centre as regards an infinitely distant body whose 
attractive forces may be considered as acting in parallel 
lines. 
Physieists 31 familiarly of the poles of a magnet,and 
the term may be used with pity But, tee attach 


Only when we regard the as attracting a very 
distant, or, strictly speaking, infinitely distant particle, do 
its centres become fixed points, situated in short magnets 

imately at one-sixth of the whole length from cach 
end of the bar. We have in the above instances of centres 
‘or poles of force sufficient examples of the mode in which 
the Fictitious Mean or Average is employed in physical 
science. 


The Precise Mean Result. 


We now turn to that modo of employing the mean 
result which is analogous to the method of reversal, but 
which is brought into practice in a most extensive manner 
throughout many branches of phy science. We find 
the simplest possible case in the d Hinution of the lati- 
tude of a place by observations of the Pole-star. Tycho 
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Brohe suggested that if the elevation of any eireumy 
star were observed at its higher and lower ni 
the meridian, balf the sum of the elevations would be the the 
latitude of the place, which is equal to the height of the 
Such a star is as much above the pole at its highest 
passage, as it is below at its lowost, 90 that the mean must 
necessarily give the height of the pole itself free from 
doubt, except as regards incidental errors. Tho Polo-star 
is usually selected for the ose of such observations 
because it describes the-smallest circle, and is thus on the 
whole least affected by atmospheric refraction. 

Whenever sevéral causes are in action, each of which at 
one time increases and at another time decreases the sans 
effect by equal quantities, we may apply this method and 
disentangle the effects. Thus the solar and lunar tides 
roll on in almost complete independence of each other. 
When the moon is new or full the solar tide coincides, or 
nearly 60, with that caused by the moon, and the joint 
effect is the sum of the separate effects, When the moon 
ig in quadrature, or half full, the two tides are acting in 
opposition, one raising and the other depressing the water, 
so that we observe only the difference of the effects We: 
have in re 

pring tide = lunar tide + solar tide ; 
Noon tide = lunar tide — solar tide, 
We have only then to add together the heights of the 
maximum spring tide and the minimum neap tide, and 
half the sum ia the true height of the lunar tide, Half 
the difference of the spring and neap tides on the other 
hand gives the solar tide, 

Effects of very small amount may be detected with 
great approach to certainty among much ¢ fluctua- 
tions, provided that we have a serits of observationa suf- 
ciently numerous and long continued to enable us to 
balance all tho larger effects against each other. For this 
purpose the observations should be continued over at least 
ona complete cycle, in which the effects run through all 
their variations, and return exactly to the same ‘ive 

sitions us at the commencement. I casual or in 

sturbing causes exist, we should probably require arr 
such cycles of results to render their effect: in 
We obtain the desired result by taking the mean of all the 
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observations in which a cause ucts positively, and the 
mean of all in which it acta ‘ively. Half the diffe- 
rence of these means will give the effect of the cause in 
uestion, provided that no other effect happens to vary in 
same period or nearly so. 

Since the moon causes a movement of the ocean, it is 
evident that ite attraction must have some effect upon the 
atmosphere, The laws of atmospheric tides were investi- 

by Laplace, but as it would be impracticable by 
to calculate their amounts we can only determine 
them by observation, as Laplace predicted that they would 
cme day be determined? But the oscillations of the 
barometer thus caused are far smaller than the oscillations 
due to several other causes, Storms, hurricanes, or changes 
of weather produce movements of the barometer some- 
times as mach as a thousand times as great ws the tides in 
1a ‘There are also regular daily, par or other 
iuctuations, all greater than’ the d quantity, ‘To 
detect and measure the atmospheric tide it was desirable 
that observations should be made in a place as free as 
possible from irregular disturbances. On this aecount 
several long series of observations were mnde at St, 
Helena, where the barometer is far more regular in its 
movements than ina continental climate, The effect of 
the moon’s attraction was then detected by taking the 
mean of all the readings when the moon was on the me 
ridian and the similar mean when she was on the horizon. 
The difference of these means was found to be only 
00365, yet it was possible to discover even the variation 
of according as the moon was nearer to or further 
from tho earth, though this difference was only 00056 _ 
inch? Ib is quite evident that such minute effects could 
never be discovered in a purely empirical manner, Having 
no information but the series of observations before us, 
we could have no clue ax to the mode of grouping them 
which would give so smalla difference. In applying this 
ay of ree in an etd manner se must: gene- 
en have d priori knowledge ag to the periods at 
web 4 cauae will act in one direction or the AA re 











§ Beat jique sur les Probabitites, py. 49, 50 
4 Grant, History of Physical Astronomy, y. VOY, 








depth gives 

Ata pats ott t oven the yearly fluctuations ant 
nearly effaced, and tl thermometer stands a little above 
the true mean temperature of the locality, In regis 
OE nS MN tis Se yi de gare tes i 


to avoid the cscillations arising from sur waves, which 
is very readily accomplished by placing the float in a ols 
tern communicating by a hole with the sea. Only a 


Determination of the Zero point, 
Tn many important observations the chief difficulty con- 
iste in exactly the zero point from which we are 


are 
angle through which the is raised or lowernd ; 
but all this precision te eoclons unless we know 
exactly the centre paint of the heavens from which wo 
‘measure, or, what comes to the same thing, the horizontal 
line go* distant from it, Since the true horizon hag 


only determine 
eigers » 08 marked either by the plumb-line or the 
a aliqnid. The question resolves itself then into 
most accurate mode of observing the direction of 
pvity: and as the plumb-line has long been found 
hoy 


pelessly inaccurate, astronomers ly loy the 
surface of mercury in as the criterion of 
tality. They ingeni observe the direction of the 


surface by mal a star the indox, From the laws 
of reflection it follows that the angle between the 
direct ray from a star and that reflected from a surface 
of mereury will be exactly double the angle between the 
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surface and the direct my from the stan Hence the 
horizontal or zero point is the mean between the apparend; 
place of any star or other very distant object and ita 
reflection in mervury. 

A plumb-line is perpendicular, or a id surface is 
horizontal only in an approximate senso; for any irregu- 
larity of the surface of the earth, a mountain, or even a 
house must cause somo deviation by its attracting power, 
To detect such deviation might seem very difficult, because 
every other plumb-lino or liquid gurfave would be equally 
affected by gravity, Nevertheless it can be detected; for 
if we place one plumb-tine to the north of a mountain, and 
another to the eouth, they will be about equally deflected 
in opposite directions, and if by observations of the same 
atar We can measure the angle between the plumb-lines, 
half the inclination will be the deviation of either, after 
allowance has been made for the inclination due to the 
difference of latitude of the two places of observation. B: 
this mode of observation applied to the mountain Schiehal~ 
lion the deviation of the plumb-line was accurately measured 
Sateen, and thus a comparison instituted between 

uttructive forces of the mountain and the whole globe, 
which led to a probable estimate of the earth's density, 

Tu some cases it ix uctuully better to determine the zero 

int by the average of equally diverging quantities than 
S dire observation. Th ielivabe welahloge by achemival 
balance it is requisite to ascertain exactly the point at 
which the beam comes to rest, aud when standard weights 
are being compared the position of the beam is ascertained 
ae carefully divided scale viewed through a microucope. 

t when the beam is just corning to rest, friction, small 
impedimenta or other accidental causes may readily ob- 
struct it, because it is near the point at which the force of 
stability becomes infinitely small. Hence it is found better 
to let the beam vibrate and ebecrve the terminal points of 
the vibrations, The mean between two extreme points 
will nearly indicate the position of rest, Friction and 
the resistance of air tend to reduce the vibrations, so that 
this mean will be erroneous by half the amount of this 
effect during a half vibration, But by taking several ob- 
servations we may determine this retardation and allow 
for it, Thus if a, }, ¢ be the readings of the terminal 

BB 














jints of three excursions of the beam from the zero of the 


as peek ant Bi c+ d). 

‘The accuracy of Baily's experiments, directed to deter- 
mine the density of the earth, entirely ‘upon this 
mode of observing The whose gravi- 


A beautiful instance of avoiding the use of a zero poi 
is found in Mr. E, J, Stone's observations on the radiant 


were gent into the telescope from the atmosphere, and which 
were suflicient to disguise almost entirely the feeble heat 
rays of a star. But Mr. Stone tixed at the focus of his 
te pe a double thermo-electric pile of which the two 
parts were reversed in order, Now any disturbance of 
temperatura which acted uniformly upon both piles 
duoed no effect upon the galvanometer needle, and wi 
the a of the star were made to fall alternately upon 
ont pile and the other, the total amount of the deflection 
represented double the heating power of the star. Thus 
Mr. Stone was able to detect with much certeinty.a it 
effect of the star Arcturus, which even when concent 

hy the telescope amounted only to o'o2 Fahr, and which 
represents a heating effect of the direct ray of only about 
9%00000137 Fahr., equivalent to the heat which would be 
rseeived from a three-inch cubic vessel full of boiling 
water at the distance of 400 yarda* [t is probable that 


\ Gani, Taplore Secentife Momokrs, wo ip. 43y fe: 
1 Procedonpeey the Kopel Becta, VO avi. Bi tip Glan. 3341870) 
Philosophical Magazine (ath Series}, vol. xxxix, p. 
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timo us tha! of high water, But this mode of 
unfortunately does not give a correct result, because the 
‘tide follows different laws in rising and in falling. There 
is a diffleulty 3 Pinu penta i sg tide, 
ee tidology. 
a anery the tide of the etanieranleee the 





Ths exh takes tue or thos oe days te 
comp throngh the Noveniber sirsext} but astronomers: 
calculations to haye gome definite point fixed 

wit wt pt When near to the 


select a moment for the passage of the 
centre cyuidisack between times of equal frequency. 


Mastadabcscnae tie aes creas (cageetag ORE 
longitudes, sy are events 

moments of seit in, a wi al ets of th 
planctary system at the same time, allowance 

fr nara orp yh ght a ering But, 
as is explained eee * the moment of the event is 


because the long cone of 
Jorliagh chat shadow is eae a Deno ead panty 
‘because the satellite has itself a sensible disc, ant 
time in entering the shadow. Different cto sd 
different telescopes would So select ene moments 
for that of the eclipse. But the increase of light in the 
emersion will proceed porting to a law the reverse of 
that observed in the immersion, so that if an observer notes 


rece ea Sea sie oe eee 
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the time of both events with the same telescope, he will be 
as much too soon in one observation as he is too late in the 
other, and the mean moment of the two observations will 
represent with considerable accuracy the time when the 
satellite is in the middle of the shadow. Error of judg- 
ment of the observer is thus eliminated, provided that 
he takes care to act at the emersion as he did at the 
immersion. 


CHAPTER XVII 
THE LAW OF ERROR, 


‘Yo bring error itself under law might seem beyond human 
power, He who erm surely diverges from law, and it 
might be deemed hopeless out of error to draw truth. One 
of the most remarkable achievements of the human intel- 
lect is the establishment of a general theory which not only 
enables us among discrepant results to approximate to 
the truth, but to assign the degree of probability which 
fairly attaches to this conclusion. It would be a mistake 
indeed to sup) that this law is necessarily the beat 
guide under all circumstances. Every measuring inatro~ 
ment and every form of experiment may have its own 
special law of error; there may in one instrument be a 
tendency in one direction and in another in the opposite 
direction. Every process has its peculiar Liabilities to 
disturbance, and we are never relieved from the necessity of 
ae ing against special difficulties, The genoral Law of 

rror is the best guide only when we have exhausted ull 
other means of approximation, and still find discrepancies, 
which are due to unknown causes, We must treat such 
residual differences in some way or other, since they will 
oecur in all accurate experiments, and as their origin is 
assumed to be unknown, there is no reason why we should 
treat them differently in different cases. Accordingly the 
ultimate Law of Error must be a uniform and general one, 

It is perfectly recognised by mathematicians that in 
each case a special Law of Error may exist, and should be 
discovered if possible. “Nothing can be more unlikely 
than that the errors committed in all classes of observa~ 
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tions should follow the same law," ! and the special Laws 
of Error-which will apply to certain instramenta, as for in- 
atanee the repeating circle, have been investigated by 
Bravais? He concludes that every distinct cause of error 

ives rise to a curve of possibility of exrors, which may 
fore any foria,—a curve which we may either be able or 
unable to discover, ond which in the first case may be 
determined by & priori considerations on the peculiar 
nature of this canse, or which may be determined & 
posterioni by observation, Whenever it is practicable and 
worth the labour, we ought to investigate these special 
conditions of error; nevertheless, when there are a great 
number of different sources of minute error, the general 
resultant will always tend to obey that general law which 
we are about to consider, 


Establishment of the Law of Error, 


Mathematicians agree far better as to the form of the 
Law of Error than they do as to the manner in which it 
can be deduced and proved. They agrea that among a 
number of discrepant results of observation, that mean 
quantity is probably the best approximation to the trath 
which makes the sum of the squares of the errors as small 
as possible, But there are three principal waye in) which 
this law haa been arrived at respectively by Gauss, by 
Taplace and Quetelet, and by Sir John Herschel. Gauss 
proceeds much upon aseumption; Herschel rests upon 
geometrical considcrations; while Laplace and Quetelet 

the Law of Error a3 a development of the doctrine 
of combinations, A number of other mathematicians, such 
is Adrain of New Brunswick, Bessel, Ivory, Donkin, Leslie 
Ellis, Tait, and Crofton have cither attempted independent 
roofs or have modified or commented on those here to be 
ibed. For full accounts of the literature of the 
subject the reader should refer either to Mr. Todhunter'’s 
History of the Tivory of Probability or to the able moroir 
of Mr. J. W. 1, Glaisher? 

+ Philosophical Magazine, 3rd Series, vol. xxxvil. p. 32 

® Letters on the Theory of Poon ty Quetohe, tranalated by 
0..G, Downes, Notes to Letter XXVL pp. 286295. 

3 Ou te Law of Facility of Errore of Obsereations, ani on the 
Method of Least Squares, Meruoirs of the Royal Asteqaarmiea Sudecs 
wol. Xxxiz. p. 75. 







ai le ~ 


aie THE PRINCIPLES OF SCIENCE. [omar 


According to Gauss the Law of Error expresses the 
Saas probability of errors of various magnitude, end 
partly from experience, partly from @ jrfori considers- 
tions, we may readily lay down certain conditions to which 
the law will certainly conform. It may fairly be assumed 
as a first principle to gaide us in the otion of the 
law, that large errors will be far less frequent and probable 
than small ones. We know that very large errors are 
almost impossible, so that the probability must rapi 
decrease us the amount of the error increases. Apes 
principle is that positive and ive errors shall be 
equally probable, which may certainly be assumed, because 
‘we are st to be devoid of any knowledge as to the 
causes the residual errors. It allows that the proba- 
bility of the error must be a function of an even of 
the magnitude, that is of the equare, or the fourth power, 
or the sixth power, otherwise the probability of the same 
amount of error would vary according as the error was 
positive or negative. The even powers 2%, a4, x", &o., are 
always intrinsically positive, w! re be “positive or 
nogative. Thero is no d priori reason why ono rathor than 
another of these even powers should be selected. Gauss 
himself allows that the fourth or sixth power would fulfil 
the conditions as well as the second;* but in the absence 
of any theoretical reasons we should prefer the second 
power, because it leade to formule of great comparative 
simplicity, Did the Law of Error necessitate the use of 





the higher of the error, the complexity of the 
necessary calculations would much reduce the utility of 
the theory. 


By mathematical ressoning which it would be ande- 
sirable to attempt to follow in this book, it is shown 
that under these conditions, the facility of occurrence, 
or in other words, the probability of error is expressed 
by « funetion of the general form «**, in which a 
sents the variable amount of errors, From this law, 
to be more fully described in the following sections, it at 
once follows that the most probable result of any observa- 


+ Méthode des Moindres Carets. Mimoires aur la Combinaison des 
spermenin ps Be ae it en Frongaw par J 
Bertrand, Parks, 1855, pp- 6, 133) 8% 
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Fir tenia relies tice squares of 
"consequent errors the possible, Lot a, 4, ¢ 
&o, be the results of observation, and x the quantity 
aolected as the most probable, that is the most free 
from unknown errors: then we must determine z so that 
(a= a) + (b— 2) + (o—z)*+,. .. shall be the least 

le quant Thus we arrive at the celebrated 





account of the process in his work, entitled, Nouvelles 
Méthodes pour la Ditermination dex Orbitea des Vomites, It 
is worthy of notice, however, that Roger Cotes had long 
[eee recommended a method of equivalent nature in 
is tract, “ Estimatio Erroris in Mixta Mathesi.”* 


Hevschel’s Geometrical Proof. 


A second way of arriving at the Law of Krror was 
mages Herschel, and although only applicable to 
geomet cases, it is remarkable as showing that from 
whatever point of view we regard the subject, the same 
principle will be detected. After oe that some 
general law must exikt, and that it is subject to the 

ine of probability, he supposes that a ball is 
ah from a high point with the intention that it 

strike a given mark on a horizontal plane. In the 


any deviation depending solely on its a and not 
on its direction, it emer tart probability of each of 
these rectangular deviations must be the same function of 
wre. And since the observed oblique deviation is 
, art. Least Syuares. 

6: 1. xcii, p. 17 Reprinted Besays, 
P.399. This method eicometion Ind lorassd by Boole, Tram 
actions of Royal Society of Edinburgh, wl, xxi pp. &27-—Syp. 
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equivalent to the two Sais de pee concur 





and which are ‘one another, 
ara eaens upon Roverinp reper 
si i ‘ituents, therefore its i 
will be the product of their separate prol Thus 


comes to be determined 
from this condition, viz, that the product of such functions 
of two independent clements ix equal to the same function 
of their sum. But it is shown in every work on algebra 
that this property is the peculiar characteristic of, and 
belongs only to, the exponcntial or antilogarithmic function, 
‘This, then, is the funetion of the square of the error, which 
expresses the probability of committing that error, That 


in geometrical progression, 
Ba iy scesa Gt thie orton eveanen ts gcithnaatial! 
Lnplace's and Quetelet's Proof of the Law, 


However much Sremmicn, the modes of determining 
the Law of Error, al ey described, may give in favour of 
the law |, it is difficult to feel that the 

ents are sati ry, The law adopted is chosen 

‘on the grounds of convenience and plausibility, than 
because it can be seen to be the necessary law. 8 can 
however approuch the subject from an entirely different 
point of view, and yet get to the same rosult, 

Tet us assume that a particular observation is subject 
to four chances of orror, each of which will increase the 
result one inch if it occura, Each of these errors is to be 
regarded as un event independent of the rest and wa can 
therefore assign, by the theory of probability, the compara- 
tive probability and frequency of each conjunction of errors 
Frorn the Arithmetical Triangle (pp. 182-188) we learn thab 
no error at all can happen only in one way; an ersor of 
one inch can happen in 4 ways ; and the ways of happen: 
of errors of 2, 3 and 4 inchea respectively, will be 6, 4 
1 in number. 

‘We may infer that the error of two inches is the most 
likely to occur, and will occur in the long run in six cases 
out of sixteen, Errors of one and three inches will be 
equally likely, but will occur less frequently; while no 
ezror at all, or one of four inches will be a comparatively 
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exceed three inches ; and the odds are 1022 to 2 against 
the occurrence of the greatest possible error of five inches. 

If any case should arise in which the observer knows 
the number and magnitude of the chief errors which 
may occur, he ought certainly to calculate from the Arith- 
metieal Bees the special Law of Error which would 
apply. But the general Jaw, of which we are in search, 
is to be used in the dark, when we have no pete 
whatever of the sources of error. To assume any spec! 
number of causes of error is then an arbitrary ing, 
and mathematicians have chosen the least arbitrary course 
of imagining the existence of an infinite number of in- 
finitely small errors, just as, in the inverse method of 
Sg oa an infinite number of infinitely improbable 

ypotheses were submitted to calculation (p. 255). 

The reasons in favour of this choice are of several 
different kinds. 

1. It cannot be denied that there may exist infinitely 
numerous canses of error in any act of observation. 

2, The law resulting from the hypothesis of a moderate 
number of causes of error, dows not appreciably differ from 
that given by the hypothesis of an inflnite number of 
causes of error. 

3. We gain by the hypothesis of infinity a general law 
capable hiveady calcutta and aeplsntte hy uniform 
ules to all problems, 

4 This law, when tested by comparison with extensive 
sories of observations, is strikingly verified, as will be 
shown in a later section. 

When we imagine the existence of any large number of 
causes of error, for instance one hundred, the numbers of 
combinations become impracticably large, as may be seen 
to be the case from a glance at the Arithmetical Triangle, 
which proceeds only up to the seventeenth line. Quetelet, 
by suitable abbreviating processes, calculated out a table 

probability of errors on the hypothesis of one thousand 
distinct causes;’ bat mathematicians have generally 
p on the hypothesis of infinity, and then, by the 
devices of analysis, have substituted a general law of easy 


2 Laltere on the Theory of Probabilities, Letter XV. and Appendix, 
note pp. 256-266, 
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tuvatment. In mathematical works upon the subject, it is 
shown that the standard Law of Error is expressed in the 
formula, 7 
yaYe™, 
in which zis the amount of the error, ¥ the maximam 
ordinate of the curve of error, and ¢a number constant 
for each series of observations, and expressing the amount 
of the tendency to error, varying between one series of 
observations and another. The letter ¢ is tho mathematical 
constant, the sum of ratios between the numbers of permu~ 
tations and combinations, previously referred to (p. 330). 
To show the close correspondence of this a 
law with the special Inw which might bo ived 
from the supposition of a moderate number of causes 
of error, I have in the accompanying figure drawn a 
- 





curved line representing accurately the variation of y 
when # in the above formula is talon equal 0, =, 1,2 2, 
&c., positive or negative, the arbitrary quantites Y and ¢ 
ewh assumed equal to unity, in order to simplify 
tho calculations. In the same figure are inserted eleven 
dots, whose heights above the base line aro jortional 
to the numbers in the elevonth line of the Arithmetical 
Triangle, thus representing the comparative probabilities 
of errors of various amounts arising from ten eqndk canses 








may be explained that the ordinates NM, am, nm’, 
represent values of y in the equation ing the Law 
of Error. The occurrence of any one ite amount of 


Since every observation must either have some definite 


ing 
and the probability of an error falling between particular 
wil then be expressed by the ratio which the area 
of the curve between those limits bears to the whole area 
of the curve. 

‘The mere fact that the Law of Error allows of the possi- 
ble existence of errors of every assignable amount shows 
that it is only approximately trae. We may fairly say 
that in measuring a mile it would be impossible to commit 
an error of a hundred miles, and the length of life would 
never allow of our committing au error of one million 
miles, Nevertheless the general Law of Error would assign 
4 probability for an error of that amount or more, but so 
small a probability as to be utterly inconsiderable and 
almost inconceivable. All that can, or in fact need, be 
said in defence of the law is, that it may be made to re- 
present the errors in any special case to a very close 
approximation, and that the probability of large and prac- 
tically impossible errors, as given by the law, will be 80 
are ane enti 2 And as we are 

jealing with orror itself, and our results pretend to nothing 
more than approximation and probability, an indefinitely 
small errorin our process of approximation is of no import- 
ance whatever. 
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Logical Origin of the Law of Error. 


Tt is worthy of notice that this Law of Error, abstruse 
th the subject may soem, is really founded upon the 
i principles. It arises entirely out of the di 6 
between permutations and combinations, 2 subject upon 
which I may soem to have dwelt with unnecessary prolixity 
in previous pages (pp. 170, 189), The order in which we 
quantities together does not affect the amount of the 
sum, 80 that if there be three positive and five negative 
eanses of error in ‘ion, it does not matter in which 
order they are considered as acting They may be inter 
mixed in any arrangement, and yet the resalt will be the 
eame. aa so should not fail to notice how ei 
principles which appeared to be absurdly simple ant 
evident when first noticad, reappear in the aero plone 
and mysterious processes of scientific method, ‘The fanda~ 
mental Laws of Tdentity and Difference gave rise to the 
Logical Alphabet which, after abstracting the character of 
the differences, led to the Arithmetical Triangle. The 
Law of Error is defined by an infinitely hiyh line of that 
triangle, and the law proves that the moan is the most pro- 
able result, and that divergencies from the mean become 
much less probable as they increase in amount, Now the 
comparative greatness of the numbers towards the middle 
of each line of the Arithmetical Triangle is Lod due 
to the indifference of order in space or time, which was 
first prominently pointed out as a condition of logical re- 
lations, and tha symbols indicating tham (pp. 32-35), and 
which was afterwards shown to attach equally to numerical 
symbols, the derivatives of logical terms (p. 160). 


Verification of the Law of Error, 


sapien of error which we have ban ere 
Tests enti upon an assumption, namely that when 
Jenown gources of dieaanres e allowed for, there 

zemain an indefinite, possibly an infinite number of ot! 

minute sources of error, which will as often produce ex- 
cess as deficiency. Granting this assumption, the Law of 
Error must be as it is taken to be, and there is 
no more need to verify it ‘than to teat Une teats 
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of one of Euclid’s propositions mechanically. Neverthe~ 
Jess, it is an interesting occupation to verify even the pro~ 
positions of geometry, and it is still more instructive to 
try whether a large number of observations will justify our 
assum of the Law of Error, 

Encke has given an excellent instance of the correspond+ 
ence of theory with experience, in the case of observations 
of the differences of Right Ascension of the sun and two 
stars, namely @ Aquile and a Canis minoris, The obser- 
vations were 470 in number, and were made by Bradley 
and reduced by Bessel, who found the probable error of 
the finul result. tobe only about one-fourth part of a second 
(02637). He thon compared tho numbers of errora of 
each magnitude from o't second upwards, as actually given 
ne observations, with what should occur according to 

Law of Error, 
‘The results were as follow -—? 








Number of trom of exch wgaltods 
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The reader will remark that the correspondence is very 
close, except as regards larger errors, which are excessive 
in practice. It is one objection, indeed, to the theory of 
error, that, being expressed in a cor us mathematical 
function, it mplates the existence of errors of every 
magnitude, such as could not practically occur; yot in this 
cage the theory seems to underestimate the number of 
large errors. 








1 Encke, On the Method of Least Squarts, Taylov’s Soientific 
Alemoirs, vol. ii. pp. 338; 33> 
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Another comparison of the law with observation was made 
by Quetelet, who investigntel the errors of 47 determi- 
nations in time of the Right Ascension of the Pole-Star 
made at Greenwich during the four years 1836-39, These 
observations, although carefully corrected for all known 
causes of error, as well as for nutation, precession, &c,, 
are yet of course found to differ, and being classified as 
regards intervals of one-half eecond of time, and then pro- 

ionntely increased in number, so that their sum may 
one thousand, give the following results as compared 
with what Quetelet’s theory would lend us to expect —* 





Sumber of Errore 
wy 





‘Oveervation 








In this instance also the correspondence is satisfactory, 
but the divergence between theoryand fact is inthe opposite 
direction to discovered in the former comparison, the 
larger errors being less frequent than theory would indi- 
cate, It will be noticed that Quetelat’s theoretical results 
are not symmetrical. 


The Probable Mean Result. 


One immediate result of the Law of Error, ascthus 
stated, is that the mean result is the most probable one ; 
and when there is ouly a single variable this mean is 
found by the familiar arithmetical process. An unfor~ 
tunate error has crept into several works which. allude 
to this subject. Mill, in treating of the “Elimination of 
Chance,” remarks in a note * that “the mean is spoken of 


* Quotelot, Letters on the Theory of Probabilities, translated 
Downes, Letter XLX. p. 88. Bor a alent tietaeny Conde, 
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os if it were exactly the same thing ax the 

But the mean, for purposes of inductive inquiry, is not the 
average, or arithmetical mean, though in a familiar illus- 
tration of the theory the difference may be era 
‘He goes on to say that, according to mathematical princi- 
ples, the most probable result is that for which the sums 
of the squares of the deviations is the least possible, It 
seems probable that Mill and other writers were misled 
by ‘Whewell, who says! that “The method of least 
squares is in fact a method of means, bub with some 
peculiar characters. . . . The method proceeds upon 
‘this supposition : that all errors are not equally probable, 
‘but that small errors are more probable than large ones” 
He adds that this method “removes much that is arbitrary 
in the method of means.” It is strange to find 4 mathe- 
matician like Whewell making such remarks, when thore 
ia no doubt whatever that the Method of Means is only 
an application of the Method of Least Squares. ‘They ane, 
in fact, the same method, except that the latter method 
mies applied to cases where two or more quantities have 
to be determined at the same time. Lubbock and Drink- 
water say, “If only one quantity bas to be determined, 
this method evidently ruolvea itself into taking the mean 
of all the values given by observation.” Encke saya that 
the expression for the probability of an error “not only 
contains in itaelf the principle of the arithmetical mean, 
but depends so immediately upon it, that for all those 
muguitudes for which the arithmetical mean holds good 
in the simple casea in which it is principally oppliod, 
no other Jaw of probability can be assumed than that 
which is expressed by this formula.” 


The Probable Error of Results, 


When wo draw a conclusion from the numerical 
results of observations we ought not to consider it suf- 
ficient, in cases of importance, to content ourselves with 
finding the simple mean and treating it as true, We 
ought also to ascertain what is the degree of confidence 

‘Phil the Inductive Sciences, and ed. vol. ii, pp. 

x ay eet ; Usetul Ruowledge Society, 1855, pape 

Taylor's Scientific Memoirs, vol. ii p. 333. 
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we may in this mean, and our confidence should be 
meagured by the degroo of concurrence of the observations 
from which it is derived. In some cases the mean 
be approximately certain and accurate. In other cases it 
may really be worth little or nothing. The Law of Teor 
cashes us to give exuct expression to the degree of con- 
nile any cage; for it shows how to calculate 
fis ie a ity of a vergence of any umount from the 
mean, and we can thence ascertain the probability that 
the mean in question is within a certain distance from the 
true number. The probable error is taken by mathema- 
ticians to mean the limits within which it ia as likely as 
not that the trath will fall. Thus if 5-45 be the mean of 
all the determinations of the density of the earth, and -20 
be Pea the probable error, the meaning is that 
ey the teal density of the earth bee 
bee sap 5:25 ll 565 he eee limits might 
been selected at will. ht calculate the Tinta 
within which it was one tnd or ono thousand to one 
that the truth would fall; but there is a convention to 


caloulations, but aa, in the precio pereons 
ought to become more Sa these processes, 
I propose to the rules here and illustrate their 


use, The calculations, when made in necordance with 
the directions, involve none but arithmetic or logar- 
ithmic operations. 

The following are the rules for treating a mean result, 
#0 a8 hly to ascertain its trustworthiness, 

1. Draw the mean of all the observed results. 

2. Find the excess or defect, that is, the error of each 
result from the mean, 

3- Square each of these reputed errors, 

4 Add ee assed equares of the errors, which 


pete by one less than the number of observations, 


the sguare of the mean error. 
6. icerestererk of the last result;; it is the mean 
error of a. single observation, 
7. Divide now reer eee 


sod 


oe es) 





263 THE PRINCIPLES OF SOTENCE. omar. 





observations, and we get the mean error of the mean 


result, 
- 8, Lastly, multiply by the natural constant 06745 (or 
eae by 0674, or even en iby gp, and we arrive at 
rp error of the men 
for instance, thut bis measurements of the 
peat of hill, by the barometer or otherwise, have given 
the numbers of feet as 293, 301, 306, 307, 313 ; we want 
to know the probable error of the mean, namely 304 Now 
the differences between this mean and the above ‘f 
paying no regard to direction, are 11, 3, 33.95 their 
os Yop oe  aa the sum’ of the equares 
A the eBay cong cay a ‘The number of Rae 
ions rfp iv: y 1 leas, or 4, getting 5 
is the square of the mean error, and its square root 
me ie have “ee (say 74), the mean error of a single brs 
jividing by 2'236, the square root of 5, the 
mimber of eerie a ae mean lau oe 
remult to be 3°35, or say 34, an Raultiplying 
Baraca eres ore of ie 
is found to be 2-259, or say 2: ‘Tho. meat meaning 
this is that the probability is one or the se < 
even that the trae height of the mountain lies between 
sae and ees foot. ‘@ have thus an exact measure of 
degree of credibility of our mean result, which mean 
oe the most likely point for the truth to fall 


“hohe reader should observe that as the object in these 
pacers te re gain a notion of the degree of con- 
fidence with ie eh Spey use 
in carrying the tions to any great pre- 
cision ; whenever the neglect of decimal fractions, or 
even the: slight alteration of a number, will much abbreviate 
the computations, it may be fearloeely done, ee in 
cases of high importance and precision. ae 
how the law of error may be Tefal 
investigations, and some illustrations of ae 
may be found in his paper. 

The experiments of Saeetes to detect the revolution 
of the earth, by the deviation of a ball from the perpen- 


} Philosophical Tranpactions, 1873; 1 83« 
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Encke? as an interesting illustration of the Law of Error, 
‘The mean deviation was 5°086 lines, and its probable error 
was caleulated by Eucke to be not more than ‘950 line, 
that is, the odds were even that the true result Iny between 
4136 and 6036. As the deviation, according to astrono- 
mical theory, should be 46 lines, which lies well within 
the limits, we may consider that the experiments are 
consistent with the rican system of the universe. 

At will of course be unde that the probable error 
‘as regard only to those causes of errors which in the long 
run act a8 much in one direction as another; it takes no 
account of constant errom The true result accordingly 
will often fall far beyond the limits of probable error, owing 
to come considerable constant error or errors, of the ex~ 
istenee of which we are unaware, 


Rejection of the Mean Result. 


BAS notable ater pe reply ree 
ol ions is the best, that is, the most probable 
ay imation to the truth, only in the absence of know- 

to the contrary. The selection of the mean rests 
entirely upon the probability that unknown causes of error 
will in the long run fall as often in one direction as the 
opposite, so that in. drawing the mean they will balance 
each other. If we have any reason to suppose that there 
exists a tend to error in one direction rather than the 
other, then to the mean would be to ignore that 
tendency. We may certainly aj ‘imate to the length 
of the circumference of a ci i bathing the roar fe 
perimeters of inseribed and circumscribed polygons of an 
equal and namber of sides. The length of the cix- 


* Taylor's Scientific Memoirs, Tol. ti. yp. Sy, AT, 
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of trasting to probability. 
25 rere et hed jee aan ath mcerearoate 


mean. In endeavouring to obtain a correct estimate 
of the apparent diameter of the brightest fixed stars, we 
find a contiouous diminution in estimates as the "38 
of observation increased. Kepler ed to Sirius an 
apparent diamoter of 240 seconds ; ho Brahe made 
it 126; Gnssendi 10 seconds; Galileo, Hevelius, and J. 
Cassini, 7} or6 seconds, Halley, Micholl, and subsoquently 
Sir W. Herschel came to the conclusion that the brightest 
stars in the heavens could not have real dises of a second, 
and were probably much leas in diameter. It would of 
course be absurd to take the mean of (dere which 
differ more than 240 times; and as the tendency has 
always been to smaller estimates, there is a considerable 
presumption in favour of the smallest. 

Tn many experiments and measurements we know that 
there is a preponderating tendency to error in ona diree- 
tion, ‘The readings of 2 thermometer tend to rise a8 
the age of the instrament increases, and no drawing of 
means will correct this result. Barometers, on the 
hand, are likely to read too low instead of too high, 

ing to the imperfection of the vacua and the netion of 
taplllary attraction, If the mercury be perfectly puro and 
poaeeebe error be due to the measuring apparatus, 

it barometer will be that which gives the hi 

result, In determining the specific gravity of a solid 
body the chief danger of error arises from bubbles of air 
adhering to the body, which would tend to make the 
specific gravity too small, Much attention must always 
be given to one-sided errors of this kind, since the multi- 
plication of experiments docs not remove the error, In 
such cases one very carefal experiment is better than any 
number of careless once. 

When we have reasonable grounds for supposing that 
certain Sherrer results are liable to grave errors, we 
should exclude them in eae a mean. If we want to 
find the most probable approximation to the velocity of 


* Quetelet Letters, de, p. 116, 
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sound in air, it would be absurd to go buck to the old 
experiments which made the i 1200 to sar4 
bean pegen! ep and ae 
not against, errora arising i ol 
causes. Old chemical experiments are valueless as re- 
gards quantitative rsults, The old chemists found the 
atmesphere in different, to differ in composition 
near) rie cent, whereas moder accurate experi~ 
very slight variation. Any meth 
Measurement which we know to avoid a source of error 
is far to be preferred to others which trast to probabilities 
for the elimination of the error, As Flamstecd says,“ One 
ood instrument is of as much worth as a hundred in- 
iflurent ones.” But an instrument is good or bad only in 
& comparative sense, and no instrument gives invariable 
and truthful results, Hence we must always ultimately 
fall back upon probabilities for the selection of the final 
mean, when other precautions are exhausted. 
the discoverer of the method of Least Squares, 
recommended that observations differing very much from 
the results of his method should be rejected. The subject 
has been carefully inves| by fessor Pierce, who has 
proposed a criterion for the rejection of doubtful observa- 
tions based on the following principle: oberemations 
should be rejected when the probability of the system of 
errors obtained by retaining them is less than that of the 
system of errors obtained by their rejection iaiph aes by 
probability of making so many and no more abnormal 
observations.” Professor Piorce's investigation is given 
nearly in his own words in Professor W. Chauvenet's 
“Manual of Spherical and Practical Astronomy,” which 
contains a full and excellent discussion of the methods of 
treating numerical observations? 

Very difficult questions sometimes arise whon ono or 
more results of a method of experiment diverge widely 
from the mean of the rest. Are we or aré we not to ex~ 
clude them in adopting the supposed true mean result of 
the method? The drawing of s mean result rests, ag T 


1 Baily, Account of Flamateed, p, 56. 
Bret pre Toeetl Cambridge, Maia, vol itp 16t. 
* Philadelphia (London, ‘Trifwer), 1865. iy WB. BB 
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have tly explained, 1 sechigg esas that every 
ee cares haa ateoaton al Sbably be balanced by 
other errors acting in an opposite direction. If then we 
now or can bly discover any calises of error not 
agrecing with this assumption, we shall be justified in 
excluding results which aah to be affected by this cause, 
Tn reducing large series of astronomical observations, itis 
not uncommon to meet with numbers differing from others 
by a whole degree or half a degree, or some considerable in~ 
tegral quantity. These are errors which could hardly arise 
in the uct of observation or in instrumental irregularity ; 
but they might readily be accounted for by 
of figures or mistaking of division marks, “It would be 
absurd to trast to chance that such mistakes would 
balance each other in the long run, and itis therefore better 
to correct arbitrarily the supposed mistake, or better still, 
if new observations can be made, to strike out the diver- 
gent numbers altogether. When results come sometimes 
too great or too small in a regular manner, wo should 
suspect that some part of the instrument slips through a 
definite , or that a definite cause of error enters at 
times, and not at others, We should then make it point 
of prime importance to discover the exact nature and 
amount of such an error, and either prevent its occurrence 
for the future or else introduce a corresponding correction, 
Tn many researches the whole difficulty will consist in 
this detection and avoidance of sources of error. fessor 
Roscoe found that the presence of phosphorus caused 
serious and almost unavoidable errors in the determination 
of the atomic weight of vanadium? Herschel, in reducing 
his observations of double stars at the Cape of Good Hope, 
was perplexed by an unaccountable difference of the econ 
of position as mensured by the seven-feet equatorial and 
the twenty-feet reflector teloscopes, and after a careful in- 
vestigation was obliged to be contented with introducing 
a correction experimentally determined* 
en observations are sufficiently numerous it seems 
desirable to project the apparent errors into a curve, and 
then to observe whether this curve exhibits the symmet- 


x Bakerian Lecture, Philosophical Transactions (1868), rol. clvili. 
PS Rents of Observations at the Cape of Good Hape, p. 283. 
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Heal and characteristic form of the curve of error. If 80, 
it may be inferred that the errors arise from many minute 
independent sourees, and rebel crapecests each other 
in ‘mean result, Any i le irregula ai will 
indicate the existence of one-sided or large causes of error, 
Which should be made the subject of investigation. 

Even the most patient and exhaustive investigations 
will sometimes fuil to disclose any reason why some 
results diverge from others, The question again reeurs— 
Are we arbitrarily to exclude them? The answer should 
‘be in the negative as a general rule. The mere fact of 
eh aoe ought not to be taken as conclusive against a 
result, and the exertion of arbitrary chojce ld open 
the way to the fatal influence of bins, and what is com- 
monly known as the “cooking” of figures. Tt would 
mount to judging fast by theory instead of theory by fact. 
‘The apparently divergent number may prove in time to be 
the true one. It may be an exception of that valuable 
kind which upsets our false theories, a real exception, 
exploding te eee coincidences, and ing a way to @ 
uew viow of tho subject, To establish this position for 
the divergent fact will require additional research; but 
in the meantime we should give it some weight in our 
imean conclugions, and should bear in mind the discrepancy 
as one demanding attention, To neglect a divergent result 
is to neglect the possible clue to a great discovery, 


Method of Least Squares, 


When two or more unknown quantities are so inyolved 
that they cannot be separately acted by the Simple 
Method of Means, we can yet obtain their most probable 
values by the Method of Least Squares, without more 
than arises from the length of the arithmetical 
computations. If the result of each observation gives an 
equation between two unknown quantities of the form 
an+by =o 
‘then, if the observations were free from error, we should 





servations, and 
pair with mean coofiicionts, ‘This reduction is etleckeA es 
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1), multiplying the cocflicients of each equation by the 
iy coeticlents and adding together ail the ee C0- 
efficients thus resulting for the coefficients of a new 
equation; and (2.), by repeating this process, and multi- 
plying the coefficients of each equation by the coefficient 
of the seoond term. Meaning by (sum of a*) the sum of 
all quantities of the same kind, and having the same place 
in the equations as a*, we may briefly describe the two 
resulting mean equations as follows :— 
(sum of a). o+ (sum of ad) . y = (sum of ac), 
(gum of ad). # + (sum of b*) . y = (sum of dc). 

When there are three or more unknown quantities 
the process ig exactly the same in nature, and we gev 
additional mean equations by aultiplying by the third, 
fourth, &c., coefficients. As the numbers are in any ense 
approximate, it is usually unnecessary to make the com- 
putations with accuracy, and places of decimals may be 
freely cut off to save arithmetical work. The moan 
equations: Fase been computed, their solution by the 
ordinary methods of algebra gives the most probable 
values of the unknown quantities. 


Works upon the Theory of Probability. 


Regarding the Theory of Probability and the Law of 
Error as most important subjects of study for vf one who 
desixes to obtain a complete comprehension of scientific 
method as actually applied in physical investigations, T 
will briefly indicate the works im one or other of which 
the reader will best pursue the study. 

The best perulas, and at the same time profound English 
work on the subject is De Morgan’s “Essay on Proba- 
bilities and on their Application to Life Contingencies and 
Insurance Offices,” published in the Cabinet Cyclopedia, 
and to be obtained (in print) from Messra Longman. 
Mr. Venn's work on The Logic of Chance can now be 
procured in n greatly enlarged second edition ;* it containa 
1 most interesting and able discussion of the metaphysical 


* The Logic of Chance, an = ‘on the Foundations and Provines 
of the a of Probability, with especial raference to ita taeet 
Bearings and its Application to Moral and Social Science. ( 
millas), 1876, 
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basia of probability and of related questions concerning 
causation, belief, design, testimony, &c.; but T cannot 
always agree with Mr, Venn’s opinions. No mathematical 
knowledge that of common arithmetic is required 


Algedraical and Numerioal of of Observa- 
tions and the Combination re tans, contains a 
0 explanation of the Law of Error and its pric 


i diaries De Morgan's treatise “On the Thoory 
of Probabilities” in the Bney it thane, 
presents an abstract of the moro investigations 
of Laplace, together with a multitude of. profound and 
iginal remarks concerning the theory generally. Tn 
bock and Drinkwater's work on itity, in the 
Library of Useful Knowledge, we bave a concise but 
food statement of a number of important problems, The 
, W. A. Whitworth has given, in a work entitled 
Choice and Chance, a number of good illustrations of 
calculations both in combinations and probabilities, In 
Mr. Todhunter’s admirable History we have an exhaustive 
critical account of almost all writings upon the subject of 
nobability down to the culmination of the theory in 
place's works, The Memoir of Mr. J. W. L. Glaisher 
has already been mentioned (p. 375). In spite of the 
existence of these and some other good English works, 
Sg Se a bec ke Perle a itty com 
plete mathematical introduction to the study of the theory. 
Among French works the Trailé Hlémentaire du Calcul 
des Probabilités, by 8. ¥. Lacroix, of which several editions 
haye bean published, and which is not difficult to obtain, 
forms probubly the best elementary treatise, Poisson's 
Rusherdves sur la Probabilité des Sugements es 1837), 
commence with an admirable investigation of the grounds 
and methods of the theory. While Laplace's great Théorie 
Analytique des Probabilités is of course the “ Principia” 
of the suljent his Zssai Philosophique sur les Probabitites 
isa jar digcourse, and is one of the moat profound 
and int ing essays ever published. It should be 
familiar to every student of logical method, and has lost 
little or none of its importance by layes of tins, 


Es 
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Detection of Constant Errors. 


‘The Method of Means is absolutely incapable of elimi- 
nating any error which is always the same, or which always 
lies in one direction. We sometimes require to be roused 
from a false feeling of security, and to be urged to take 
suitable precautions against such occult errors. “It is 
to the observer,” says Ganss,’ “that belongs the task of 
carefully removing the causes of constant errors,” and this 
is Lod true when the error is absolutely constant, When 
we have made a number of determinations with a certain 
seceatd or mothod of measurement, there is a great 

vantage in altering the arrangement, or even devising 
some entirely different method of getting estimates of the 
same quantity. The reason Sorte consists in the im- 
probability that the sume error will affect two or more 
different methods of experiment. If a discrepancy is 
found to exist, we shall at least be aware of the existence 
of error, and can take measures for iaiitg which way 
it lies. If we can try a considerable number of methods, 
the probability becomes great that errors constant in one 
method will be balanced or nearly 50 by errors of on 
posite effect in the others Suppose that there be three 
different inethods cach affected by an error of equal 
amount, The probability that this error will in all fall in 
the same direction is only }; and with four methods 
similarly f. If each method be affected, as is sivas 
the case, by several independent sources of error, the 
probability Mocoriee much greater that in the mean result 
of all the methods some of the errors will partially 
compensate the others. In this case a3 in all others, when 
human vigilance has exhausted itself, we must trust the 
theory of probability. 

In the determination of a zero point, of the magnitude 
of the fundamental standards of time and space, in the 

ersonal equation of an astronomical observer, we have 
instances of fixed errors ; butas a general rule a change of 
procedure is likely to reverse the character of the error, 
and many instances may be given of tho value of this 
precaution, If we measure over and over again the same 





+ Gauss, translated by Bertrand, y. 25. 








tude by the same 

eects he same position, it is evident that the same 
mark in the circle will be the criterion in each case, and 

cor in the position of that mark will equally affect 
uuloun serulte, But if in each measurement we use a 
different: part of the circle, a new mark will come into use, 
flvac: Yan. ecroc of each mark cannot be in the same 
direction, th Sts, result will be nearly free from 
errors of division. It will be better still to use more 
than one divided circle. 


Tiven when we have no perception of the points nt 
which error is likely to enter, wo may with advantage 
a. construction of our aj tus in the hope that wo 
ehall accidentally detect some latent cange of error. Baily’s 
purpose in repeating the experiments of Michell and Caven= 
dish on the density of the earth was not merely to follow 
the same course and verify the previous numbers, but to 
try whether variations in the size and substance of the 
attracting balls, the mode of su: ion, the temperature 
of the surrounding air, &c., wi yield different results, 
‘He performed no less than 62 distinet series, comprisin, 
2153 riments, and he carefully classified and discuss 
the results so as to disclose the utmost differences. Again, 
in experimenting upon the resistance of the air to the 
motion of a ulum, Baily employed no less than 80 
pendulurs of various forms and materials, in order to 
agcertain exactly upon what conditions the resistance 
depends. Regnault, in his exact researches upon the 

tation of gases, made arbit shane in the magni- 
tude of parts of his apparatus, He thinks that if, in spite 
of such modification, the results are unchanged, the errors 
are probably of inconsiderable amount;! but in reality it 
is fee a oambls, and usually likely, that we overlook 
sources of error which a future yesceration will detect, 
‘Thus the pendulum experiments of Baily and Sabine were 
directed to ascertain the nature and amount of a correction 
for air resistance, which had been entirely misunderstood 
in the experiments by means of the seconds pendulum, 
upon which was founded the definition of the standard 
yard, in the Act of 5th George IV. c. 74. It hos already 


2 Jamin, Coure de Physique, veh. tip. 6, 
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been mentioned that a considerable error was discovered 
in the determination of the standard metre as the ten- 
millionth part of the distance from the pole to the 
equator (p. 314). x 

‘We shall return in Chapter XXV. to the further consi- 
deration of the methods by which we may as farns possible 
secure ourselves against Senos and undetected sources 
of error, In the meantime, having completed the con- 
sideration of the special methods requisite for treatin, 
quantitative phenomena, we must pursue our prinel 
subject, and endeavour to trace out the course by which 
the physicist, from observation and experiment, collects 
the materials of knowledge, and then proceeds by hy 
thesis and inverse calculation to induce from rie 
laws of nature, 





BOOK II. 


INDUCTIVE INVESTIGATION. 


CHAPTER XVII 
OBSERVATION. 


Aut knowledge proceeds originally from experience, Using 
the name in a wide sense, we may say that experience 
comprehends all that we feel, externally or internally— 
the aggregate of the impressions which we receive through 
the various apertures of perception—the aggregate con- 
sequently of what is in the mind, except so far as come 
portions of knowledye may be the reasoned equivalents of 
other portions, As the word experience expresses, we go 
through rauch in life, and the impressions gathered inten- 
tionally or unintentionally afford the materials from which 
the active irs of the mind evolve science. 

No small part of the experience actually employed in 
science ia acquired without any distinct purpose. We 
cannot use the eyes without gathering some facts which 
may ta useful. A great science has in many cases 
risen from an accidental observation, Erosmus Bartholinus 
thus first discovered double refraction in Iceland spar; 
Galvani noticed the twitehing of a frogs leg; Oken wat 
struck y the form of a yertebra; Malus accidentally 
examined light reflected from distant windows with % 
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double refmcting substance; and Sir John Herachel’s 
attention was drawn to the peculiar of a 
solution of quinine sulphate. In earlier times thers must 
have been some one who first noticed the strange behaviour 
of a loadstone, or the unaccountable motions produced by 
amber. As a general role we shall not know in what 
direction to look for a great body of phenomena widely 
different from those familiar to us, Chance then must 
give us the starting point; but one accidental observation 
well used may lead us to make thousands of observations 
in ain intentional and organised manner, and thus a science 
may be gradually worked out froma the smallest opening. 
Distinetion of Observation and Experiment. 

It is usual to say that tho two sources of experience 
are Observation and Experiment. When we merely note 
and record the phenomena which occur around us m the 
ordinary course of uature we are said ¢o observe. When we 
change the course of nature by the intervention of our 
muscular powers, and thus produce unusual combinations 
and conditions of phenomena, we are said ¢o experiment. 
Herachel justly remarked? that we might properly call 
these two modes of experience passive and active obseroa~ 
tion, In both cases we must certainly employ our senses 
to observe, and an experiment differs from a mere observa- 
tion in the fact that we more or less influence the 
character of the events which we observe, Experiment ia 
thus observation plus alteration of conditions, 

Tt_may rendily be seen that we pass upwards by in- 
sensible gradations from pure observation to determinate 
experiment. When the enrliest astronomers simply noticed 
the ordinary motions of the sun, moon, and planets upon 
the face of the starry heavens, they were pure observers. 
But astronomers now select precise times and place for 
important observations of stellar parallax, or the transits 
ai They make the earth's orbit. the basis of a 

arranged natural experiment, aa it were, and take well 
considered advantage of motions which they cannot 
control. Mateorology might seem to be a science of pure 


+ Pratiminary Discourse cn the Study of Nataral Philosophy, p. 77. 
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observation, because we cannot ibly, the chat 
of weather which we record. etfs we my anand 
mountaing or rise in balloons, like Gay-Luseac and her, 
and may thus so vary the ae of observation as to render 
our lure experiment We are wholly unable either 
to produce or prevent ¢arth-currents of clectricity, but 
when we construct long lines of telegraph, we gather such 
strong currents during periods of disturbance as to render 
them capable of easy observation. 

‘The best arnanged systems of observation, however, would 
Ee Bt 9 eae which we now 
possess, Many processes contin’ joing on in nature 
lead aiow ant pentacas fo pil Sec Pa oy 
tion. Lavoisier remarked that the decomposition of water 
must have been constantly proceeding in nature, although 
its possibility was unknown till his time’ No substance 
is wholly destitute of magnetic or diamagnetic powers; 
but it required all the experimental skill of Faraday to 
prove that iron and a few other metale had no monopoly 
‘of these powers, Accidental observation long im- 
pressed upon men’s minds the phenomena of Tight ing, 
and the attractive properties of amber, Experiment only 
could have shown that phenomena so diverse in magnitude 
and character were manifestations of the same agent. To 
observe with accuracy and convenience we must have 

ts under our control, so as to raise or lower their 
intensity, to stop or set them in action at will Just as 
Smeaton found it requisite to create an artificial and 
governable eupply of wind for his investigation of wind- 
ills, 60 we must have governable supplies of light, heat, 
electricity, muscular force, or whatever other agents we are 


It in hardly needful to point ont too that on the earth's 
surfice we live under nearly constant conditions of gravity, 
temperature, and atmospheric pressure, #0 that if we are to 
extend onr inferences to other parts of the universe where 
conditions are widely different, we must be pi to 
imitate those conditions on a small scale here. We must 
have intensely high and low temperatures ; wo must vary 
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tho density of gases from ximate vacuum upwards ; 
we must subject liquids ood solids to pressures or strains 
of almost unlimited amount. 





Mental Conditions af Correct Observation. 


‘Every observation must in a certain sense be true, for 
the observing and recording of an event is in itself an 
event. But before we proceed to deal with the supposed 
meaning of the record, and draw inferences concerning the 
course of nature, we must take care to ascertain that the 
character and feelings of the observer are not to a great 
extent the phenomena recorded, The mind of man, as 
Francis Bacon said, is like an uneven mirror, and does not 
reflect the events of nature without distortion, We need 
hardly take notice of intentionally false observations, ner 
of mistakes arising from defective memory, deficient light, 
and so forth, Even where the utmost fidelity and care 
are used in observing and recording, tendencies to error 
exist, and fallacious opinions arise in consequence. 

Tt is difficult to find persons who can with perfect fair 
ness register facta for and against their own peculiar views, 
Among uncultivated observers the tendency to remark 
favourable and forget unfavourable events is so great, that 
no reliance can be placed upon their supposed observations. 
Thus arises the enduring fallacy that the changes of the 
weather coincide in some way with the changes of the 
moon, although exact and impartial registers give no 
countenance to the fact ‘The whole race of prophets and 
quacks live on the overwhelming effect of one success, 
compared with hundreds of failures which are unmen- 
tioned and forgotten. As Bacon says, “Men mark when 
they hit, and never mark when they miss" And we 
should do well to bear in mind the ancient story, quoted 
by Bacon, of one who in Pagan times was shown a tenrple 
with a picture of all the ms who had been eaved from 
shipwreck, after paying their vows. When asked whether 
he did not now acknowledge the power of the gods, 
“Ay,” ho answered; “but where are they painted that 
were drowned after their vows ?” 

__ If indeed we could estimate the amount of bias existing 
in any particular observations, it might be treated like 
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one of the forces of the problem, and the true course of 
external nature inight still be rendered apparent. But the 
foolings of an obecrver are usually too indeterminate, 90 
that when there is reason to suspect considerable bias, re- 
jection is the only safe course, As regards facts easually 
registered in past times, the capacity and impartiality of 
the observer ane so little known that we should. spare no 
Paina to replace these statements by a new side to 
nature, An indiscriminate medley of trath and absurdity, 
such a6 Francis Bacon collected in his Watwral History, is 
wholly unsuited to the purposes of science. But of course 
when records relate to past events like eclipses, con- 
junctions, meteoric phenomena, earthquakes, volcanic 
Com , changes of sea margins, the existence of now 
extinet animals, the migrations of tribes, remarkable 
customs, &o,, we must make use of statements however 
unsatisfactory, and Taust endeavour to verifiy them by the 
bc ore of independent records or traditions, 

‘hen extensive series of observations lave to be made, 
ag in astronomical, meteorological, or magnetical observa~ 
tories, trigonometrical surveys, and extensive chemical or 
physical researches, it is an advantage that the numerical 
work should be executed by assistants who are not interested 
in, and are perhaps unaware of, the expected results. The 
record is thus rendered perfoctly impartial. It may even 
be desirable that those who perform the bce routine 
work of measurement and Ba! ee should be un- 
oe with the principles of the subject, The great 
table of logarithms of the French Revolutionary Govern- 
mont was worked out by a staff of sixty or eight 
computers, most of whom were acquainted only with the 
roles of arithmetic, and worked under the direction of 
skilled mathematicians ; yat their caloulations were usually 
found more cormct: than those of persons more deeply 
versed in mathematics? In the Indian Ordnance Survey 
the actual measurers were selected so that they should 
not have sufficient skill to falsify their results without 





detection, : 
Both jive observation and experimentation must, 
however, be generally conducted by persons who know for 


+ Babbage, Keonomiy af Manufactares, WA 
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Th 
ualities ; he must have clear notions of 
and confidence in the truth of his 
must have that candour and flexibility of mind 
epable him to accept unfavourable results and abandon 





Instrumental and Senmal Conditions of Observation, 


we can tell, the of nature infinitely sur- 
pass in variety and complexity those which are capable of 
coming within our moans of observation. In some casos 


ideration, 

indeed, of variable and extinguished stars, Laplace inferred 
that there probably exist opaque bodies us groat and 
perhaps as numerous as those we see! Some of these 
dark stars might ultimately become known to us, either 
by reflecting light, or more probably by their gravitating 
fects upon luminous stars. Thus if one member of a 
double star were "dark, we could readily detect ite exist- 
ence, and even estimate its size, position, and motions, 


1 System of the World, translated by Harte, vol ii, 335+ 
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observing those of its visible companion. Tt was a 
parte eer that may 
universes so distant that their light er 


i 


octaves higher than what other ears can detect, it ie 
exceedingly probable that there are incessant vibrations 
which we cannot call sound because they are never heard 
Insecta may communicate by such acute sounds, con~ 
stituting a language inaudible to us; and the remarkable 
i ae apparent bodies of ants or bees might 

Lats be explained. Nay, as Fontenelle long ago 
suggested his scientific romance, there may exist un- 
limited numbers of senses or modes of ion which 
we can never feel, though Darwin's theory would render it 
probable that any useful means of knowledge in an an- 
cestor would be developed and improved in the descendants, 
We might doubtless have been endowed with a sense 
capable of feeling electric phenomena with acuteness, 60 
that the positive or negative state of charge of a body 
could be at once estimated. The absence of such a 
sense is probably due to its comparative uselessness, 

Heat undulat are subject to the same considerations, 
Tt ig now ay it that what we call light is the affection 
of the eye by certain vibrations, the less rapid of which 
are invisible and constitute the dark mys of radiant heat, 
in detecting which we must substitute the thermometer 
or the thermopile for the oye. At the other end of the 
spectrum, the ultra-violet rays are invisible, and 
only indirectly brought to our knowledge in the eae 
mena of fluorescence or photo-chemical action, There is 
‘no reason to believe that at either end of the epectrum an 
absolute limit hes yet boen reached. 

Just a8 our knowledge of the stellar universe in Yoni’. 
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the of the telescope and other conditions, 80 our 
as of the minute world has its limit in the powers 
and 0) conditions of the ae There was a 
time when it would have been a ‘induction that 
vegetables are motionless, and animals alone endowed 
with power of eect We are bac Aase F dis. 
cover by the microscope that minute plants ave if any- 
thing chs active than minute animals. We even find 
that mineral substances seem to lose their inactive 
charecter and dance about with imeessant motion when 
roducod to sufficiently minute particles, at least when sus- 
pended in a non-conducting medium’. Microscopists will 
moot a natural limit to observation when the minutencss 
of the objects examined becomes comparable to the length 
of light undulations, and the extreme difficulty already 
encountered in determining the forms of minute marke on 
Diatoms ap to be due to thik cause. According to 
Holmholts tho smallest distance which can be accurately 
defined depends upon the interference of Tight passing 
through the centres of the big spaces. With a the 
oretically perfect microscope and a dry lense the smallest 
visible object would not be less than one 80,cooth part 
of an inch in red light,* 

Of the errors likely to arise in estimating quantities by 
the eenses I have already spokon, but thero ate some eases 
in which we actually see things differently from what 
they are. A jet of water appears to be a continuous 
thread, when it is really a wonderfully organised susces- 
sion of small and Jarge drops, oscillating in form, The 
drops fall so. ea ial! that their impressions upon the eye 
run into each , and in order to see the separate drops 
wa require some device for giving an instantaneous view, 
such a3 illumination by the ¢lectric spark, or the use of 
the revolving diso called the phenakistiscope, 

One insuperable limit to our ‘era of observation 
arises from the impossibility of following and identifying 
the ultimate atoms of matter. One atom of oxygon is 
probably undistinguishable from another atom ; aay by 
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kooping a certain volume of oxygen safely 
DreMicreaeta tote aciban tori amcirciati ape 
‘to mix with other oxy, and we losa all power of iden- 
tification, Seite (8 ly we seem to have no means . 
directly proving that o is in a constant state of 
diffusion! of oer pashan part, We can only 
rea pet isin ln ala the behaviour 
of distinct gazes which we can in their couree, 
and by reasoning on the grounds of molecular theory." 


External Conditions of Correct Observation. 


Before we proceed to draw infsences from any series of 
recorded facts, we must take caro to ascertain pel 
if possible, the external conditions under which the facts 
are brought to our notice, Not only may the observing 
mind be prejudiced and the senses defective, but there 
aay be cireumstances which canse one kind of event to 
come more freqnently to our notice than another, The 
comparative numbers of objects of different kinds existing 
may in any di differ from the numbers which come to 
our notice. is difference must if possible be taken into 
account before we make any inferences, 

There long appeared to be a strong: presumption that 
all comets moved in elliptic orbits, because no comet had 
been proved to mera ot other kind of path. The 
theory of Cae admitted of the existence of comets 
moving in hyperbolic orbits, and the question arose 
whether were really non-existent or were only 
Dayond the bounds of easy observation. From reason- 
ablo suppositions Laplace calculated that the probability 
was at it Gooo to x against a comet which comes 
within the planetary system sufficiently to be visible ab 
the carth’s surface, presenting an orbit which could be 
discriminated froma very elouguted ellipse or parabola in 
the of its orbit within the reach of our telescopes.* 
In short, the chances are very much in favour of our 





seeing elliptic bolic comets, Laplocy' 
views have been ct by the discovery of six 
1 Maxwell, Theory 
+ Laplace,’ Buat irclfga: aerodtnimatehleloey, 
PP. 498—494- 
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hyperbolic comets, od hes 
ane 4 pees rate iBio, and ‘and as a nat ar, 
TEP pay na ees 
en we attempt to estimate the numbers of objects 
which may have existed, we must make allowances 
for the limited sphere of our observations wey 
Seley or 5000 comets have heen seem in 
historical ti allowance for the absonce of 
observers in the the pars emisphere, and for the small 
probability that we see any considerable fraction of those 
which are in the neighbourhood of our system, we must 
accept Kopler’s opinion, that there ure more comets in 
ee a ee eee ee 
en like calculations are made concerning the numbers 
Vitae leer it is bhrerra rete tonyy a 
tte} of meteors entering the earth's atmosphere in every 
Lad ead hours ia probably not Jess than 400,co0,n00, 
of wi 13,000 exist in every portion of space equal to 
eae filled ee earth, 
laciey may arise from overlooking the inevit- 
ae ondibins under which the records of past events are 
brought to our notice. Thus it is only the durable objects 
manufactured by former races of men, such bebe 
ments, which can have come to our notice as a general 
rule, The comparative abundance of iron and 
articles used by an ancient nation must not be supposed 
to be coincident with their comparative abundance in our 
museums, because bronze is far the more durable. There 
a a prevailing fallacy that our ancestors built mone 
than we do, arising from the fact that the more 
fragile structures have long since crumbled away. We 
have few or no relics of the habitations of the 
classes among the Grecks or Romans, or in fact of any 
past race; for the temples, tombs, public buildings, and 
mansions of the wealthier lasses alone endure, is 
an immense expanse of past events necessarily lost to us 
for ever, and we must generally look upon records or relies 
as exceptional in their character. 
The same considerations apply to Celcom 
We could not generally expect that anim: 
4 Chamber? Astronomy, 1st ed, po 203- 
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and animals devoid 
perished entirely, aauiee haps into oils, It 
tod out that the ter of some oxtinot 
loras may be due to the unequal preservation of different 
ieee of By various accidents, however, we gain 
a world that is usually losb to us—as by 
vensbedided in amber, the great mammoth preserved 
in ice, mummies, casts in solid material like that of the 
Roman soldier at Pompeii, and so forth. 
Woe should also remember, that a a = oes 
conjunctions of the heavenly bodies that 
pene on Eyes once vie nh paid of tnistecy act 
junctions may take place. Groat 
storms, Pccrtonincn eruptions, landslips, floods, 
irruptions of the sea, may, or rather must, have occurred, 
events of such unusual magnitude and such extreme rarity 
that we can neither ¢: to witness thom nor readily 
to comprehend their ta. It is a it advantage of 
the stindy of probabilities, ‘ag Laplace himself remarked, to 
make us mistrust tho meri aflear knowledge, and pay 
si regard to the pababiliyy that events would come 
within the sphere of our observations. 


Apparent Sequence of Bvents. 

De Morgan has excellent! inted out! that there 
retais lees thar oer mioceny (a phish voreipere any 
seem to follow or be connected with another, without 
tens so. These involve mental, sensual, and ex- 

causes of error, and I will briefly state and illustrate 


Poament eA cosine B, it may be our perception of a 
that causes B. Thus it is that prophecies, presentiments, 
and the devices of sorcery and witcheraft often work their 
own ends. A man dies on the day which he has always 
regarded ng his last, from his own fears of the day. An 
incantation effects its purpose, because care is taken to 
frighten the intended victim, hy letting him know his 
fate, In all such cases the mental condition is the cause 
of apparent cidenoe, 

1 Bysoy on Probabitities, Cubinat Cydopmniis, y. 121. 
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which is more likely to be visible at a time when the 
absence of clouds permits radiation to 

Ina ‘third class of cases, our perveption of A metry male 
sadly pe of B follow. The event B may be con- 
happening, but our attention may not be drawn to 
except by our observing A. This case seems to be 
ithustrage by the fallacy of the moon's influence on clouds. 
‘The origin of this fallacy is somewhat complicated. In 
the firat place, when the sky is densely clouded the moon 
would not be visible at all; it would be necessary for us to 
see the full moon in onler that our attention should be 
strongly drawn to the fact, and this would happen most 
often on those nights when the sky is cloudless. Mr. 
W. Ellis," moreover, lias ingeniously pointed ont that there 
isa general tendency for REN © at the com- 
mencement of night, which is the time when the full moon 
rises. Thus the chango of the sky and the riee of the full 
moon are likely to attract attention mutually, and the 
coincidence in time ts the relation of cause and 
effect, Mr, Ellis [ibe ym the results of observations 
at the Greenwich areticg that the moon possesses 10 
appreciable power of the kind supposed, and yet it is 
remarkable 80 sound an observer as Sir John Be, 

wns convinced of the connection, In his “Results of 
Observations at the Cape of Good Hope,”* he mentions 
min evenings when a fall moon occurned with # 

ly clear sky. 

1 Ph ps th Series (1867), vol. Park 
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‘There is yet a fourth elass of cases, in which Bix really 
oe eel gh nh Shape rete ies oe 
amsequonce of B, may be necessary to Trig hs 
perception of B. There can be no doubt, instar 
that | and downward currents sre continually cir- 
culating in the lowest stratam of the atmosphere during 
the day-time; but to the transparency of the at- 
mosphere we have no lence of their existence until we 
perceive cumulous clouds, which are the consequence of 
such currents. In like manner an interfiltration ef bodies 
ate in th higher pets of the atmogpbero is probably in 

ay constant. progress, but unless threads of 

indicate these motions we remain ignorant of the thelr 
ems. The highest strata of the atmosphere are 

iy imperceptible to us, except when rendered Jaminous 
hy ars currents of electricity, or by the passage of 
moteoris stonce. Most of the visible phenomena oe 
probably arise from some substance which, existin, 
viously invisible, becomes condensed or electrified su rly 
into a visible form. Sir John Herschel attempted to 
explain the production of comet tails in this manner by 
evaporation and condensation.* 


Negative Arguments from Non-observation: 


From what has been in preceding sections, it 
will plainly appear thot the non-observation of a pheno- 
menon is not gencrally to be taken as proving its non- 
ocourmnce, As there are sounds which we cannot hear, 
ee of heat which we cannot feel, multitudes of worlds 

ich we cannot see, and myriads of minute organisms 
of which not the most powerful microscope can ‘give us 
a view, we must asa arsal rule interpret our experience 
in. an affirmative sense only. Accordingly when inferences 
have been drawn from nhon-oceurrence of particular 
facts or objects, more extended and careful examination 
has often proved their falsity. Not many years eince it 
‘was quite a well credited conclusion in geology that no 
Benin of man were found in panection with those of 


3 Jevona, On the Cirrous Forres b lccntt 2 Magazine, 


tly, 1357, ath ies, aie Beg Toh r 


telescopes, there seemed little probability that 

remained unsocn within tho orbit of Jupiter, 

first day of this century such an opinion was overturned 

ieee ae wo nae ee ee 

small planets have since been added to the lists of the 
iystern. 


planeti 
Th of the Eozoin Canadense in strats of 


0 
aouch greater age than any nets known to contain 
a 


organic remains, has given a shock to groundless opinions 
ing the agit of fo fortas ed thie Seats 


to be extinct, These and many other ensee wl 
‘be quoted show the extremely unsafe character of negative 
inductions. 

But it must not be supposed that negative arguments 
are of no force and aes ‘The earth's surface has ban 
sufficiently searched to render it highly improbable 
any peli animals of the size ab a eal venta to be 
discovered. It is believed that no new large animal has 
been encountered in the last eighteen or twenty centuries* 
and the probability that if existent they would have been 
eon, increases 


forms of smaller size negative evidence loses weight from 
the less probability of our seeing smaller objects. Even 
the strong indaction in favour of the four-fold division of 
the animal kingdom into Vertebrata, Annulosa, Mollusca, 
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and Ccelenterata, may break down by the discovery of in- 

termediate or anomalous forms. As civilisation spreads 

cover the surface of the earth, and unexplored tracts are 

ny diminished, negative conclusions will increase 

force ; but we have much to learn yet concerning the 

Sanit of the ocean, almost wholly unexamined as they 
three-fourths of the earth’s surface, 

i el sng the are many statements to which con- 
‘sideral nobability attaches on account of the large 
extent of the investigations already made, as, for instance, 
Tod Sale igrrerae ees wees (scent serps 
gical ane wut gold occurs in secondary 
‘strata. onl, epakin rae small sant hay 
sstred tom the disintegration of earlier 

history negative conclusions are sotiogty 
meen unsatisfactory. The utmost patience 
ee not enable a microscopist. or the observer of any 
living thing to watch the behaviour of the organiam under 
all circumstances continuously for a great length of time. 
ae is always a chance therefore that the critical act or 
may cabe place when the observer's cyes are with- 
oes is certainly ny ee in some cases ; for though 
the fertilisation of orchids by y of insects is proved 
as well as any fact in nat history, Mr. Darwin has 
never bean able by the closest eens ‘to detect an insect 
in the performance of the ‘ion, Mr. Darwin has 
Limself adopted one conc: on negative evidence, 

namely, that the Orchis pyramidalis and cortain otbor 
gehicanemns | Eee sare no nectar, But a caution 
unw patience in verifying the conclusion give 
an pieentt ioe to the observer. For twontyatiree 
consecutive days, a8 he tells us, he examined flowers in all 
states of the weather, at all hours, in various localities 
As the sooretion in other flowers sometimes takes place 
rapidly and it hay at early dawn, that inconvenient 
hour of PRecraticn aes 8] ly adopted, Flowers of 
different ages were subjected to irritating vapours, to mois- 
ture, and to every condition likely to bring on the aecretion 5 
and only after invariable failure of this exhaustive inquiry 
waa the eamennos of to stares amd to be proved 

1 Marchison’s tat od. 
2 Darvas Feraton ca th Pe abe 
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observation of an obj have considerable force, 
it must be shown to be probable that a 
would have been observed, and it is this ibility whieh 


defines the value of the negative conclusion, The failure 
of astronomers to see the'p!] Vulcan, supposed by sore 
to exist within 's orbit, is no sufficient disproof of 
its existence, Similarly it would be very difficult, or even 
impossible, to disprove the existence of u second satellite of 
small size revolving round the earth. But if any person 
make a particular wsertion, assigning pluoe and time, then 
observation will either prove or disprove the alleged fact. 
If it is true that when a French observer professed to 
have geen a planet on the san’s face, an observer in Brazil 
was carefully scrutinising the sun and failed to see it, we 
have a negative proof. False facts in science, it has been 
well said, are more mischicvous than false theories, A 
false theory is open to every person's criticism, and is ever 
liable to "be judged by its accordance with facta, Buta 
fulse or grossly erroneous assertion of a fact often stands 
in the way of science for a long time, because it may be 
extremely difficult or even impossible to prove the falsity 
of what has been once recorded. 

In other acionces the force of a negative argument will 
often depend upon the number of possible alternatives 
whioh may exist, It was long believed that the quality 
of a musical sound as distinguished from its pitch, must 
depend upon the form of the undulation, because no other 
cause of it had evor been suggested or was apparently 

ible, ‘The truth of the conclusion was proved by 

‘elmboltz, who applied a microscope to luminous points 
attached to the str of various instruments, and 
thus actually observed different modes of undulation. 
In mathematics negntive inductive arguments have 
seldom much force, beeause the possible forms of expres- 
sion, or the possible combinations of lines-and circles in 

, are quite unlimited in number. An enormous 
number of ie wore made to trisect the angle by the 
ontinary methods of Euclid’s geometry, but their in- 
variable failure did not establish the impossibility of the 
task, This was shown in a totally different manner, by 

proving that the problem involves an irreducible eubic 
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equation to which there could be no corresponding plane 
geometrical solation? This is a case of reductio ad 
absurdum, a form of argument of a totally different 
chamicter. Similarly no number of failures to obtain a 
general solution of equations of the fifth degree would 
establish the impossibility of the task, but in an indirect 
mode, equivalent to a reductio ad abssrdum, the impossi- 
bility is considered to be proved. 


+ Peacock, Algdire, vol. fl. D. 34 
2 Thid, p. 359. Serrot, Alptbre Supériewre, and ed. p. 304. 


CHAPTER XIX. 
EXPERIMENT, 


We may now consider the great advantages which we 
enjoy in’ examining the combinations of phenomena when 
things are within our reach and capable of being experi- 
mented on. We are said do experiment when we bring sub- 
stances together under various conditions of temperature, 
pressure, electric disturbance, chemical action, &c., an 
then record the changes observed. Our object in induc- 
tive investigation is to nacertain exactly the group of cir- 
cumstances or conditions which being ‘aete certain 
other group of phenomena will follow, If we denote by 
A the antecedent group, and by X subsequent pheno- 
mena, our object will usually be to discover a law of the 
form A = AX, the meaning of which is that where A is X 
will happen. 

‘The circumstances which might be enumerated as present 
in the simplest experiment am very numerous, in fret ale 
most infinite. Rub two sticks together and consider what 
would be an exhaustive statement of the conditions 
There are the form, hardness, organic structure, and all 
the chemical qualities of the wood; tho pressure and 
velocity of the rubbing; the temperature, pressure, and all 
tho chemical qualities of the surrounding air; the proxi- 
mity of the earth with its attractive and electric powers; 
the temperature and other eee. of the persons pro- 
ducing motion; the radiation from the sun, and to and 
from the sky; the electric excitement possibly existing in 
any overhanging cloud ; even the positions of the heavenly 
bodies must be mentioned. On d priori grounds it is 
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unsafe to assume that any one of these circumstances is 
without effect, and it is only by experience that we can 
single out those precise conditions from which the observed 
heat of friction proceeds. 

The great method of experiment consists in removing, 
one at a time, each of those conditions which my be 
imagined to have an influence on the result, Our object 
in the oxpcriment of rubbing sticks is to discover the exact 
circumstances under which heat appeara. Now the pre- 
sence of air may be requisite ; therefore paepare a vacuum, 
and rub the sticks in every reg a8 before, excep that 
it is done im vacuo, Tf heat still appears we may say that 
air is not, in the presence of the other circumstances, a 
requisite condition, The conduction of heat from neigh- 
bouring bodies may be a condition. Prevent this by mak- 
ing all the surrounding bodies ice cold, which is what Davy 
aimed at in rubbing two pieces of ice together. If heat 
still appears we have eliminated another condition, and 60 
we aa on until it becomes apparent that the expen- 
diture of energy in the friction of two bodies is the sole 
condition of the production of heat. 

‘The great ity of experiment arises from the fact 
thot we must not assume the conditions to be independent, 
Previous to experiment we have no right to say that the 
rubbing of two sticks will produce heat in the same way 
when air is absent as before. We may have heat produ 
in one way when air is present, and in another when sir 
is absent. The lth branches out into two lines, and 
wo ought to try in both cases whether cutting off' supply 
of heat my oveuscn prevents its evolution in friction. 
‘The same branching out of the inquiry occurs with 
to every circumstance which enters into the iment, 

Regarding only four circumstances, say A, B, t D, we 
ought to test not only the combinations ABCD, ABCd, 
ABeD, AbCD, aBOD, but we ought really to go through 
the whole of the combinations given in the fifth column 
of the Alphabet. ‘Lhe effect of the absence of 
ench condition should be tried both in the presence and 
ubsence of every other condition, and every selection of 
‘those conditions, Perfect and exhaustive experimentation 
would, in short, consist in examining natural phenomena 
in all their possible combinations ond regyvetug, \ 

ay 
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relations between conditions und results which are found 
capable of existence. It would thus resemble the exclusion 
of eerpars combinations carried out in the Indirect 
Method of Inforenco, except that the exelusion of com- 
binations is grounded not on prior logical premises, but 
on é posterior: results of actual trial, 

‘The reader will perseive, however, that such exhaustive 
investigation is practically impossible, because the number 
of requisite experiments would be immensely great. Four 
antecedents only would require sixteen experiments; twelve 
antecedents wonld require 4096, and the number increases 
ag the powers of two. The result is that the experimenter 
has to fall back upon his own tactand experiance in select 
ing those experiments which are most likely to yield him 
significant facts. It is at ae that logical rules and 
forms begin to fail in giving aid, The logical rule is—Try 
all possible combinations; but this being impracticable, 
the experimentalist necessarily abandons strict logival 
method, and trusts to his own insight. Analogy, as we 

fee, gives some assistance, attention should be 
concentrated on those kinda of conditions which have been 
found important in like cages, But we are now entirely 
in the mgion of probability, and the experimenter, while 
he is confidently pursuing what he thinks the right cluo, 
aay be overlooking the onecondition of imy ce, It is 
an impressive lesson, for instance, that Newton pursued 
nll his exquisite researches on the trum unsuspicious of 
the fact that if he reduced the hole in the shutter to a 
narrow elit, all the mysteries of the bright aud dark lines 
were within his grasp, provided of course that his prisms 
were sufficiently good to define the rays. In like manner 
we know nob what slight alteration im the most familiar 
experiments may not open the way to realms of new 
discovery. 

Practical difficulties, also, encumber the progress of the 
phyaicist. It is often impossible to alter one condition 
without altering others at the same time; and thus we 
may nob get the pnre effect of the condition in question. 
Some conditions may be absolutely incapable of alteration; 
others may be with great dificulty, or only in a certain 
degree, removable. ‘very treacherous source of error is 
the existence of unknown conditions, which of course we 





cannot remove except by accident. Theee difficulties we 
will shortly consider in succession, 

It is beautiful to observe how the alteration of a single 
ciroumstance sometimes conclusively explains a pheno- 
menon. An instance is found in Faraday’s investigation 
of the behaviour of Lycopodium spores scattered on o 
vibrating plate, It was observed that these minute spores 
coll ther at the of greatest motion, wherens 
eand and all heavy particles collected at the nodes, where 
the motion was least. It hapeliy corres to Famday to 
try the experiment in the ex! receiver of an air 
pump, and it was then found that the light powder behaved 
exactly like heavy powder. A conclusive proof was thue 
obtained that the presence of air was the condition of im- 
portance, doubtless because it was thrown into eddies by 
the motion of the plate, and carried the Lycopodium to 
the points of greatest agitation, Sand was too heavy to be 
carried by the air. 


Enalusion of Indifforent Cirewmstances, 


From what has been already said it will be apparent 
that the detection and exclusion of indifferent cireum- 
stances is a work of importance, because it allows the 
concentration of attention upon cireumstances which con- 
tain the principal condition, fue beautiful instances may 
be given where all the most obvious antecedents have been 
ahown to have no part in the production of aphenomenon, 
A person might suppose that the peculiar colours of mother- 
of-pearl were due to the chemical qualities of the substance. 
Much trouble might have been spent in following out that 
notion by comparing the chemical qualities of various iri- 
descent eubstances. But Brewster accidentally took an. 
impression from a piece of mother-of-pearl in a cement of 
resin and bees’-wax, and finding the colours repeated upon 
the surface of the wax, he procecded to take other impros- 
sions in balsam, fusible metal, lead, gum arabic, isiuglass, 
&e,, and always found the iridescent colours tho same, He 
thus proved that the chemical nature of the substance is 
matter of indifference, and that the form of the surface is 
the real condition of auch colours,’ Nearly the same may 

4 Tyeative on Optics, by Breweter, Calo, Cyao. 7p. we 
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them even though the air were withdmwn by an wir-pump. 

‘The conditions are simply the existence of two tis 

surfaces ited by a very small 2) 09, though it shoul 

be added the refractive index of the intervening sub- 

stance has some influence on the exact nature of the colour 
juced. 


When « ray of light close to the edge of an opaque 
body, ‘8 portion of the Seerrece to be bent tment 
and produces coloured fringes within the shadow of the 
body, Newton attributed this inflexion of light to the 
attraction of the opaque body for the supposed particles of 
light, although he was aware that the nature of the sur 
rounding medium, whether air or other pellucid eubstance, 
exercised no apparent influence on the phenomena. 
Gravesande proved, however, that the character of the 
fringes is exactly the same, whether the body be dense or 
rare, compound or Gann A wire produces exactly 
the same fringes aga hair of the same thickness. Even the 
form of the obstructing edge was subsequently shown to 
be a matter of indifference by Fresnel, and the interfer- 
ence spectrum, or the spectrum seen when light passes 
pene! a fine grating, is absolutely the same whatever bo 
the form or chemical nature of the bara making the 
grating. Thus it appears that the stoppage of a portion of 
& beam of light ia the sole necessary condition for the 
diffraction or inflexion of light, and the phenomenon is 
shown to bear no analogy to the refraction of light, in 
which the form and nature of the substance are all inspor- 
tant. 

Itis interesting to observe how carefully Newton, in his 
tesearches on the spectrum, ascertained the indifference 
of'many circumstances by actual trial He says:'“Now 
the different mngnitude of the hole in the window-shut, 
and different thickness of the prism where the rays passed 
through it, and different inclinations of the prism to the 
horizon, made no sensible changes in the length of the 


© Opticks, grid. ed. ps 28 
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image, Neither did the different matter of the 
make any: for in a vossel mace of polished plates 
com in the shape of a Prim, cod Allod with 
water, there is the like success of the experiment according 
to the quant Rip otassncagene But in the latter state- 


ment, as I shall afterwards remark (p, 432), a 
aggumed an indifference which does not exist, and fell 
into an unfortunate mistake, 


Tn the science of sound it is shown that the pitch of a 
sound depends solely upon the number of impulses in 0 
second, and the material exciting those impulses is a matter 
of indifference, Whatever fluid, tied: wetnesing CoB 
be forced into the Siren, the sound produced is the same: 
and the material of which an organ-pipe is constructed 
docs not at all affect the pitch of its sound. athe goatee 
of statical electricity it is an important mats that ~ 
nature of the interior of a conducting a matter of 
no importance. The electrical charge is Boer to the 
conducting surface, and the interior remains in a neutral 
state, A hollow copper sphere takes exactly the same 
charge as a solid sphere of the same metal. 

Some of Farnday’s most elegant and successful researches 
‘were devoted to the exclusion of conditions which previous 
exporimenters had thought essential for the ion of 
electrical phenomena, wy asserted that no fluids, 
except such as contain water, could be made the medium 
of connexion between the Poles of baer and some 
chemists believed that water was an ee agent in 

electro-chemical decomposition. Faraday gave abundant 
iments to show that other fluids lowed of eleo- 
trolysis, and he attributed the erroncons opinion to the very 
general use of water us a solvent, and its presenes in moat 
natural bodies. Tt was, in fact, upon the weakest kind of 
negative evidence that the opinion had been founded. 


iy Ht Ais peculiar powers to the 
poles of fatars likening them to magnets, which, by 
their attractive por wwers, tear apart the elements of a aub- 


stance. By a Benntifal series of experiments,* Faraday 
proved conclusively that, on the contrary, the substance of 


1 Experimental Researches te Blectricity, vol is Pps 83%, t86 
1 eae ae SSS. 
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the poles is of no im ‘ing merely the path 
tion which the aloctzio pelea th the liquid actod 
upon, Poles of water, charcoal, and many diverse sub- 
stances, even air itself, juced similar resulta; if the 
chemical nature of the entered at all inte the question, 
it was as a disturbing agent. 

It is an cesential part of the theory of gravitation that 
the proximity of other attracting particles is without effect 
apes attraction existing between any two molecules 
q pound weights weigh os much together as they do 
separately. Every pair of molecules in the world have, as 
it were, a private communication, apart from their reln- 
tions to all other molecules. Another undoubted result of 
experience pointed out by Newton? is that the weight of 
a does not in the least d upon its form or 
texture. It may be added that temperature, electric 
condition, pressure, state of motion, chemical qualities, and 
all other circumstances concerning matter, except its ms, 
arp indifferent as regards its gravitating power. 

As natural science progresses, physicists gain a kind of 
insight and tact in Judging what qualities of a substance 
are likely to be concerned in any of phenomena. The 
physical astronomer treats matter in one point of view, 
the chemist in another, and the students of ee a. 
sound, mechanics, electricity, &e., make a fair divisl 
the qualities among them, But orrors will arise if too 
much confidence be placed in this independence of various 
kinds of phenomena, so that it is desirable from time to 
time, jially when any unexplained discrepancies come 
into notice, to question the indifference which is assumed 
to exist, and to teat its real existence by appropriate 
experiments, 


Simplification of Experiments. 

_ One of the most requisite precautions in experimentation 
is to vary only one circumstance at a time, and to main- 
tain all other circumstances rigidly unchanged. ‘There are 
two distinct reasons for this rule, the first and most ob- 
vious being that if we vary two conditions at a time, and 


! Principia, Uk. iii, Prop, vi. Corollary i, 
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find some effect, we cannot tell whether the effect is due 
Be crcsciaistenaltesaimus wa meat A second 
reason is that if no effect ensues we cannot eafely conclude 
that either of them is indifferent; for the one may have 
neutralised the'effect of the other, In our eymbolic logic 
AB + Ab was shown to be identical with A ‘A (p. 97), 0 
that B aun a an = which is peat 
present or absent But lways go 
another antecedent ©, we cannot show the same inde~ 
pendence, for ABO } Abe is not identical with A and 
none of our logical processes enables us to reduce it to A. 
If we want to prove that oxygen is necessary to life, we 
must not put a rabbit into a vessel from which the 
has been exhausted by a burning candle. We should then 
havo not only an absence of oxygen, but an addition of 
carbonic acid, which may have been the destructive agent. 
tesigais i oxpesasn a eoninationy poncun rs 
air in experiments on 5 muse air was 
not a simple substance, and the presence of nitrogen might 
impede or even alter the effect of oxygen. As Lavoisier 
remarks? = forming experiments, it is a 
pal engh fynevee Poi he: Rated eereee 
simplified as much as possible, and that every 
pala ne capable of rendering their results complicated 
be carefully removed,” It has also been well said by 
Cnvier* that the method of physical inquiry consists in 
isolating bodies, reducing them to their utmost simplicity, 
and bringing each of their properties separately into action, 
either mentally or by experiment. 
The electro-magnet has been of the utmost service in 
the invest nat the magnetic wale of matter, by 


allowing of the production or removal of a most ‘powerfull 
magnetic force without disti of the other ar 
rangements of the exporiment, ay at Faraday’s most 


valuable experiments would have been impossible had it 
been necessary to introduce a heavy permanent magnet, 
which could not be suddenly moved without shaking the 
whole apparatus, disturbing the air, producing currents 
by changes of temperature, &c, The electro-magnet 1s 


) Laroinier’a trunilated by Kerr, p. 10%. 
* Cuvicr’a Animal Ki introdoelion, yp 1,2 
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rfectly pase eenrols pecan elie can be brought 
action, rf or erating a 
button, Thus Faraday was enabled to prove the rotation 
of the plane of circularly polarised light by the fact that 
certain light ceased to be visible when the electric current 
of the magnet was cut off, and re-appeared when the 
cnrrent was made, “These phenomenu,” he says, “could 
be reversed at pleasure, and at any instant of time, and 
upon any ocension, showing a perfect dependence of cause 
and effect," * 

Tt was Newton's omission to obtain the solar spectrum 
under the simplest conditions which prevented him from 
discovering the dark lines. Using a broad beam of pate 
which bad possed through a round hole or a 
slit, he obtained a brilliant spectrum, bnt one in rebiok 
many different coloured rays overlapped each other, In 
the recent history of the science of the spectrum, one 
main difficulty has consisted in the mixture of the lines of 
several differant substances, which are usually to be found 
in the light of any flame or spark. It is seldom possible 
to obtain the light of any element in a perfectly simple 
manner, Angstrom greatly advanced this branch of science 
ee examining the light of the electric spark when formed 

between poles of various motals, and in the pen of 
various gases, By varying the pole 
mediam alone, he was abl 






surrounding gas? 
Failure in the Simplifeation of Experiments. 


Tn some cases it seems to be impossible to Led re 
tule of varying one circumstance at a time. 
attempt to obtain two instances or two forms of pee 
mont in which a single circumstance shall be present in 
one case and absent in another, it may be found that this 
single circumstanco entails others. Benjamin Franklin's 
experiment concerning the comparative absorbing powers 
of different colours is well known, “I took,” he says, “a 


! Keperimental Reacarches in Electricily, vol. like Pa te 
4 Phuonophical Magasine, 4th Sarion, WoL ix: pe 3570 
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number of little square pieces of brosdeloth from a tailor's 
berets card, of various colours. seipiedl ral se 
lus, lighter blue, Purple, re , White, and 
other colours and es of ieee laid them all out 
upon the snow on a bright sunshiny morning. In a few 
hours the black, being most warmed by the sun, was sunk 
60 low as to be below the stroke of the sun's rays; the 
dark blue was almost as low ; the lighter blue not quite 
30 much as the dark; the other colours less as they were 
ightor. ‘The white remained on the surface of the snow, 
Cae bY This is a very and 
apparently simple experiment ; but when Leslie com- 
pleted his series of researches upon ‘the nature of heat, he 
eame to the conclusion that hele colour of a surface rs 
very little effect upon the radiating power, tho mechanical 
pre of the oes appearing to be more influential. 
He remarks * that “the question is ineapable of being posi- 
tively resolved, since no substance can be made to assume 
different colours without at the same time changing its 
internal structure,” Recent investigation has shown that 
the subject is one of considerable complication, because 
the absorptive power of a surface may be different accord- 
ing to the character of the rays which fall upon it; 
but there can be no doubt as to the aeuteness with which 
Leslie points out the difficulty. In Well's serene 
concerning the nature of dew, we have, again, very 
complicated conditions, If we expose plates of various 
material, such as rough iron, glass, d metal, to the 
midnight sky, they will be dewed in various 
but since these plates differ both in the nature 
surface and the conducting power of the material, it oul 
not bo plain whether one or doth ciroumatances were of 


ferent condition of surface;* and again by exposing 
different substances with the same kind of surface. 

When we are quite unable to isolate circumstances we 
must resort to the eS described by Mill under the 
name of the Joint Method of Agreement and Difference, 


' Tnqwiry into the Notus Het, 5 
Be tebe ero sahh Recteaat 
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We must collect as many instances a3 possible in which 
a given circumstance produces a —_ result, and a 
08 


assification. It may be added that the subject does 
admit of perfect experimental treatment, since glass, when 
compressed in one direction, becomes capable of doubly~ 
refracting light, and as there is probably no alteration in 
the glass but change of elasticity, we learn that the power 
of double refraction is probably due to a difference of 
elasticity in different directions. 


Removal of Usual Conditions. 


One of the great objects of experiment is to enable us 
to judge of the behaviour of substances under conditions 
widely different from those which prevail upon the surface 
of the earth. We live in an atmosphere which does not 
vary beyond certain narrow limits in temperature or 
pressure. Many of the powers of nature, such as gravity, 
which constantly act upon us, are of almost fixed amount. 
Now it will afterwards be shown that we eannot apply « 

juantitative law to circumstances much differing from 

jose in which it was observed. In the other planeta, the 
sun, the stars, or remote parts of the Universe, the con- 
ditions of existence must often be widely different from 
what we commouly experience here. Hence our know= 
ledge of nature must remain restricted and hypothotical, 
unless we can subject substances to unusual conditions by 
suitable experiments. 


* System of Logie, Uk, ii, chap. viii. § 4, 5th ed. vol, & p. 433. 
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§ 


‘The electric arc is an invaluable means of 
metals or other conducting substances to the ib 
known eae By its aid wo learn not only that 
all the metals can be oe that they all give off 


in vaewo, cnables us to obeerve the nature of substances at 
temperatures immensely below any we mect with naturally 
on the earth’s eurface, 

We can hi realise now the importance of the in- 
vention of the , previous to which invention it 
‘was exocedingly difficult to experiment except under the 
ordinary pressure of the atmosphere. The et 
vacuum had been employed the philosophers of the 
Accademia del Cimento io thee the behaviour of water, 
amoke, sound, magnets, electric substances, &c,, in vacuo, 
but their experiments were often unsuccessful from the 
diffienlty of excluding air 

Among the most constant circumstances under which 
we live is the force of gravity, which does not vary, except 
by a alight fraction of its amount, in any part of the earth's 
crust or atmosphere to which we can attain. ‘This force is 
sufficient to overbear and disguise varlous actions, for in- 
stance, the mutual gravitation of small bodies, It was an 
interesting experiment of Plateau to neutralise the action 
of gravity by placing substances in liquids of ee the 
sume specific gravity. Thus a quantity of oil poured into 
the middle of a suitable mixture of alcohol and water 
assumes a spherical shape; on being made to rotate it 
becomes spheroidal, and then successively separates into 
a ring and a of epherules, Thus we have an 
illustration of the mode in which the eae 
may have been produced,? though the extreme difference 
of scale prevents our arguing with confidence from the 
bert: to the conditions of the nebular theory. 

it is possible that the so-called clements are clementary 
to us, because we are restricted to temperatures at 
which they are fixed. Lavoisier carefully defined an 


1 Natural, male in the Accademia det 
oneraldere tierra 
® Plateau, Taylor's Scie Mamwirs, wl. iv. pp. 15a 


438 THE PRINCIPLES OF SCIENCE. [omar 
element 98 a substance which cannot he decom) 


of elements, for instance Iodine, Bromine, and Chlo~ 

Tine, are really compounds of a simpler substance. We 

it the ein of tn pepereprie: 

yuite beyond our means, for the decomposition 

Te aed een elements, Prin hig opr of in 

iver the disgation of energy has 80 far proceeded 

‘that there are no sources of heat sufficiently intense to 
effect the decomposition. 


Interference of Unsuspected Conditions. 


Tt may happen that we are not aware of all the conditions 
age which our researches are made, Somo substance 
erika or some power be in action, which 
@ most vigilant examinat Not being aware 
ag esatiieaelare uate ta take proper measures to 
exclude it, and thus determine the share which it has in 
the results of our experiments, There can be no doubt 
that the ieee fie misled and encouraged in their 
vid attem) ‘unsuspected presance of bapa of 
Lermenare in the substances they proposed to 
eits a as drawn from the melting furnace, cae 
always contains some silver, and is associated with 
many other metals. Thus small cquantiticn of noble metal 
would often appear a the result of experiment and miso 
delusive hopes. 

In more than one case the unsuspected presence of 
common salt in the air has caused great trouble. In 
the enrly experiments on electrolysis it was found that 
whon water was decomposed, an acid and an alkali were 


he absence of any other prleaie, some 
rushed to the conclusion that electricity must haye the 
power of generating acids and alkalies, and one chemist 
thought he had diecovered a new substance called edecfrie 
acid. But Davy proceeded to a systematic investigation 
of the circumstances, by varying the conditions. Changing 
the glass vessel for one of agate or gold, he found that far 
less alkali was produced ; excluding impurities by the use 
of carotully distilled water, he found that the quantities of 
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acid and alkali were still further diminished ; and smd 
wang by erage ex 





CO ah eee pe eterna tee 
condition previously unsuspected. 

It is remarkable that the presence of common salt in 
the air, proved to exist by Davy, nevertheless continued a 
stumbling-block in the science of spectrum analysis, and 
re ybably prevented cee hehe ry cp espa, and 

‘bot, from anticipat re Hh ie discoveries 
oBewee oat Kiehiol as Tes Sinan ath the utility 
of the spectrum was known in the middle of the last 
century to Thomas Melvill, o talented Scotch physicist, 
who died at the carly age of eben But Melvill 
was struck in his examination of flames by the 
extraondinary prodominance of homogeneous yellow light, 
which was due to some circumstance eerie his atten- 
tion, Wollaston and Fraunhofer were equally struck by 
une ef. the, yellow: lina. inthe’ epeosnma(Ge 

every kind of light. Talbot expressly recommended 

tha use of the prism for detecting the presence of substances 
by what we now call spectrum analysis, but he found that 
all substances, however different the light they yielded in 
other respects, were identical as regards the production of 
yellow Talbot knew that ths salts of soda gave this 
Raven light, but in spite of Davy's previous difficulties 
with salt in electrolysis, it did not occur to him to assert 
that where the light is, there sodium must be. He sug- 
‘wuter.a8 the most likely aource of the Fellow light, 

wise of its frequent Paral but even substances 
which were apparently of water gave the same 
yellow light. Brewster and Herschel both experimented 


on 1836) vol. xvi pp. 388, 389. Wark 


of ‘stot ‘opin Du ieererea 
tn po a BEI are Eng Pt 
oe Rey tae Tose nige aetian Popaen in Phoevophtant Woe 
action (1785), vo ee ae en 
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aes ek 
ee tle Nevertheless after nomerous 
its attended with Pree ee disappoint- 
ene sound bat gallon ligeersiget ‘be obtained from the 
combustion of almost any substance. It was not until 
a that Swan discovered that an almost infinitesimal 
aoe sodium chloride, say a millionth part of a grain, 
aa jent to tinge a flamo of a bright yellow colour, 
‘The universal difuson of the salts of sodium, joined to 
this unique light-producing power, was thus shown to be 
the unsuspeoted condition which had destroyed the confi- 
dence of all previous experimenters in the use of the 
prism. Some references concerning the history of this 
curious point are given below. 

In the science of radiant heat, carly inquirers were led 
to the conclusion that radiation from the 
surface of a solid, or from fttetfecore below it. 
Whe RS enone m surfaces covered 

hy coats of varnish, which ek eit mae athermanous or 
ete boat, Had amie varied the character 

the surface, ccs fy a high! Leland substance like 
rock salt, they would have obtained very different resulta? 

One of the most extraordinary instances of an erroneous 
opinion due to overlooking interfering its is that con- 
cerning the increase of rainfall near to the earth's surface, 
More than a century ago it was observed That Migs 
placed upon church steeples, house tops, and other: 
places, gave considerably Jess rain than if they were on the 
ground, and it has been recen’ ay shove that the variation 
ig most rapid in the close neighbourhood of the ground.* 
All kinds of theories have been started to explain this 
phenomenon ; but I have shown® that it is simply due to 


hia a Litana, art, Light, § 524; Horschel’s 

hat, Pcp! Mop, "yo ae 18: 

‘Brewster, manctions of 

val Sonn, sbid. [1856] vol. br 
oa ae S173 [ek 180 Ty pero 


A ay ce 

* Yulfour Stewnrt, £ rng Fe Ta 19 

* British incl Monon Liverpool, 1870. on Rainfall, p. 176 
? £hidowophical 1861, 4th vol. xxii, p. 421. 
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the interference of wind, which detlects more or leas rain 
from all the gauges which are exposed to it, 

‘The great magnetie power of iron renders it a source of 
disturbance in magnetic experiments, In building a mag- 
netic observatory great care must therefore be that 
no iron is employed in the construction, and that no 
masses of iron are near at hand. In some cases magnetic 
observations have been seriously disturbed by the existence 
of masses of iron ore in the neighbourhood, In Faraday’s 
experiments upon feebly magnetic or diamagnetic substances 
he took the [bees lng against the presence of 
disturbing su in the copper wire, wax, paper, and 
other articles used in suspending the test objects. It wis 
hia custom to try the effect ofthe magnet wpon the appa- 
ratus in the absence of the object of experiment, and with- 
out this preliminary trial no confidence could be placed in 
the results? Tyndall has also employed the same mode 
for testing the freedom of electro-magnetic coils from iron, 
and was thus enabled to obtain them devoid of any cause 
of disturbance* Tt is worthy of notice that in the very 
eae the science of maguetism, the acute experimeni- 
talist Gilbert correctly accounted for the opinion existing 
in his day that magnets would attract silver, by pointing 
out that the silver contained iron, 

Even when we are nob aware by previous experience of 
the probable presence of a epecial disturbing agent, we 
ought not to assume the absence of unsuspected inter- 
ference, If an experiment is of roally high importance, so 
that any considerable branch of acience reate upon it, we 
onght to try it again und again, in ux varied conditions as 
possible, We should intentionally disturb the apparatus 
in various ways, so as if possible to hit by accident upon 
any weak pot, Kapecially when our results are more 
regular than we have fair grounds for anticipating, ought 
we lo suspect some peculiarity in the apparatus which 
causes it to measure some other phenomenon than that in 
question, just ax Foucault's pendulum almost always in~ 
dicates the movement of the axea of its own elliptic path 
instead of the rotation of the globo, 


1 A 3 ea 
Pp bie nt pe a a ie ahh 
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Te was in this cautious eee that Baily acted in his 
iments on the density of the earth. The accuracy 
of his results depended upon the elimination of all disturb. 
ing influences, so that the oscillation of his torsion balance 
should measure gravity alone, Hence he varied the appa~ 
ratus im many ways, changing the small balls subject to 
attraction, changing the connecting rod, and the means of 
ion. He observed the effect of disturbances, such 
wate pessoa ot visitors, the occurrence of violent storms, 
ee and ax no real alteration was produced in the results, 
he confidently attributed them to gravity. 

Newton would .probably have aiccsered the mode of 
constructing achromatic Ienses, but for the unsuspected 
effect of some sugar of lead which he ig supposed to have 
dissolved in the water of a Li eee He tried, by aes of 
a glags prism combined with a water prism, ‘to 
dispersion of light without refraction, and if he =e 
succeeded there would have been an obvious mode of 
produc cing refraction without dispersion, His failure is 
attributed to his adding lead acetate to the sie for the 
purpose of increasing ita refractive power, the Bei 
a Tigh dispersive power which hick, deusiraied. his 
Judging from Newton's remarks, in the Palghat 
Transactions, it would aj as if he had not, 
many unsuccessful trinls, despaired of the construction of 
LENS lassen 

umicians of Cimento, in their carly and in- 
pee ia spent ‘upon the vacuum, were often misled 

y = mechanical imperfections of their apparatus. They 

exrocltded that tbe.sir bad nothing to dowd the atcha: 
tion of sounds, evidently because their vacuum was not 
sufficiently perfect. Otto von Guericke fell into a like 
mistake in the use of his newly-constracted air-pump, 
doubtless from the unsuspected presence of air sufliciently 
dense to convey the sound of the bell. 

It is hardly requisite to point out that the doctrine of 
spontaneous generation is due to the unsuspected presence 


1 Baily, Memoirs of the Royal Astronomical Society, vol. xiv. pp. 
75 Sant, kes iy mse fp Po S316 


3 Philosophical Transactions, abridged by Lowthorp, gth edition, 
vol, i. p. 202. 
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of gorma, even after the most carefal offerte to exclude 
them, and in the ease of many diseases, both of animals 
and Wo Sl acer a eis to yet of de- 

it ete hela ae ao 
a subject of dispute, again, w! a its which sprit 
Remeueniy tamed igecipaty are ioc crest 
that land, or from seeds brought by the wind. Argument 
is unphilosophical when direct trial can readily be applied ; 
Peat exrctag ip ecxsn ola county wacheorectia a tion 
of it with a glass case, the conveyance af seeds by the 
wind can be entirely prevented, and if the same plants 
c Within and without the case, it will become clear 
at the seeds are in the earth, By gross oversight some 
wifes have thought before now that crops of rye 
had sprang up where oats had been sown. 


Blind or Test Experiments. 


conclusive experiment necessarily consists in tho 
comparison of results between two different combinations 
of circumstances, To give a fair probability that A is the 
cause of X, wa must maintain invariable all surrounding 
objects und conditions, and we must then show that where 
A is X is, and where A is not X isnot, This cannot really 
be accomplished in a single trial If, for instance, a 
chemist places a certain suspected substance in Marsh's 
test apparntus, and finds that it gives a smoll deposit of 
metallic arsenic, he cannot be sure that the arsenic really 


make what they call a blind experiment, that is to try 
whether arsenic appears in the absence of the 
substance. ®aine procaution ought to be taken in all 
important analytical operations. it is not mere! 


4 precaution, it is an essential part of any Aca 


‘that because A and X are together A is the cause of 

X, we assume that if A were absent X would be absent. 

But wherever {t ia possible, we ought not to take this 

a8 a mere assumption, or cven as a matter of inference. 
ay 
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yperties bearing the absence 
etic jies of the beari wwatus, in the al 
of onvidas eater tarbacecitaaseal cart tay really made a 
blind experiment (p. 431). 

We ought, also, to test the accuracy of a method of ex- 
periment whenever we can, by introducing known amonnts 
of the substance or force to be detected. Anew analytical 
process for the quantitative estimation of na element 
should be tested by performing it upon a ‘ure com= 
pen #0 as to coma oe pemoa of that clomenti. 

‘he accurncy of the gold assny greatly depends 
upon the antion of assayit loys of gold of exactly 
neste ceepoaic Gabriel Plastes’ works give evidence 
of much scientific spirit, and when discussing the suy 
merits of the divining rod for the discovery of subterrancan 
treasure, he sensibly by eles that the rod should be tried 
in places where vei ‘metal are known to exist 


Negative Results of Experiment, 


When we pay proper to the imperfection of all 
measuring instruments ate possible sninutenses of 
effects, we shall sco much reason for rece with 
. caution the negative results of experiments. We may fail 
to discover the existence of an expected effect, not because 
that effect is really non-existent, but because it is of a 
magnitude pospresia to our senses, or confounded with 
other effects of much greater amount. .As there is no 
limit on ¢ priori grounds to the smallness of a phenome- 
non, we can never, by a single exporiment, prove 

non-existence of a supposed effect. We are always at 
liberty to assume that a certain amount of effect might 
have been detected by greats yeaa of measurement, 
We cannot safely affirm that the moon has no atmosphere 
at all. We may doubtless show that the atmosphore, if 
present, is less dense than the air in the so-called vacuum 


+ Jevous in Wi ; bs 
1 Seems a Dioner af Chelle vo ire a 
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of an wir-pump, as did Du Sejour, Tt ix equally i ie 
ble to prove that gravity occupies no time in frexitiesioce 
Laplace indeed ascertained that the velocity of propagation 
of the influence was at; least fifty million times greater than 
that of light; but it does not really follow that it is in- 
stantaneous; and were there any means of detecting the 
action of one star upon another exceedingly distant star, 
we might possibly find an appreciable interval ocoupied in 
the transmission of the gravitating impulse. Newton 
could not demonstrate the absence of all resistance to 
matter moving through empty space; but he xen 
an experiment with the pendulum (p. 443), that if 

resistance existed, it was in amount less than one five- 
thousandth part of the external resistance of the air® 

A curious instance of falee negative inference is far- 
nished by experiments on light. Euler rejected the cor- 
puscalar theory on the ground that particles of matter 
moving with the immense velocity of light would possess 
momentum, of which there was no evidence. Bennet had 
attempted to detect the momentum of light by concentrat- 
ing the rays of the sun upon a delicately balanced body. 
Observing no result, it was considered to be proved that 
light had no momentum. Mr. Crookes, however, having 
anspended thin vanes, blacked on one side, in a nearly 
vacuous globe, found that they move under the influence 
of light. It is now allowed that this effect can he ex- 
plained in accordance with the undulatory theory of light, 
and the molecular theory of gases. Tt comes to this—that 
Bennet failed to detect an effect which he might have 

with a better method of experimenting; but if he 
had found it, the phenomenon would have confirmed, not 
the corpuscular of light, as was expected, but the 
rival undulatory theory. The conclusion drawn from 
Bennet’s experiment was falsely drawn, but it was nover- 
theless trae in matter. 

Many incidents in the history of science tend to show 
that phenomena, which one generation has failed to dis- 
cover, may become accurately known to a succeeding 
generation, The Cepecenbiiny of water which the 

1 Laplace, the Work, translated bj ‘vol. il. p. 322. 
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Academicians of Florence could not detect, because at a. 
[polar deere decker ir and at a 


i concerning the nature 
of gavitation An this and other subjects he showed, 
indeed, + te for experimental investigation which 
would ha Hai hate ee if 
Than that of Newton, He correctly con that 
force of gravity would decrease ag we recede from the 
pear echt es Resp tape Arve ore sir 
experiment, ing exactly counter two weights 
Scithamealge te nlibalssise/ieerpatheseoin re 

cicada De removed 
‘his balance to the top of the dome of St. Paul's, and tried 
whother the balance remained in equilibriam after one 
weight was allowed to hang dowa to a depth of 240 feet. 
Fe ele nich weights wore at 
the same and ab different levels, but Hooke rightly held 
that the failure arose from the insufficient elevation. He 
says, “ Yet I am apt to think some difference might be dis 
covered in greater heights."* The radius of the earth 
Bit stonk 20s re Seay We a eT eae 

from the law of gravity that a height of 240 would not 


make a greater difference than one part in 40,000 of the 

ng a difference would doubtless be i le 
in the balances of that day, though it could be de- 
tected by pribelaness nee See ly constructed. the 
mutual gravitation of at the earth's is 80. 
small that Newton appears to have made no attempt to 
demonstrate its hae ntally, merely remark 
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of far less amount than these must exist, and we should 
atato our negative results with corresponding caution. We 
ean only hosing a the existence of a quantitative ar 


eras that the appear, whore it is by 
experiment found not to pat 
Limits of Experiment. 

It will be obvious that there are many operations of 
nature which we are quite incapable of imitating in our 
experiments, Our object is to study the conditions under 
which a certain effect 18 produced; but one of those con~ 
ditions may involve a great length of time. There are 
instances on record of experiments extending over five or 
ten years, and even over a part of a lifetime; but 
such intervals of time are ulmost nothing to the time 
during which nature. may have been at work, The con- 
tents of a mineral vein in Cornwall may have been 1 under 
going gradual change for a hundred million 
metamorphic rocks have doubtless endured 
ture and enormous pressure for inconceivable 
time, 20 that chemical geology is generally jee id 
scope of experiment. 

ments have been brought against Darwin's theory, 
founded upon the absence of any clear instance of the 
production of a new species. During an historical interval 
of perhaps four thousand years, no animal, it ia said, haa 
been so much domesticated as to become different in 


' Kelll’s Introduction to Natural Philosophy, 3rd ed., London, 
1733, pp. 48-34. 


phy 
animals by natural selection is subject to exactly the sarne 
marks. As regards animals living in # state of nature, 
eo) 


701 
the change of circumstances which can be ascertained to 
have occurred is so slight, that we could not Sane to 
observe any change in those animals whatever. Nature 
has made no experiment at all for us within bi 

times. Man, however, by taming and domesticating dogs, 
horses, oxen, pigeons, &c, has made considerable change 
in their circumstances, and we find considerable change 
also in their forms and characters. Supposing the atate of 
domestication to continue unchanged, these new 
would continue permanent so far as we know, and in this 
sense they are permanent. Thus the arguments 
Darwin's theory, founded on the non-observation of natural 
changes within the historical period, are of the weakest 
character, being purely negative, 


' Discovery of Subterruneal Treurere, 1639, p 52+ 








CHAPTER XX. 
METHOD OF VARIATIONS. 


Exrenments may be of two kinds, experiments of 
simple fact, und experiments of quantity. In the first 
lage of experiments we combine certain conditions, and 
wish to ascertain whether or not a certain effect of any 
quantity existe Hooke wished to ascertain whether or 
not there was any difference in the force of gravity at the 
top and bottom of St. Paul's Cathedral. The chemist 
continually performs analyses for the purpose of ascertail 
whether or not a given element exists in eigen ee mi- 
noral or mixture; all such experiments analyses are 
qualitative rather than quantitative, because though the 
result may be more or less, the particular amount of the 
result is not the object of the aaa 

So soon, however, as a result is known to be discoverable, 
the scientific man ought to to the quantitative 
inquiry, how great a result follows from a certain amount 
of the conditions which sre supposed to constitute the 
cause? The possible numbers of experiments are now in- 
finitely great, for every variation ina quantitative condition 
will usually produce a variation in the amount of the effect. 
‘The method of variation which thus arises is no narrow or 
special method, but it is the general application of experi- 
mont to phenomena capable of continuous variation. As 
Mr. Fowler has well remarked,’ the observation of variations 
is really an integration of a supposed infinite number of 
applications of the so-called method of difference, that is 
of experiment in its perfect form. 

1 Bloments of Industive Logic, wt clit. p. 114. 
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In induction we aim at establishing a Jaw, and 
abe, Apel a poet ios Tes RON ly be expressed 
more or less obviously in the form of an equation, or 
equations. We treat as before of conditions, and of what 
happens under those conditions. But the conditions will 
now vary, not in quality, but quantity, and the effect will 
algo vary in quantity, so that the It of ‘itative in- 
duction is always to arrive at some mathemat expression 
involving the Beg of each condition, and expressing 
the quantity of the result, In other words, we wish to 
know what function the effect is of its conditions. We 
shall find that it is one thing to obtain the numerical 
results, and quite another thing to detect the law obeyed 
by those 3, the latter being an operation of an inverse 
and tentative character, 


The Variable and the Variant, 


Mmost every series of quantitative experiments is 
directed to obtain the relation between the different 
values of one quantity which is varied at will, and an- 
other quantity which is caused thereby to vary. We 
may conveniently distinguish these o3 respectively the 
variable and the variant. When we are examining the 
offect of heat in expanding bodies, heat, or ona of ite 

i ions, temperature, is the variable, length the 
variant. If we compress 9 body to observe how much 
it is thereby heated, pressure, or it may be the dit i 
of the body, forms the variable, heat the variant. In 
the thermo-electric pila we make heat the variable and 
measure electricity as the variant. That one of the two 
measured quantities which is an antecedent condition of 
the other will be the variable. 

It is always convenient to have the variable entirely 
under our command. Experiments may indeed be made 
with accuracy, provided we can exactly measure the vari- 
able at the moment when the quantity of the effect is 
determined, But if we havo to trust to the action of 
some capricious force, there may be great, diflleulty in 
making exact measurements, and those resulte may not 
be disposed over the whole range of quantity in a con- 
venjent manner. It is one prime object of the expori- 
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menter, therefore, to obtain a regular and governable 
supply of the force which he is gat To de- 
termine correctly the efficiency of windiills, when the 
natural winds were constantly in foree, would be 
exceedingly difficult, Smeaton, in his experi- 
ments on the subject, created a uniform wind of the 
tequired force by moving his models against the air on the 
extremity of a revolving arm} The velocity of the wind 
could thus be rendered or less, it could be main- 
tained uniform for any of time, and its amount 
could be exactly ascertained, In determining the laws of 
the chemical action of light it would be out of the question 
to employ the miys of the sun, which vary in intensity with 
the clearness of the atmosphere, and with every passing 
cloud, One great difficulty in photometry and the investi- 
gation of the chemical action of light conaiets in obtaining 
a uniform and governable source of light tays* 

Fizeau's method of measuring the velocity of light 
enabled him to appreciate the time ocoupied by light in 
travelling through « distance of eight or nine thousand 
metres, But the revolving mirror of Wheatstone sub- 
sequently enabled Foucault and Fizeau to measure the 
volocity in a space of four metres, In this latter method 
there was the advantage that various media could be sub- 
stituted for air, and the tempernture, density, and other 
conditions of the experiment could be aseurately governed 
and measured, 


Measurement of the Variable, 


‘There is little use in obtaining exact measurements of 
an effect unless we can also exactly measureits conditions, 

Tt is absurd to measure the trical resistance of a 
piece of metal, its elasticity, tenacity, density, or other 
physical qualities, if these vary, not only with the minute 
impurities of the metal, but also with its physical con- 
dition. If the sams bar changes its properties by being 

' Philosophical Transactions, vol. li. p. 138 ; abridgment, vol, xi. 
By Boe Buren and Roscoe's researches, 


in Philosophicat Transactions 
(1859), vol. cxlix, p. 886, &6., where they describe a constant awe of 
carbon monoxide gas, 





+2 

hia. 
heated and cooled, and we cannot exactly define the state 
in which it is at pei ee a le 
be wasted, because it can lead to no law. It is of 
‘use to determine very exactly the electric conductibility of 
carbon, which as phite or gas carbon conducts like a 
metal, as diamond is almost a non-conductor, and in 
several other forms possesses variable and intermediate 
powers of conduction, It will be of use only for 
immediate practical applications. Before mn these 
we ought to have something to measure of which the con- 
ditions are capable of exact definition, and to which at a 
future time we can recur. Similarly the accuracy of our 


measurement need not much surpass the accuracy with 
which we can define the conditions of the object treated. 
The of eloctricity in i +h a conductor 


maint ads upon the inductive ity of the sur- 
rounding substancos, | ie 


some casos aro one hundred times as great as in other 
serably ue the maximum speed BAe conduction is 
a constant quantity Lt ok in ic importance, 
ee according to Prot Clerk laxwell’s determination in 
1868 is 174,800 miles second, or little less than that 
St ‘The true boi point of water is a point on 
which practical thermometry depends, and it is highly 
important to determine that point in relation to the ab- 
solute thermometri¢ scale, But when water free from air 
and impurity is heated there seems to be no definite limit 
to the temperature it may reach, a temperature of 180° 
Cont, having been actually observed. Such te 
therefore, do not require accurate measurement. AIL 
améteorclogical messuroments depending on the accidental 
condition of the sky are of far leas importance than 
Lo naps measurements in which such accidental con~ 
itions do not intervene. Many found investigations 
depend upon our knowledge of the radiant energy con~ 
tinually poured upon the earth by the sun; but this must 
be measured when the sky is perfectly clear, and the 
absorption of the atmospl at its minimum. The 
slightest interference of cloud destroys the value of such 
4 measurement, except for meteorological pur; which 
are of vastly less gencrality and importance. It is seldom 
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useful, again, to mensure the height of a snow-vovered 
mountain within a foot, when the thickness of the snow 
alone may cause it to vary 25 feet or more, when in ehort 
the height itself is indefinite to that extent.* 


Maintenance of Similar Conditions. 


Our ultimate object in induction must be to obtain. the 
complete rolation between tho conditions and the effect, 
‘but this relation will generally be so complex that we can 
only attack it in detail, We must, as far as possible, 
confine the variation to one condition at a time, and estab- 
Tish a se] relation between each condition and the 
effect. This is at any rate the firat step in approximating 
to the complete Jaw, and it will be a subsequent question 
how far the simultaneous variation of several conditions 
modifies their separate actions. In many experiments, 
indeed, it is only one condition which we wish to one 
and the others are interfering forces which we would av 
i ‘ible One of the conditions of the motion of a pen= 
dulum is the resistance of the air, or other medium in 
which it swings; but when Newton was desirous of prov- 
ing the equal gravitation of all substances, he had no 
intorest in the air, His object was to observe a single 
foree only, und so it is in a greab many other experiments, 
Accordingly, ono of the most important precautions in 
investigation consists in maintaining all conditions con- 
stant except that which is to be studied. As that admir- 
able experimental philosopher, Gilbert, expressed it? 
“There is always need of similar preparation, of similar 
figure, and of equal magnitude, for in dissimilar and un- 
equal circumstances the experiment is doubtful.” 

In Newton’s decisive experiment similar conditions were 
provided for, with the simplicity which characterises the 
highest art. The pendutums of which the oscillations were 
com| consisted of equal boxes of wood, hanging by 
equal threads, and filled with different substances, so that 
the total weights should be equal and the centres of oscil- 
lation at the same distance from the points of suspension, 





+ Humboldt's Comox (Bohn), vol. i p. 7+ 
* Gilbert, De Magnes, p. 109. 





the purpose of showing that the cor loss of heat by a 
gas is connected, not with the seateas of its volume 
und density, but with the energy received or given out by 
the gas. Two strong vessels, connected bya tube and stop. 
cock, were placed in water after the air had been exhausted 
from one vessel and condensed in the other to the extent 
of twenty atmospheres, The whole ay ua having 
been brought to « uniform tempermture agitating the 
water, and the temperature hay doen exactly Shaner 
the -was opened, so that the air at once expan 
and filled the two vessels uniformly. The temperature of 
the water being agnin noted was found to be almost an- 
changed. The experiment was then repeated in an exactly 
similar manner, except that the strong vessels were placed 
in separate portions of the water. Now cold wns produced 
in the vessel from which the air rushed, and an almost 
exnetly equal quantity of heat appeared in that to which 
it was conducted. Thus Dr. Joule clearly proved that 
rarefaction produces as much heat as cold, and that Pa 
when there is disappearance of mechanical energy wil 
there be production of heat? What we have to notice, 
however, is not so much the reault of the experiment, as 
the simple manner in which a single change in the aj 
ratus, the separation of tho portions of water a 

the air vessels, ia made to give indications of the utmost 
significance. 


1 Principia, ble Sti, Prop. vi. 
2 Philostphieal Magonine, 30d Series, ol, xxvh. p. 375. 
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Collective Bxperiments. 

There is an interesting class of iments which 
enable us to observe a number of quantitative reeulta in 
one act, Generally each experiment yields us 
‘but one number, ‘before we can approach the real 
proceases of reasoning we muat laboriously repeat measure~ 
ment after measurement, until we can luy out a curve of 
‘the variation of one quantity as de) on another. 
We can sometimes “ahlrevia ite this labour, by making a 

juantity vary in different parts of the same apy 
through every required amount. In observing the height 
to which water rises by the capillary attraction of a glass 
vousel, we may take a series of glass tubes of different 
‘Dore, and measure the height gs which it rises in each, 
But if we take two glass plates, and place them vertically) 
in water, so as to be in contact at one vertical sido, and) 
slightly separated at the ether side, the interval between 
the plates varies through every intermediate width, an) 
the water rises to a corresponding height, producing at its 
we surface a hyperbolic curve. 

¢ absorption of light in passing through a coloured 
liquid may be beautifully shown by enclosing the liquid in 
a glass, so that we have at a single lance 
an variety of thicknesses in view, lewton 
himself remarked, a red liquid viewed in this manner is 
found to have a pale yellow colour at the thinnest part, 
and it passes through orange into red, which gradually 
becomes of a docper and darker tint? The effect be 
noticed in a conical Aged ad The prismatic analysis of 
light from such a wedge-shaped vessel discloses the reason, 
by exhibiting the progroasive absorption of different rays 
ofthe aeeats as investigated by Dr, J. HL Gladstone 

A moving tmay sometimes be made to mark out 
its own course, like « shooting star which leaves « tail 
behind it. Thus an inclined jet of water exhibits in the 
cloarcet manner tho parabolic path of a projectile. In 


‘Wheatatone's the curves produced by the 
Saabtustion ot sienetioe tt ptlhcell sei E 


H ome "Moviary of Chentrg, vol. ip, G7. 
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placing bri slices the of wires of 
ae ‘The moti rane fone fo ikl that 


: silage 
influence of a and fall into curves 
to what et the Lines of heehee! 
Dt tain he wpe oie fo efor fo the Hing By nage 
ol 1e was ol to refer to the mi 
notic curves,” he says, "I mean lines of a eres 
which would bn depicted by iron filings, bison had 
previously prod similar curves ee the action of ae 
tional electricity, and from a mathematical ins 
the forms of such curves we any: infer that pane Aa 
electric attractions obey the general law of emanation, 
that of the inverse square oft the distance, In the electric. 
brush we have a similar exhibition of the laws of electric 
attraction. 

‘There are peveral ranches of science in which collective 
experiments have ‘used with advantage. Lich- 
dechen electric figures, produced ae scattering electrified 
Seti on an electrified resin cake, so as to show the con- 

ition of the latter, suggested to Chladni the notion of 
discovering the state of vibration of pean by strewing 
sand upon ‘eed ‘The eand collects at the pointa where the 
motion is least, and we gain at a glance a comprehension 
of the undulations of the plate, To thie method of experi- 
ment we owe the beautiful observations of Savart. The 
exqnisite coloured figures exhibited ried plates of lesen 
when examined by polarised light, afford a more com} 
cated example of the same kind of investigation. 
led Brewster and Fresnel to an e: peseten of of malo eee 
of the optic axes of crystals 
heat in crystalline substances ae noes 
similar manner, by spreading a thin layer of a wen 
plate of crystal, and applying hest to a single point. 
wax then melts in a cireular or elliptic area acco! 
the rate of conduction is uniform or not, Nor sl a 
forget that Newton's rings were an early and most impor- 


1 Faratay’s Life, by Bence Joues, vol tl, 5. 
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tant instance of investigations of the same kind, show! 
the effects of interference of light undulations of 
magnitudes at a single view. Herschel gave to all auch 
opportunities of observing directly the its of a general 
Taw, the name of Collective Instances and I propose to 
adopt the name Collective Kaperiments, 

experiments will in many subjects only give the 
first hint of the nature of the law in question, but will not 
admit of any exact measuromenta, 16 parabolic form of 
a jet of water may well have suggested to Galileo his views 
concerning the path of a projectile; but it would not serve 
now for the exact investigation of the laws of gravity. It 
is unlikely that capillary attraction could be exuctly 
measured by the uae of inolined plates of glass, and tubes 
would probably be better for precise investigution, Asa 
general rule, collective ex; ents would be moat 
useful for popular illustration, it when the curves are 
of a precise and permanent, character, as in the coloured 
figures produced by erystalline plates, they may admit of 
exact measurement. Newton's rings and diffraction fringes 
allow of very accurate measurements, 

Under collective iments we may perhaps place 
those in which we render visible the motions of gas or 
liquid by diffusing some opaque substance in it The 
behaviour of a of air may often be studied in a 
beautiful way by the use of smoke, as in the production 
of smoke rings and jets. In the case of liquids lycopodium 
powder is sometimes employed. To detect the mixture of 
currents or atrataof liquid, [employed very dilute solutions 
of common salt und silver nitrate, which produce a visible 
cloud wherever they come into contact. Atmospheric 
clouds often reveal to us the movements of great volumes 
of air which would otherwise be quite unapparent, 


Peviodie Variations, 
A large class of investigations is concerned with Periodic 


Variations. We oy ine a periodic phenomenon as one 
which, with the uniform change of the variable, returns 


 Pratiminary Discourse, Sc, p. 185. 
1+ PMtlosophical Magasina, Jay, 1857, 4h Serle, colo abe, yk. 
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time after time to the same value. If we strike a pendu- 
SRS. Meret haere point from which we 
i it, and while time, the varinble, progresses 
uniformly, it goes on making excursions and returning, 
‘until stopped by the dissipation of its energy, If one body 
in space approaches by gravity towards another, they will 
revolve round each other in elliptic orbita, and return for 
wn indefinite number of times to the same rolative positions, 
On the other hand a single body projected into empty 
space, free from the action of any extrancous force, would 
[ae moving for ever ina straight line, according to the 
ci palin! motion. In the latter case the variation is 
secular, because it durin, sin a similar 
manner, and suffers no eaten or poly Fouad. It may 
be doubted whether there really is any motion in the 
universe which is not periodic, Mr. Herbert Spencer long 
since adopted the doctrine that all motion is ultimately 
rhythmical? and abundance of evidence may be adduced 
in favour of his view, 

The so-called secular acceleration of the moon's motion 
is certainly periodic, and as, s0 far as we can tell, no body 
is beyond the attractive power of other bodies, rectilinear 
motion becomes purely hypothotical, or at least, infinitely 
improbable. All the motions of all the stare must tend to 
become periodic, Sleek certain Met inees in ey 

item seem to be uniform), ve, 
inconsidered 10 have proved. that tay really havo thee 
limits, so that after an immense time, all the planetary 
bodies might return to the same leew and the atability of 
the system be established. Such a theory of periodio sta- 
bility is really hypothetical, and does not take into necount 
phenomena spo in the dissipation of energy, which 
may be 4 really secular process. For our present purposes 
we need not attempt to form an opinion on such questions. 
change which does not present the sqreeaae of a 
jodie Seacaar will be empirically regarded as a secular 
change, so that there will be plenty of non-periodic yaria- 
tions. 

‘The variations which we produce experimentally will 

often be non-periodic. When we communicate heat to a” 





» Firat Principles, xd Alt, chap, x. p. 253. 
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gus it increases in bulk or pressure, and as far as we can go 
the higher the Lesiptestery ti higher the pressure, Oar 
experiments are of course rstricted in temperature both 
above and below, but there is every reason to believe that 
the bulk being the same, the pressure would never return 
to the sume point at any two different temperatures. We 
may of course repeatedly raise and lower the temperature 
at regular or irregular intervals entirely at our will, and 
‘the pressure of the gas will vary in like manner and 
exactly at the same intervals, bat such an arbitrary series 
of changes would not constitute Periodic Variation, Tt 
would congtitute a sueceesion of distinct experiments, 
which would place beyond reasonable doubt the connexion 
of cause and effect, 
Whenever o esmeet recurs at equal or nearly 
intervals, 1) is, according to the theory of proba- 
ility, considerable evidence of connexion, because if the 
recurrences were entirely casual it is unlikely that 
ee en at equal tahoe The ory a baa 
comet in 1301, 1378, 1456, 1531, 
1607, and 1682 gave cupicareblo iprevaraption avee 
of the identity of the body, apart from similarity of the 
orbit. There is nothing which so fascinates the attention 
of men as the recurrence time after time of eome wousual 
event, Things and appearances which remain ever the 
same, like mountains and valleys, fail to excite the curiosity 
people, It has been remarked by Laplace 
day the rising of Venus in its brightest 
phase never fai to excite surprise and interest. So 
thera is little doubt that the first germ of science arose 
Pr SoS pen pay Rarer ete psa 
of the moon and the motions of the planeta. Perhaps 
earliest astronomical discovery consisted in proving the 
identity of tho morning and ovoning stare, on the grounds 
of their similarity of aspect and invariable alternation? 
Periodical changes of a somewhat complicated kind must 
have been understood by the Chaldeans, because they were 
aware of the eycle of 6585 days or 19 years which brings 
round the new and fall moon upon the game hours, 
and even minutes of the year The earlicst efforta of 


. Laplacty Stes Soe eb ETRE SO) ANAS 
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scientific prophecy were founded upon this knowl 
and if at present we cannot help wondering at the precise 
anticipations of the nautical Dintasianke we may imagine 
the wonder excited by such predictions in early times 





Combined Perivtin Changes 


We shall seldom find a body subject to a single poriodie 
variation, and free from other disturbances. We may ex- 
pect the periodic variation itself to undengo yariition, 
which may possibly be secular, but is more likely to 
prove periodic ; nor is there any limit to the complication 
of periods beyond poriods, or periods within periods, which 
may ultimately be disclosed. In studying a phenomenon 
of rhythmical chameter we have a succession of questions 
to aA Is the poriodic variation uniform? If not, is the 
change uniform’? If not, is the change itself periodic t 
Te that new period uniform, or eubject to any other change, 
or not? and so on ad infinitum, 

In some cases there may be many distinct causes of 
periodic variations, and according to the principle of the 
superposition of small effects, to be afterwards considered, 
these periodic cffvcts will be simply added together, or at 
Teast approximately go, and the joint result may present « 
very complicated subject of investigation. The tides of 
the ocean consist of a series of supenmposed undulations. 
Not only are there the ordinary semi-liurnal tides caused 
by sun and moon, but a series of minor tides, such as the 
Junar diurnal, the solar diurnal, the lunar monthly, the 
Tunar fortnightly, the solar annual and solar semi-annual 
are gradually being disentangled by the labours of Sir W. 
‘Thomson, Professor Haughton und others. 

Variable stara int interesting periodic phenomena ; 
while some stars, 8 Oephei for instance, are: subject ta very 
regular variations, others, like Mira Ceti, are lesa conatant 
in the degrees of brilliancy which they attain or the 
tapidity of the changes, possibly on accountof eome lor 
periodic variation The star 8 Lyre presents a dowble 
maximum and soinimum in each of its periods of nearly 13 
days, and since the discovery of this variation the period 





4 Herschels Quilines af Astronomy, 4th eit, pp. 555-557. 
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in.a period has probably been on the inerease. “At firat 
the variability was more mipid, then it became gradually 
slower; and this decrease in the length of time reached 
its limit between the years 1540 and 1844. During that 
time its period was nearly invariable ; at present it is again 
decidedly on the decrease. The tmeing out of such 
complicated variations presents an unlimited field for in- 
teresting investigation. The number of euch variable stars 
already known ts considerable, and there is no reason 
to suppose that any appreciable fraction of the whole 
number has yet been detected. 
Principle of Forced Vibrations. 
Thvestigations of the connection of periodic causes and 
affects rest upon a principle, which has boen demonatrated 
by Sir John Herschel for some special cases, and clearly 
explained by him in several of his works* ‘The principle 
may be formally stated in the following manner: "If one 
part of any system connected together either by material 
ties, or by the mutual attractions of its members, be con- 
tinually maintained by any cause, whether inherent in 
the constitution of the system or external to it, in a state 
of rogular periodic motion, that motion will be propagated 
throughout the whole system, and will give rise, in every 
member of it, and in every part of each member, to 
periodic movements executed in sual periods, with that 
to which they owe their origin, though not y 
syaclninoes with thom in their maxima and minima,’ 
meaning of the proposition ix that the effect of a 
periodic cause will be periodic, and will recur at intervals 
equal to those of the cause Accordingly when we find 
two phenomena which do proceed, time after time, throngh 
changes of the same poriod, there is much probability 
that they are connected. Tn this manner, doubtless, Pliny 
correctly inferred that the cause of the tides lies in the 
sun and the moon, the intervals between successive high 
tides being equal to the intervals between the moon's 


1 Humbolde's Cosmoa (Boh), vol, iii. p. 229. 

2 En lia & if unt. § 3 Outlines of 
ones $650. pp. 410, 487-—88 | Mezorology, Kney- 
clopedia B97 Sate 
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passage across the meridian. Kepler and Descartes too 
admitted the connection previous to Newton's demonatra- 
tion of its precise nature. When Bradley discovered the 
apparent motion of the stars arising from the aberration 
of light, he was soon able to attribute it to the earth's 
annual motion, because it went throngh its phases in a 


jeat. 
z The most beautiful instance of induction concerning 
periodic changes which can be cited, ia the discovery of 
an vleven-year period in various meteorological pheno- 
mena. It would be difficult to mention any two beri 
apparently more disconnected than the spots upon the 
sun and auroras. As long ago as 1826, Schwabo com- 
menoed 6 regular series of observations of the spots upon. 
the sun, which has been continued to the present time, 
and he was able to show that at intervals of about 
eleven years the spots increased much in size and number, 
Hardly was this discovery made known, when Lamont 
veal out @ nearly equal’ period of variation in the 
eclination of the magnetic needle Magnetic storms or 
sudden disturbances of the needle were next shown to 
take place most frequently at the times when sun-spots 
‘wore prevalent, and og auroras are generally coincident 
with magnetic storms, these phenomena were brought 
into the cycle, It has since been shown by Professor 
Piazzi Smyth and Mr. KE, J. Stone, that the temperature 
of the earth's surface as indicated by sunken thermome~ 
ters gives some evidence of a like period. The existence 
of a periodic cause having once been established, it is 
quite to be expected, according to the principle of forced 
vibrations, that its influence will be detected in all 
ineteorological phenomena. 


Integrated Variations. 


Tn considering the various modes in which one effect 
may depend upon another, we must sot in a distinet 
class those which arise from the accumulated effects of 
a constantly acting cause, When water runs ont of a 
cistern, the velocity of motion depends, according to 
Torricelli’s theorem, on the height of the surface of the 
water above the vent; but tho amount of water which 
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leaves the cistern in @ given time depends upon the 
aggregate result of that velocity, and is only to be 
ascertained by the mathematical process of integration. 
When one gravitating body falls towards another, the 
force of re varies according to the inverse square 
of the distance; ta obtain the velocity pea we 
must integrate or sum the effects of that law; and to 
obtain the space passed over by the body in a given 
time, we must integrate agait 

In periodic variations same distinction must be 
drawn. The heating power of the sun's rays at any 
place an the carth varies every day with tho height 
attained, and is greatest about noon; but the tempera- 
ture of tho air will not be greatest at the same time. 
This temperature is an integrated effect of the sun’s 
heating power, and ns long as the sun is able to give 
more heat to the air than the air loses in other ways, 
the temperature continues to rise, so that the maximum 
is deferred until about 3 pt, Similarly the hottest day of 
the year falls, on an aver about one month later than 
the summer solstice, and all the seasons lagabout a month 
behind the motions of the sun. In the case of the tides, 
too, the effeet of the moon's attractive power is never 

etest when the power is greatest; the offect always 
ey more or lesk behind the eause Yet the intervals 
between successive tides are equal, in the absence of dis- 
turbance, to the intervals between the passages of the 
moon across the moridian, Thus tho principle of forced 
vibrations: holds true. 

Tn periodic phenomena, however, curious results some- 
times follow from the integration of effects, If we strike 
a pendulum, and then repeat the stroke time after time at 
the same part of the vibration, all the atrokes concur in 
adding to the momentum, and we can thus increase the 
extent and violence of the vibrations to any degree. We 
can atop the pendulum again by strokes applied when it 
is moving in ele direction, and the effects being 
added together g00n it to rest. Now if we 
alter the intervals of the strokes go that each two. sue- 
cessive strokes act in opposite manners they will neutralise 
each other, and the energy expended will be tmmed into 
heat or sound at the point of percussion, Similar elects. 
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‘occur in all cases of rhythmical motion. If a musical note 

is younded in a room containing a piano, the string corre- 
sponding to it will be thrown into vibration, because 

successive stroke of the air-waves meponthe eningsfinae 

position as regurds the vibration, and thus adds 

to its energy of motion. But the otheratrings being ineap- 

able of vibrating with the same rapidity are struck at 

various points of their vibrations, and one stroke will 

soon be opposed by one contrary in effect. fae Bo 

mena of resonance arise from this coincidence in time of 

cloed at one end, and nbout 

jing $12 times in 

front of the 

ion of the air 

the air, In 


ng to lead to unexpected results. A glass vessel if touchod 
with a violin bow at a suitable point may be fractured with 
the violence of ion. A bridge may. be 
broken down if a company: neliesciars nel pr 
steps the intervals of which agree with the vibrations of 
the bridge itself. But if they break the step or march 
in either quicker or slower pace, they may have no per 






ee but, bef Faireteratar Then Sete of strokes: 
will meet the in nearly but not quite the same position, 
and their efforts will ba aosrimelated. Afterwards the 
atrokes will begin to fall when the body is in the i 

phase. cee that one pendulum moving res eee 
treme point to another in a second, should bo struck by 
another pendulum which makes 61 beats in a minute; 
then, if the pendulums commence together, will at 
the end of 30} beats be moving in opposite directions, 
whatever energy was communicated in the first 
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half minute will be neutralised by the oxpesito effect of 
that given in the second half. The effect of the strokes of 
the second pendulum will therefore be alternately to in- 
crease and decrease the vibrations of the fitst, so that a 
new kind of vibration will be produced running throw 
its phases in 61 scconds, An effect of this kind was 
actually observed by Ellicott, a member of the Royal 
Society, in the caso of two clocks? He found that 
through the wood-work by which the clocks were con- 
nected a slight impulse was transmitted, and ench pen- 
dulum alternately lost and gained momentum. 
clock, in fact, tended to stop the other at regular intervals, 
und in the intermediate times to be atopped by the other, 
Many disturbances in the planetary system depend 
upon the same principle; for if one planet happens 
iteigs to pull another in the same direction in similar 
parts of their orbils, the effects, however slight, will be 
accumulated, and a digturbance of large ultimate amount 
and of Jong period will be produced. The long inequality 
in the motions of Jupiter and Saturn is thus due to the 
fact that five times the mean motion of Saturn is very 
nearly equal to twice the mean motion of Jupiter, causing 
a coincidence in their relative positions and disturbing 
powers. The rolling of ships depends mainly upon the 
question whether tho period of vibration of the ship 
corresponds or not with the intervals at which the waves 
atrike her. Much which seems at firat sight wnaccount- 
able in the behaviour of vessels is thus explained, and the 
loas of the Captain is a sad case in point. 


* Philosophical Transactions, (1739), vol. xl. p. 126. 


CHAPTER XXI. 
THUORY OF APPROXIMATION. 


Ty order that we may gain a true understanding of the 
kind, degree, and value of the knowledge which we ac- 
quire by experimental investigation, it is requisite that 
wo should be fully conscious of its approximate character. 
‘We must learn to distinguish between what we can know 
and cannot know—botweon the questions which admit of 
solution, and those which only seem to be solved. Many 
persons may bo misled by the oxprossion exact science, 
and may think that the knowledge acquired by scientific 
methods admits of our reaching absolutely true laws, 
exact to the last degree. There is cyen a prevailing 
impression that when once mathematical formule have 
been successfully applied to a branch of seience, this por- 
tion of knowledge assumes a new natnro, and admits of 
reasoning of a higher character than those ssiences which 
are still unmathematical. 

‘The very satisfactory degree of accuracy attainod in the 
science of astronomy gives a certain plausibility to erro. 
neous notions of this Kind. Some persons no doubt oon 
sider it to be proved that planets move in ellipses, in such 
a manner that all Kepler's laws hold exactly truc; but 
there is a double error in any such notions. In the first 
place, Kepler's laws aro not proved, if by proof wo moan 
certain demonstration of their exact truth. Tn the next 
place, even assuming Kepler's laws to be exactly true inn 
theoretical point of view, the planets never move according 
to those laws, Even if we could observe the motions of a 
planet, of a perfect globular form, free from all perturbing 





em. xxt,] THEORY OF APPROXIMATION, 


07 
‘or retarding forces, we could never prove that it moved 
in a perfoct ellipss ‘To tho elliptical form we 


fied by observation. 

But, secondly, as a matter of fact no planet docs move 
in a perfect ellipse, or manifest the truth of Kepler's laws 
exnetly, The law of gravity prevents its own results 
from being clearly exhibited, betas the mutual pertur- 
bations of the pga distort the elliptical paths, Those 
laws, again, hold exactly true only of infinitely small 
bodies, and when two great globes, Tike the sun and 
Jupiter, attract each other, the law must be modified. 
Tho periodic time is then shortened in the ratio of the 
square root of the number expressing the sun's mass, to 
that of the sum of the numbers expressing the masses of 
the sun and planet, as was shown by Newton! [ven at 
the present discrepancies exist between the observed 
dimensions of the planetary orbits and their theoretical 

itudes, after making allowance for all disturbi: 
causes.® Nothing is more certain in scientific metho 
than that approximate coincidence alone can be expected. 
In the measurement of continuous quantity perfect corre- 

mee must be accidental, and should give rise to 

suspicion rather than to satisfacti 

e remarkable result of the approximate character of 
our observations iz that we could never prove the existence 
of ying circular or parabolic movement, even if it 
existed. ‘The circle is a singular case of the ellipse, for 
which the eccentricity ia zero ; it is infinitely improbable 
that any planet, even if undisturbed by other bodies, 
would have «circle for ita orbit; but if the orbit were 
circle we could never prove the entire absence of eccen~ 


+ Principio, We. it : 
2 Toaepers css aio Ase oroni 304 
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tricity. All that we could do would be to declare the 
divergence from the cireular form to be inappreciable, 
Delambre was, unable to detect the slightest. ellipticity 
in the orbit of Jupiter's first satellite, but he could only 
infer that the orbit was nearly circular, The parabola is 
the singular limit between the ellipse and the hyperbola. 
As there are elliptic aud hyperbolic comets, s0 we might 
conceive the existence of a parabolic comet. Indeed if an 
undisturbed comet fell towards the sun from an intinite 
distance it would move in a parabola ; but we could never 
prove that it so moved. 


Substitution of Simple Hypotheses. 


Tn truth men never can solve problems fulfilling the 
complex cireamstances of nature, All laws and explana- 
fiona are in a certain aense hypotbotical, and apply exactly 
to nothing which we con know to exist, In place of the 
uctual objects which we see and feel, the mathematician 
substitutes imaginary objects. only partially resembling 
those represented, but so devised that the discrepancies 
are not of an amount to alter seriously the character of 
the solution, When we probe the mabter to the bottom 
Perea astronomy is as hypothetical ae Euclid’s elements. 
there may exist in mature perfect straight lines, triangles, 
circles, and other regular geometrical figures; to our 
science it is a matter of indifference whether they do or 
do not -exist, becausn in any caso they must be beyond 
our powers of perception. If we submitted a ee 
circle to the most rigorous scrutiny, it is impossible that 
we should discover whether it were perfect or not. 
Nevertheless in geometry we angue concerning perfecs 
curves, and rectilinear figures, and the conclusions opp 
to existing objects so far aa we can aasure ourselves that 
they agree with the hypothetical conditions of our 
reasoning. This is in reality all that we can do in the 
most perfect of the sciences. 

Doubtless in astronomy we meet with the nearest sp- 
proximation to actual conditions, The law of gravity 18 
not a complex one in itself, and we believe it with much 
probability to be exactly true; but we cannot calculate 
out in any real case its accurate results, The law asserts 
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‘that every particle of matter in the universe attracts every 
other particle, with a force epee 2 on the masses of 
the particles and their distances, We cannot know the 
force acting on any particle unless we know the masses 
and distances and positions of all othor particles in the 
universe, The physical astronomer has made a sweeping 
assumption, namely, that all the millions of existing 
systems exert no perturbing effects on our planetary 
system, that is to say, no effects in the least: appreciable. 
The problem at ones becomes hypothetical, because there 
is little doubt that gravitation between our sun and planets 
and other systems does exist, Even when they consider 
the relations of our planetary bodies inter se, all their 
processes are only approximate, In the first place thoy 
assume that each of the plancta is a perfect ‘llipsoid, 
with a smooth surface and a homogeneous interior, That 
this assumption ia untrue every mountain and valley, every 
sea, every mine affords conclusive evidence, If astronomers 
are to make their calculations perfect, bes Sr not only 
take account of the Himalayas and tho ies, but must. 
calculate pepptataly the attraction of every hill, nay, of 
every ant-hi So far are they from having considered 
any local inequality of the surfuce, that they have not _yeb 
decided upon the general form of the earth; it is still a 
ainatter of speculation whether or not the earth is an elliy 
soid with three unequal axes, If, as is probable, the glo! 

ia irregularly compressed in some directions, the calowla- 
tions of astronomers will have to be repeated und relined, 
in order that they may approximate to the attractive 
Seek of such a body. If we cannot accurately learn the 
form of our own earth, how can wo expect to ascertain 
that of the moon, the sun, and other planets, in some of 
which poiebly are irregularities of greater proportional 
amount 


In a further way the science of physical astronomy is 
merely Seer eee iypoetattnal Given hom 
ellipsoids acting upon other according to the law of 
gravity, the best mathematicians have never and perhaps 
never will determine exactly the resulting movements. 
Even when three bodies picnlanacnity attract. ¢ach other 
the complication of effects is so great that only approxi- 
mate calculations can be made. Astronomers have not 
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even attempted the general problem of the simultaneous 
attractions of four, five, six, or more bodies ; they resolve 
the general problem into so many different problems of 
three bodies. The principle which the calculations 
of physical astronomy to neglect every qi 
which docs not seem hi to lead to on effet 
in observation, and the quantities rejected are more 
numerous and lex than the few larger terms which 
are retained. All is merely approximate, 
Concerning other branches of physical science the same 
statements are even more evidently trae. We speak and 
calculate about inflexible burs, inextensible lines, heavy 
points, homogeneous substances, uniform iq 
fluids and gases, and we deduce a great number of beautiful 
theorems; but all is hypothetical. There is no such 
thing a8 an inflexible bar, an inextensible line, nor any one 
of the other perfect objects of mechanical science; they 
are to be classed with those mythicnl existences, the 
straight line, lanes circle, &c., about which Euclid so 
freely |. ‘Take the simplest oj ion considered 
in staticos—the use of a crowbar in raising a heavy stone, 
and we shall find, as Thomson and Tait have pointed out, 
that we neglect far more than we observe.’ If we suppose 
the bar to be quite rigid, the fuleram and. stone ly 
hard, and the points of contact real points, we may give 
the true relation of the forces. But in reality the bar must 
bend, and the extension and compression of different parts 
involve us in difficulties, Even if the bar be hom 
neous in all its parts, there is no mathematical theory 
capable of detormining with accuracy all that goes on; if, 
as is infinitely more probable, the bar is not homogeneous, 
the complete solution will be immensely morp complicated, 
but ly more hopeless. No sooner we determined 
the change of form according to simple mechanical dicts? 
ples, than we should discover the interference of thermo- 
dynamic principles. Compression produces heat and 
extension cold, and thus the conditions of the problem are 
modified throughout. In attempting a fourth approxima 
tion we should have to allow far the conduction of heat 
from one part of the bar to another, All these effects are 


l 2 Treatise on Natural Philoeophy, vol. i: pp. 337) &o. 
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utterly inappreciable in a practical point of view, if the 
bar be a good stont one; but in a theoretical point of 
view they entirely prevent our saying that we have solved 
a natural problem The faculties of the buman mind, 
even when aided by the wonderful powers of abbreviation 
conferred by analytical methods, aw utterly unable to cope 
with the complications of any real problem. And had 
we exhausted all the known phenomena of mechanical 
problem, how can we tell that hidden phenomena, as yot 
undetected, do not intervene in the commonest actions? 
It is plain that no phenomenon comes within the sphere of 
our senses unless it possesses a momentum capable of 
irritating the appropriate nerves There may then be 
worlds of phonomena too slight to rise within the scope of 
our consciousness, 

All the instruments with which we perform our measure- 
ments are faulty, We assume that a plumb-line gives a 
vertical line; but this is never true in an absolute sense, 
owing to the attraction of mountains and other inequalities 
in the gurfuce of the earth. Tn an accurate trigonometrical 
survey, the divergoncies of the plumb-line must be ap- 
pes determined and allowed cme sommes 
surface of mercury to be a tect i, but even in 
breadth of 5 nok there ish caleulble divergence from a 
true plano of about one ton-millionth part of an inch ; und 
this surface further diverges from true horizontality a3 the 
plumb-line doos from true verticality, That most 
instrument, the pendulum, is not theoretically perfect, 
except for infinitely small arcs of vibration, and the 
delicate experiments performed with the torsion balance 
proceed on the assumption that the force of torsion of a 
wire is proportional to the angle of torsion, which again is 
only true for infinitely amall angles, 

ich i the purely approximate character of all our 
operations that it is not uncommon to find the theoretically 
worse method giving truer results than the theoretically 
perfect method. ‘The common pendulum which is not 
ieochronous is better for practical purposes than the 
cycloidal pendulum, which is isochronous in theory but 
subject to mechanical difficulties. The spherical form is 
nob the correct form for a speculum or lense, but it differs 
80 slightly from the true form, and is so much more easily 








piston-rod, 
motion was always curvilinear, but for be (pores a 
certain part of the curve approximated sufficiently to a 
straight line. 


conclusions ; nevertheless we may souctimes rightly prefer 
a le rg eee of a precise law Lo numerical results, 
which are at the best only approximate, We must apsord- 
ingly draw a strong distinction between the laws of mature 
which we believe to be accurately stated in our formulas, 
and theee to which our statements only make blir 
mation, so that at a future time the law will be differently 
stated, 
Tie law of gravitation is expressed in the form 
¥ =“, meaning that gravity is proportional directly to 
the product of the gravitating. masses, and indirectly to the 
square of their distance, The latent heat of steam is ex- 
pressed by the equation log F « a4 ba’ + 9%, in which are 
five quantities a, b, c, a, 8, to be determined by experiment, 
is evory reason to believe that in the progress of 
science the law of gravity will remain entircly unaltered, 
and the only effect of further inquiry will be to render it a 
more and soon ror expression of the absolute trath, 
‘The law of the it heat of steam on the other hand, will, 
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be modified hy every new series of experiments, and it: may 
not ir ly be shown that the assumed law can never 
be to agree exactly with the results of experiment. 

Philosophers have not always supposed that the law of 
gravity wus exactly true, Newton, ey he bad the 

ighest confidence in its truth, admitted that there wer 
motions in the planetary system which he could not 
reconcile with the law. rand Clairant who were, 
with D'Alembert, the first to apply the full powers of 
mathematical analysis to the theory of gravitation as ex- 
plaining the perturbations of the planets, did not think 
the law sulliciently established to attribute all discrepancies 
to the errors of calculation and observation. y did 
not feel certain that the force of gravity exaotly obgyed 
the well-known rule, ‘The law might involve other powers 
of the distanca, It might be expressed in the form 


a, bse 

Beeb d pet pte 
and the coefficients « and ¢ might be so small that those 
terms would become apparent only in very accurate 
comparisons with fact, Attempts have beon made to 
account for difficulties, by attributing value to such: 
neglected terms, Gauss at one time thought the even 
more fundamental principle of gravity, that the force 
is dependent only on mass and distance, might not 
be exactly true, and he undertook securate pendulum 
experiments to test this opinion. Only as repeated 
doubts have time after time been resolved in favour of 
the law of Newton, has it been assumed as precisely 
correct. But this belief does not rest on expemeat or 
observation only. ‘The calculations of physical astronomy, 
however aceurate, could never show that the other terms 
of the above expression were absolutely devoid of value, 
Tt could only be shown that they had such slight value 
as never to apparent, 

‘There are, howeyer, other reasons why the law is pro- 
bubly complete and true as commonly stated. Whatever 
influence spreada from a point, and expands uniformly 
through space, will doubtless vary inversely in intensity 
as the square of the distance, because the area over which 
OB es increases as the square of the radius, This 
part of the law of gravity may be considered as due to 
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Faraday, in one of his researches, ex ly makes an 
aseumption of the same kind. eget with some 
precisi ers exists a simple 

proportion between quantitics of electrical energy and the 


“T have not hesitated,” he says,! “to apply the more strict 
numbers obtained 


cannot even re the indestructibility of matter; for 
were an ex 


Successive Approvimations to Natural Conditions, 


When we examine the history of scientific problema, we 
find that one man or one generation is usually able to 
make but a single step at a time — ig solved 
for the first time by making some bold hypothetical 
simplification, upon which the next investigator makes 
hypothetical modifications approaching more nearly to 
the trath. Errors are successively pointed out in previous 
solutions, until at Inst there might seem little more to 
be desired. Careful examination, however, will show that 
a series of minor inaccuracies remain to be corrected and 
explained, were owe powers of reasoning sufficiently great, 
and the purpose adequate in importance. 


5 eS ee a 
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fect vacuum, where there is no resisting medium of am 


ind; the force of gravity tust be uniform and act i 
parallel lines; or else the moving body must be either a 
mere point, or a perfect centrobaric body, that is a body 
possessing a definite centre of gravity. These conditions 


cannot be really fulfilled in practice. The next great 
in the problem was cade by Newton and Haygneue the 


latter of whom asserted that the atmosphere would offer a 


resistance proportional to the velocit: ity of the moving body, 
and concluded that the path woul 


have in consequence 


# logarithmic character. Newton investigated in a general 
manner the subject of resisting media, and came to the 


conclusion that the resistance is more nearly A Wececre 
to the square of the velocity, ‘The auljoct 
the 


on fell into 
of Daniel Bernoulli, who pointed ont the enor- 


mous resistance of the air in eases of rapid movement, 
and calculated that a cannon bail, if fired vertically in a 
vacuum, would rise eight times as high as in the atmo- 
sphere. In recent times an immense amount both of 
theoretical and experimental investigation has been spent 
upon the subject, since it is one of importance in the art 
of war. Successive approximations to the true law have 
been mado, but nothing like a complete and final solution 


has been achieved or even hoped for? 


It is quite to be expected that the oarliest experimenters 


in any branch of science will overlook errors which after- 
wards 


become most apparent. The Arabian astronomers 
determined the meridian by taking the middle point be- 
tween the places of the sun when at equal altitudes on 
the game day. They overlooked the fact that the sun has 
its own motion in the time between the observations, 
Newton thought that the mutual disturbances of the 


planets might be disregarded, exce] thaps the ee 
of the ea attraction of the ae ee plicetets ct 


and Saturn, neor their Raney ‘The panna St 

quicksilver was long used as the measure of temperature, 
no clear idea being possessed of temperature apart from 
some of its more obvious effects. Rumford, in the first 
experiment leading to a determination of the mechanical 


$ Hatton's Mathematical Dictionary, vl. i. yp. 87—293. 
‘> Ha2 
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This hypothesis happened to be approximately true in 
the case of air, so ‘no error was discovered in ex- 
periments on sound. Had it not been so, the earlier 
analysts would probably have failed to give any solution, 
and the progress of the subject might have been retarded. 
Canchy was able to make a new ay ‘imation under 
the more difficult supposition, thut the particles of the 
vibrating medium aro situated at considerable distances, 
and act and react upon the neighbouring particles by 
attractive and repulsive forces, To calculate the rate of 
propagation of disturbance in such a medium is a work 
of excessive difficulty, The complete solation of the 
problem appears indecd to be beyond human power, #0 
that we must ba content, as in the ease of the planetary 
motions, to look forward to successive approximations. 
All that Cauchy could do was to show that certain quan- 
tities, neglected in previous theories, became of considers 
able amount under the new conditions of the problem, 
so that there will exist a relation between the length of 
the wave, and the velocity at which it tmvels. To re- 
move, then, the difficulties in the way of the undulatory 
theory of light, a new approach to probable conditions 
was needed.* 

Ina similar manner Fourier’s theory of the conduction 
and radiation of heat was based upon the hypothesis that 
the quantity of heat passing long any line is simply pro- 

ional to the rate of change of temperature. it it 
aus since been shown by Forbes that the conductivity of a 
body diminishes as ite Mavi increases, the 
details of Fourier's solution therefore require modification, 
and the results are in the meantime wo be regarded ag 
only approximately true.” 

We ought to distinguish between those problems which 
are physically and those which are merely mathematically 
incomplete. In the latter case the physical law is cor- 
rectly seized, but the mathomatician neglects, or is more 
often unable to follow out the law in all its results. The 
law of gravitation and the principles of harmonic or un- 
dulatory movement, even supposing the data to be correct, 
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pei ie eli jon of a Such a 
we probably ae pre paeed ow at ao Pati 
distance from each other as to exert no attractive forces 
upon each other; but for this condition to be fulfilled the 
distances ust be infinite, so that an absolutely perfect 
ol eeaponeaes But healt ogee iapietg Fe = 

it to which we maj UU pera mit passed 
7 been shown by Despretz, 


direction, that is, the density increases less than in the 
ratio of the + This is a singular exception, the 
bearing of which Iam unable to com d, 

All gases diverge again from the law of uniform ex- 
pansion by heat, but the divergenco is less as the gas in 
question is Jess condensable, or examined at a temperature 
more removed from its liquefying point, Thus the perfect 
gaa must have an infinitely high temperature. According 
to Dalton’s law each gas in a mixture retains its own 
SoS eg unaffected by the on of any other gas.® 

his law is probably true only by approximation, but it 
is obvious that it would be true of the perfect gas with 
infinitely: distant particles, 
Mathematical Principles of Approximation. 

‘The approximate character of ical science will be 
rendered more plain if we consider it from a mathomatical 
point of view, Throughout quantitative investigations we 
deal with the relation of one quantity to other quantities, 


| Jamin, Cours de il. i, pp. 233—288. 
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of which ft is.a function ; but the is 5 

i if we view one eigaiaseriats 
one other. Now, as a rule, a function can be 
developed or as the sum of quantities, the 
ites caiviteh desert igen teaecncaiee of the 
pire es Sti ghee fenstion okie/ehen fatinaee 
say 


y=A+Br+C2P4+D2P+Er.... 

In this equation, A, B, ©, D, &c, are fixed quantities, of 
different values in different cases The terms may be 
infinite in number or after « time may cease to have any 
value. Any of the coefficiente A, B, OC, &a, may be 

wero or négative; but whatever they be t! are 
‘The quantity 2 on the other hand be made what we 
like, variable, Suppose, in the first place, that «and 
fare both lengths, Let us assume that bg par of 
his the Teast that we can take nots of. Thon when = 
is one hundredth of an inch, we have &*= yybys, and 
if © be leas than unity, the term Ca# will be inapproci- 
able, being less than we can measure. Unless any of the 
quantities D, E, &c., should happen to be very great, it 
is evident that all the succeeding terms will be in- 
appreciable, because the powers of 2 become Raat 
smaller in geometrical ratio, Thus when 2 is made i 

enough the quantity y seems to obey the equation 

yoA4Be 
If » should bo still loss, if it should become as small, 
for instance, a8 ygoo'oey of an inch, and B should not 
be very great, then y would appear to be the fixed 
quantity A, and would not seem to vary with « at all, 
On the other hand, were x to grow greater, say equal to 
inch, and C not be vory sinall, the term C a* would 
re jable, and the law would now be more 
cater 

‘e can invert the mode of viewing this question, and 
suppose that while the quantity y undergoes variations 
depending on many powers of x, our power of detect- 
ing the changes of value is more or Jess ncute. While 
our powers of observation remain very rude we may be 
uni te detect any change in the quantity at all, that 
is to say, Ba may always be too small to come within 
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our notice, just as in former days the fixed stars were so 
called because they remained at apparently fixed distances 
from each other, With the use of telescopes and micro- 
meters we become able to detect the existence of some 
motion, sn ua the distance of one star we fica may 
be expreased by A+ Ba, the term inclu @ being 
still inappreciable. Under these cisrsaeticioee the star 
will seem to move uniformly, or in simple proportion to 
the time « With much i od moans of measurement 
it will probably be found that this uniformity of motion 
is only apparent, and that there exists some acceleration 
‘or retardation. More careful investigation will show the 
law to be more and moro complicated than was previously 


su] . 

There is yet another way of explaining the apparent 
results of a complicated law. If we take any curve and 
regard a portion of it free from any kind of discontinuity, 
‘we may represent the chareter of euch portion by an 
equation of the form 

yH=A+Boy Cat + DO 4....... 

Restrict the attention to a very small portion of the curve, 
and the eye will be unable to distinguish ite difference 
from a stright line, which amounts to saying that in the 
portion examined the term © a? has no value appreciable 
by the eye. Take a larger portion of the curve and it will 
be Cet that ib possesses curvature, but it will be 
possible to draw a parabola or ellipse so that the eurve 
shall apparently coincide with a portion of that parabola 
or ellipse, In the same way if we take larger and larger 
ares oft the curve it will aseume the character euccesively 
of a curve of the third, fourth, and perhaps higher degrees ; 
that is to say, it corresponds to equations involving th 

third, fourth, and higher powers of variable quantity, 

We havo arrived then at the conclusion that every phe- 
nomenon, when ite amount can only be rudely measured, 
will either be of fixed amount, or will seem to vary uni- 
formly like the distance between two inclined straight 
lines, More ¢xact measurement may show the error of 
this first assumption, and the variation will then appear 
to be like that of the distance between a straight line 
and a parabola or ellipse. We may afterwards find that 
acurve of the third or higher degrees ig really wenuixed 
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through it may be approximat as the sum 
eee iearrnateas hs Geter aden 
powers of the velocity, At very low velocities the first 
power is of most importance, and the resistance, as Pro- 
fessor Stokes has shown, is noarly in simple Hake res 
the velocity. When the motion is rapid resistance 
increases in a still greater degree, and is more nearly pro- 
portional to the square of the velocity. 


Approvimate Independence of Small Effects. 


‘One result of the theory of approximation possesses such 
importance in physical science, and is so often applied, 
that we may consider it separately. The investigation of 
causes and effects is immensely simplified when wa may 
consider cach cause as producing its own effect invariably, 
whether other causes are acting or not. Thus, if the 
P produces 2, and Q produces y, the question is whether 
ar Q acting together will produce the sum of the separate 
effects, +y. Itis under this tesa that we treated. 
the methods of eliminating error (| . XV.), and errors of 
a less amount would still renuiin if the supposition was a 
forced one. There aro peeneliy. some parts of science in 
which the supposition of independence of effects holds 
rigidly true, The mutual gravity of two bodies is entirely 
unaffected by the presence of other gravitating bodies, 
People do not usnally consider that this important, prin- 
ciple is involved in auch a simple thing aa patting two. 
pou weights in the scale of a balance. How do we 

that two pounds together will weigh twice as much 
as one? Do we know it to be exactly so? Like other 
results founded on induction we cannot prove it absolutely, 
but all the caleulations of physical astronomy proceed 
upon the assumption, so that we may consider it pr 
to a very high degree of ay ‘imation, Had not this 
been true, the calculations of physical astronomy would 
have been infinitely more complex than they actually are, 
= the progress of knowledge would have been much 
slower, 
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eoond 
to p, and similarly let the second rhs acting som 
move A to 7. 6 question Bd 


Pm thi parallel 
line pg? In pte we Sate say so; for when A has 
Sowhion towarde p, tho force from © will no longer act alo 
the line AC, and similarly the motion of A towards ¢ wi! 
modify the action of the force from B. This interference 
of one force with the line of action of the other will 
evidently be groster the larger is the extent of motion 
considered; on the other hand, as we reduce Bnd AG 
lelogram Apgr, compared with the distances AB and AC, 
the leas will be the interference of the forces, 
ingly mathematicians avoid all error by Mera ine fe 
motions as infinitely small, ee interference be- 
comes of a still higher order of infinite smallness, and 
inay be entirely neglected. By the resources of the differ 
ential calculus it is possible to caleulate the motion of the 
particle A, as if it went through an’ infinite namber of 
infinitely small diagonals of parallelograma The great 
discoveries of Newton really arose from applying this 
method of calculation to the movements of the moon 
round tho earth, which, while constantly tending to move 
beware ina aa line, i is also deflected towards the 
earth by gravity, and moves eines ous curve, 
composed as it were of the infinitely small diagonals of 
infinitely numerous parallelograms. “The mathematician, 
in his investigation of a curve, always treats it as made 
up of a Ler number of straight Lines, and it may be 
doubted whether he could treat it in any other manner. 
There is no error in the final results, because having ob= 
tained the formule from this supposition, each 
straight line is then as becoming iniuitey each, 
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Tt isa result of these ees that all small errors may 


jew reason why, in eliminating errors, first 
al make them a small as possible Tet us suppose that 
there is a right-angled triangle of which the two sides 


exactly 5:0008 and 5:0016, so thant the error in the 
hypothenuse will seem to vary in simple proportion to 
that of the side, although it does not really do so with 
perfect exactness. The logarithm of a number does not 
vary in proportion to that number—nevertheless we find 
the difference between the logarithms of the numbers 
190600 and roo00t to be almost: exuctly equal to that: 
between the numbers 100001 and 100002, It is thus a 
general rule thet very small differences between successive 
values of a function are approximately proportional to 
the small differences of the variable quantity. 

On these principles it is easy to draw up a series of 
rules such as those given by Kohilrausch? for performing 
calculations in an abbreviated form when the variable 
quantity is very small compared with unity, ‘Thus for 
'+ (1 +a) we may substitute 1—a; for 1 + (ta) 
meas ate Ita; 1 + V+ @ becomes 1— $a, and so 
for 


Four Meanings of Equality. 

Although it might seem that there are few terms more 
free from ambiguity than the term equal, yet scientific 
men do conloy ib with at least four meanings, which it 
is desirable to distinguish. These meanings I may describe 
0s 

t) Absolute he 
i Ste 
3) Ay nt Equality. 
(4) Probable Equality. 


1 An Introduction to Phyvical Meaeuremente, translated by Waller 
and Proster, 1873, p. 10, fi 
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Hi beautifull, wed that the area of a 
ite or Caspentsn Kabwonticns segments of circles 
was absolutely equal to that of a certain right-angled 
triangle. As a general rule all geometrical and other 
avert mathematical theorems involve ebaolute 
equality. 

De Morgan posed to describe ag sub-eqgual those 
quantities Thick are equal within an infinitely small 
uantity, so that 2 is sub-equal tox+da. The dif- 
ferential calculus may be said to arise out of the neglect 
of infinitely small quantities, and in mathematical seience 
other subtle distinctions may have to be drawn between 
kinds of equality, as De Morgan has shown in a remarkable 
memoir “ On Infinity ; and on tho sign of Equality."* 
Apparent equality is that with which physical science 
deals, Those magnitudes are apparently equal which differ 
only by an itaperceptible quantity. To the carpenter 
anything less than the hundredth part of an inch is nan- 
it ; thore are few arte or artiste to which the hundred- 
thousandth of an inch is of any account, Since all 
coincidence between physical magnitudes is judged by one 
or other sense, we must be restricted to a know! of 
apparent equality. 
nm reality even apparent equality is rarely to be ox- 
pected. More commonly experiments will give only 
probable equality, that is rosults will come so near to en: 
other that the difference may be ascribed to unim; 
disturbing causes. Physicists often assume quantities to 
be equal provided that they fall within the limits of 
Probable error of the processes employed. We cannot 
expect observations to agree with theory more closely 
than they agree with each other, as Newton remarked of 
his investigations concerning Halley's Comet. 


* Cambridge Philosophical Transactions (1865), vol. xi, Part T. 
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Arithmetic of Approximate Quantities, 


Conaidering that almost all tho quantities which we 
treat, in phyeteal and social science ure approximate only, 
it seems desirable that attention should be paid in 
teaching of arithmetic to the correct interpretation and 
treatment of approximate numerical statements, We seem 
to need notation for expressing the approximatencss or 
exactness of decimal nambers The jon 025 may 
mean cither precisely one goth part, or it may mean 
anything between 0245 and ozs5. I that when 
# decimal fraction is completely an aah given, a 
small cipher or circle should be added to indicate that 
there is nothing more to come, as in 0250. When the 
firat figure of the decimals rejected is 5 or more, the first 
fer aiid Lace Pe ntised us unit, according to a 
role fe an, now reeog- 
Tued De iadloate that the fraction thus Lire is more 
than the truth, = poe has bean placed over the last figure 
in some tables of logarithms; but a similar point is used 
to denote the period of a repeating decimal, and T should 
therefore propose to cmpley 4 colon after the figure; thus 
‘025: would mean that the trae quantity lies between 
‘245° and ‘025° inclusive of the lower but not the higher 
limit. When the fraction is less than the trath, two dots 
might be placed horizontally ax in ‘025.. which would 
mean an) between ‘025° and ‘025 5° inclusive. 
When approximate numbers ure wlded, subtracted, mul 
tiplied, or divided, it becomes a matter of some complexity 
to determine the degree of uccuracy of the result. There 
are few persons who could assert off-hand that the eum 
of the approximate numbers 34°70, 52693, 80'1, ia 167°5 
within tess then 07. Mr. Sandeman has traced out the 
rules of approximate arithmetic in a very thorough manner, 
and his directions are worthy of careful attention.’ The 
third part of Sonnenschein and Nesbitt's excellent book 
on arithmetio® describes fully all kinds of approximate 
calculations, and shows both how to avoid Hess Jabour 


! Sandeman, Pelicoletion, p, 214. 
2 The Science and Art of Arithmetic for the Use of Schavls. 
(Whitaker and Co.) 
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“CHAPTER XXII. 
‘QUANTITATIVE INDUCTION, 


We have not yet formally considered any processes 
of reasoning wwitoh have for their object to iieciben laws 
of nature expressed in quantitative equations. We have 
been inquiring into the modes by which a phenomenon 
may be measured, and, if it be a composite phenomenon, 
may be reeolved, by the aid of several measurements, into 
its component parts. We have also considered the pre- 
eautions to be taken fn the performance of observat 
and experiments in order that we may know what pheno- 
mena we really do measuny, but we must remember that 
no number of facts and observations can by themselyes 
constitute science, Numerical fuets, like other facts, are 
but the raw materials of knowledge, upon which our 
reasoning faculties must be exerted in order to draw 
forth the principles of nature. It is by an inverse process 
of reasoning that we can alone discover the mathematical 
laws to which varying quantities conform, By well- 
conducted experiments we gain a series of valuea of a 
variable, and a corresponding series of values of a variant, 
and we now want to know what mathematical function 
the variant is as regards the variable, In the usual pro- 
gross of 4 science three questions will have to be answered 
us regards every important quantitative phenomenon :— 
aft) Js there any constant relation between a variable 
a variant f 
(2) Whatistheempirical formulaexpressing this relation? 
(3) What is the rational formula expressing the law of 
nature involved ? s 
ALS 


~ 


. 
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Probable Connection of Varying Quantities, 


‘We find it stated by Mill* that “Whatever pheno- 
Menon varies in any manner whenever another pheno- 
Menon varies in some particular manner, is either a cause 
or an effect of that phenomenon, or is connected with it 
in some fact of causation.” This assertion may be 
considered true when it is int ted with sufficient 
caution ; but it might otherwise lead us into error. There 
is nothing whatever in the natute of tiings to prevent the 
existence of two variations which should treet! follow 
the sume law, and yet take no connection with sale 
Ono binary star might be going through a lution 
sebialt ao feces cond was of equal period with 
that of another binary star, and acconling to the above 
rule the motion of one would be the cause of the motion 
of the other, which would not be really the ease, Two 
astronomical clocks might Lapeer ft made 20 nearly 
perfect that, for se’ years, no difference could be de- 
tected, and we might then infer that the motion of one 
clock was the cause or effect of the motion of the other, 
This matter requires careful discrimination. We must 
bear in mind that the continuous quantities of space, 
time, force, &c., which we measure, are made up of an 
infinite number of infinitely small units. We may then 
meet with two vuriable phenomena which follow laws 
so nearly the same, that in no part of the variations open 
to our observation can any discrepancy be discovered, 
I grant thas if two clocks could be shown to have kept 
exactly the same time during any finite interval, the pro- 
ability would become infinitely high that there was a 
connection between their motions. Bat we can never 
absolutely prove such coincidences to exist. Allow that 
we may observe a difference of one-tenth of a second in 
their time, yet it is possible that they wero independently 
regulated go as to go togetber within less ‘than ‘that 
quantity of tite. In short, it would require either an in= 
finitely long time of observation, or infinitely acute rs 
of measuring discrepancy, to decide positively whether 
two clocks were or were not in relation with each other. 


1 System of Logie, Wi. i. chap. WL G6 
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Asimilar question actually occurs in the case of the 
moon's motion. We have no record that any other por- 
tion of the moon was ever visible to men than such as we 
now see. This fact sufliciently proves that within the 
historical period the rotation of the moon on its own axis 
has coincided with its revolutions round the earth, Does 
this coincidence prove a relation of eause and effect to 
exist? Tho answor must be in the negative, becanse 
there might have been so slight a discrepancy between 
the motions that there has not yot been time to produce 
any appreciable effect, There may nevertheless be a high 
probability of connection, 

‘The whole question of the relation of quantities thus 
resolves itself into one of probability. en we ean 
only rudely measure a quantitative result, we can assign 
but slight importance to any correspondence. Because 
the brightness of two stars seems to vary in the same 
manner, there is no considerable probability that they have 
any relation with each other, Could it be shown that 
thoir periods of variation were the same to infinitely 
small quantities it would be certain, thut is infinitely pro- 
bable, that they wera connected, however unlikely this 
might be on other grounds, The general mode of esti- 
mating such probabilities is identical with that applied 
to other inductive problems. That any two act of 
variation should by chance become absolutely equal is in= 
finitely improbable; hence if, in the case of the moon or 
other moving bodies, we could prove absolute coincidence 
weshould have certainty of connection. With approximate 
measurements, which alone aro within our power, we must 
be ae Sinners certainty at the most. 

v inciples of inference and probability, according 
to which we treat causes and eifects in amount, 
are exactly the same as those by which we treated simple 
experiments. Continuous quantity, however, affords ua 
wn infinitely more extensive sphere of observation, because 
every different amount of cauae, however little different, 
ought to be followed by a different amount of effect. 
If we can measure erature to the one-hundredth part 
of a degree centigrade, between 0° and 100° we have 


1 Laplace, System of the World, tranilatel, Wy arte VOL. 9.28. 











degree can be : our trials may be 
tenfold. The ity of connection will be proportional 


i 
li 
5 

i 
i 


ing flames evidently obeyed the 

tions of his own voice; and Faraday when he di 
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which raises a high improbability of casual coincidence, 
Tt is by a simple case of variation that we infer the 
nection batwi 


‘eon two bodies 
moving with exactly equa] velocity, such as the locomo- 
tive engine and the train which follows it, Elaborate ob- 
servations were requisite before astronomers could all be 


eclipses belonged to the aun, and not to the moon's atmo- 
sphere as Flamsteed assumed. As carly as 1706, Stannyan 
noticed a blood-red streak in an eclipse which he witnessed 
af Berne, and he asserted that it to the sun ; 
but his opinion was not finally establi until photo- 
graphs of the celipse in 1860, taken by Mr, De la Rue, 
showed that the moon's dark bod, covered the 
red prominences on one side, w those on the 
other ; in short, that these prominences moved precisely a3 
the san moved, and not as the moon moved. 

Even when wo have no moans of accurately measuring 
the variable quantities we may yet be convinced of their 
connection, if ond als varies perceptibly at the same 


time as the other. Tatigne increases exertion ; 
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hunger with abstinence from food; desir and degree of 
atility decrease with the quantity of commodity con- 
sumed, We know that the sun's heating power depends 
upon his height of the eky; that the tomperature of the 
wir falls in ascending a mountain; that the earth's crust 
is found to be perceptibly warmer as we sink mines into 
its we infer the direction in which a sound comes from 
the change of loudness ss we approach or recede. The 
facility with which we can time after time observe the 
increase or decrease of one quantity with another suf- 
ficiently shows the connection, although we may be un- 
able to assign any precise law of relation. The probability 
in such cases depends upon frequent coincidence in time, 
Empirical Mathematical Laws, 

It is important to acquire a clear comprehension of the 
part which is played in scientific investigation by em- 
pirical formule and laws. If we have a table containing 
certain values of a variable and the corresponding values 
of the variant, there ara mathematical processes by which 
we can infallibly discover a mathematical formula yield+ 
ing numbers in more or less exact, agreement with the 
table. We may generally azsume that the quantities will 
approximately conform to a law of the form. 

y=A+Be+ Cx, 
in which w is the variable and y the variant. We can 
then select from the table three values of y, and the cor 
reaponding values of #; inserting them in the equation, 
we obtain three equations by the solution of which we 
gain the values of A, B, and C. It will be found as a 
general rule that the formula thus obtained yields the 
other numbers of the table to a considerable degree of 
approximation. 

in many cases even the second power of the variable 

will be unnecessary; Regnault found that the results 
of his elaborate inquiry into the latent heat of steam at 
different pressures wer represented with suflicient ac- 
curacy by the eropirical formula 

A = 6065 + 0'305 ft, 
in which X is the total heat of the steam, and the exe 
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jure? In other cases it may be requisite to include 
the third power of the variable, Thus physicists assume 
‘the law of the dilatation of liquids to be of the form 

h=attberot, 

and they calculate from results of observation the values 
of the three constants @, 4, ¢, which are usually small 
quantities not exceeding one-hundredth part of a unit, 
bat requiring to be determined with great accuracy.* 





Th peaking, this ess of empirical repre- 
sentation itis ed th ay egeve ct acter! 
we might inclade still higher powers in the forraula, and 


with sufficient labour obtain the values of the constants, 
by using an equal number of experimental results, The 
method of least squares may also be employed to obtain 
the most probable values of the constants, 

In a similar manner all periodic variations may be repre- 
sented with any required degree of accuracy by formule 
invol the sines and cogines of angles and their mul- 
tiples The form of any tidal or other wave may thus be 
expressed, as Sir G. B. Airy has explained? Almost all 
the phenomena registered by meteorologists are periodic 
in ter, sad ohas el: from alsterting aaa may 
be embodied in empirical formule. Bessel has given a 
tile by which from nny regulur series of observations we 
may, on tho principle of the method of Tenat squares, 
calculate out with a moderate amount of labour a formula 
expressing the variation of the quantity observed, in the 
most probable manner, In meteorology three or four 
terms are usually sufficient for representing any periodic 
Sree but the calculation might be carried to any 

igher degree of accuracy. As the details af the process 
have been described by Herschel in his treatise on 
Meteorology,‘ I need not further enter into them, 

The readey mit be tempted to think that in these 
rocesees Of calculation we have an infallible method of 
iscovering inductive laws, and that my previous state- 
ments (Chap, VEL) as to the purely tentative and inverse 

character of the inductive process are negatived. Were 

1 Chemical Reports and Memoirs, Cavendish Society, p. 

* Semin, Cowre de Phyiqhe, volt. 5) Sate 
1 On Tidus and Wow, Encyclopedia Maopatitan 366%. 
+ Encyclopedia Britannica, wt, Mazorology. Reprint, { 152-156. 
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there indeed any general method of inferring Inws from 
facts it would overturn my statement, but it muet be 
carefully observed that these empirical formula do not 
coincide with natural lawa. They are only approximations 
to the results of natural laws founded upon the gencral 
principles of approximation. It has already been pointed 
‘out that however complicated be the nature of a curve, 
we may examine so sthall a portion of it, or we may ex 
amine it with such rude moans of measurement, that its 
divergence from an elliptic curve will not be aj t, 
As a still rader approximation a portion of a wig line 
will always serve our purpose; but if we need higher pre- 
cision a curve of the third or fourth degree will almost 
certainly be sufficient. Now empirical formule really re~ 
present these approximate curves, but they give us no 
information ag to the preeige nature of the curve itself to 
which we are approximating. Wedonot learn what fonc- 
tion the variant is of the variable, but we obtain another 
function which, within the bounds of observation, gives 
nearly the same values. 





Discovery of Rational Formule, 


Let us now proceed to consider the modes in which 
from numerical results wecan establish the actual relation 
between the quantity of the cause and that of the effect. 
What wo want is a rational formula or function, which 
will exhibit the reason or exuct nature and origin af the 
law in question, There is no word more frequently used 
by mathematicians than the word function, and’ yeb it 
is difficult to define its meaning with perfvct accuracy. 
Originally it meant performance or execution, being equi- 
valent usr Recroupyla or tékegua, Mathematicians 
at first used it to mean any power of a quantity, but 
afterwards generalised it so as to include “any quantity 
formed in any manner whatsoever from another quantity.” ! 
Any quantity, then, which ae upon and varies with 
another quantity may be called a function of it, and 
either may be considered a function of tho other. 

Given the quantities, we want the function of which 


+ Lagrange, Legows eur Te Calcul dia Ponctions, Wu, yp. be 





earlier ter 124} I put before the reader certain 
Pecmeaine p 
they obey, and the same question will have to be asked 
in every case of titative induetion, There are per~ 
haps three met! more or less distinct, by which we 
ma ee to obtain an answer: 

A) purely haphazard trial. 

(2) By noting the general character of the variation of 
the quantities, and trying by preference functions which 
give a similar form of variation. 

By deducing from previous knowledge the form of 
the tion which is most likely to snit, 

Having numerical resulta we ar always at liberty 
to invent any kind of mathematical formula we like, and 
then try whether, by the suitable selection of values for 
the unknown constant quantities, we can make it give the 
required results, If ever we fall upon a formula which 
does 80, to a fair degree of approximation, there is a pre- 
sumption in favour of its being the true function, although 
thers is no certainty whatever in the matter, Tn this way 
I discovered o simple mathematical law which closely 
agreed with the results of my experiments on muscular 
exertion. This law was afterwards shown by Professor 
Hanghton to be the true rational law according to his 
theory of muscular action! 

Bat the chance of succeeding in this manner is mall. 
The number of possible functions is infinite, and even the 
number of comparatively simple functions is so large 
that the probebility of falling upon the correct one by 
mere chanee is very slight. Even when we obtain the 
law it is by a deductive process, not by showing that the 
numbers give the law, but that the law gives the numbers. 

the second way, we may, by a survey of the 
numbers, gain 4 general notion of the kind of law they 
are likely to obey, and we may be much assisted in this 

} Haughton, Principles of Animal Mechanics, 1873, 

Jevous, ‘Nature nh of dca 1870, vol. ii, ps be aa INT 
experiments of Profesor Nipher, of Washington University, St 
Louis, in American Fournat of Sekenes, vol. ix. p. 130, Vol. x. p15 
Nature, vol, xis pp. 256, 276. 
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process by dmwing them out in the form of a curve. We 
can in this $i with some probability whether 
the curve is likely to return into itself, or whether it has 
infinite branches ; whether such branches are asymptotic, 
that is, approach infinitely towards straight lines; whether 
it is logarithmic in character, or trigonometric. This 
indeed we can only do if we remember the results of pre- 
vious investigations, The process is still inversely dedue- 
tive, and consists in noting whatlaws give particular curves, 
and then inferring inversely that such curves belong to 
such laws. If wo ean in this way discover tho class of 
functions to which the required law belongs, our chances 
of success are much increased, because our haphazard 
trials are now reduced within a narrower sphere. But, 
unless we have almost the whole curve before us, the 
identification of ita character must be a matter of great 
uncertainty; und if, as in most physical investigations, 
we have a mere fragment of the curve, the assistance 
given would be quite illusory. Curves of almost any 
character can be made to approximate to each other for 
a limited extent, so that it is only by a kind of divina= 
tion that we fall upon the actual function, unless we have 
theoretical knowledge of the kind of function applicable 
to the case. 

When we have once obtained what we believe to be the 
correct form of function, the remainder of the work is 
mere mathematical computation to be performed infallibly 
according to fixed rules,’ which include those ed 
in the determination of empirical formule (p. 487). ‘The 
function will involve two or thres or more unknown 
constants, the values of which we need to determine by 
our experimental results. Selecting some of our results 
widely apart and nearly equidistant, we form by means 
of them as many equations as there are constant quantities 
to be determined. ‘The solution of those equations will 
then give us the constants required, and having now the 
aotual function we can try whether it gives with sufficient 
accuracy the remainder of our experimental results, If 
not, we must either make a new selection of results to 
give a new sct of equations, and thus obtain a now set of 
values for the constants, or we must acknowledge thas oor 

1 Jamin, Cours de Physique, wh. 3. ye 5. 
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form of function has been wrongly chosen. If it: 
that tbe foern of fanction Has beso coresty seotriained) 

we may regard the constants as only approximately accurate 

‘and may by the Method of ‘Squares (pe 393) 

to determine the most probable values as given 

whole of the experimental results. 

In most cases we shall find ourselves obliged to fall 
back upon the third mode, that is, anticipation of the 
form of the law to be exphoted on the grene! ot a | 
knowledge. Theory and analogical reasoning must be our 

‘The ge nature of the phenomenon will often 
Indicate the kind of law to be looked for. If one form of 
energy or one kind of substance is being converted inte 
another, we may expect the law of direct simple proportion, 
Tn one distinct class of cases the effect already produced 
influences the amount of the ensuing effect, as for instance: 
in the cooling of a heated body, when the law will be of 
wu exponentin) form, When the dimetion of a farce in= 
finences its action, trigonometrical functions enter, Any 
influence which spreads free) ene tridimensional, 

ace will be suet to the law of the inverse square 

the distance. Irom such considerations we may some- 
times arrive deductively and analogically at the general 
nature of the mathematical law required. 


The Grophical Method. 


Tn endeavouring to discover the mathematical Taw 
bared by experimental results it is often desirable to 
call in the aid of E Specoseeresentationss Every 
involving two varinble quantities corresponds to some kind 
‘of plane curve, and every plane curve may be 

symbolically in an equation containing two unknows 
quantities. Now in an experimental research we obtain 

# number of values of the variant corresponding to an 
equal number of values of the variable; but all the 
numbers are affected Cory or less error, and the values: 
of the variable will o: i i 





iil 
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Under such Eels ney i the best a of eee ceding 
is to. a paper divi ‘into equal rectangular spaces, 
a cameaiet ‘ane for the spaces fad one-tenth tf an 
inch square. The values of the variable being marked 
off on the lowest horizontal line, a point is marked for 
each corresponding value of the variant perpendicularly 
above that of the variable, and at such a height as cor- 
responds to the value of the variant. 

‘Tha exact scale of the drawing is not of much import- 
ance, but it miny require to be adjusted according to 
clreumstances, and different values must often be attri- 
buted to the upright and horizontal divisions, so as to 
make the variations conspicuous but not excessive. If 
a curved line be drawn through all the points or ends 
of the ordinates, it will probably exhibit irregular inflec- 
tions, owing to the errors which affect the numbers. But, 
when the results are numerous, it becomes apparent which 
results are more divergent than others, and guided by a 
so-called sense of continuity, it is possible to trace a line 
among the points which will approximate to the true law 
more nearly than the points themselves. The aceompany- 
ing figure sufliciently explains itself. 


k 
z 
= 
cr 
< 
> 


VARIABLE 


Perkins employed this graphical method with much 
care in exhibiting the results of his experiments on the 
compression of water? The numerical results were marked. 


» Philosophical Transactions, 1826, p. 544 
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upon a sheet of paper very exactly ruled at intervals of 
aaah cease Het home anim engecy 
iar at dhe var ight jg af the eomrnea f 





‘the curve drawn, or choose another for himself, Regnault, 
carried the method to perfection by laying af a pala 
with a screw dividing engine;? and he then for a 


table of results by drawing a continuous curve, ee 
measuring its height for equidistant values of the variable. 
Not only does « curve drawn in this manner enable ua to 
infer numerical results more free from accidental errors 
than any of the numbers obtained diractly from exporiment, 
‘but the form of the curve sometimes indicates the class of 
functions to which our results belong. 

Engraved sheets of paper prepared for the drawing of 
curves may be obtained from Mr. Stanford at Ohy 
Cross, Messrs, W. and A. K. Johnston, of London 
wee and Sons, Letts and Co., = probably 
other publishers. When we do not require great accuracy, 

per ruled by the common machine-ruler into equal 
squares of about one-fifth or one-sixth of an inch nah nee 
wall serve well aie I have met with engineers! 
surveyors’ memorandum books ruled with one-twelfth aa 

squares. When a number of curves bere, to be drawn, I 
hare found it beat £0 tule a good sheet of drawing paper 
with lines carefully adjuated st the most convenient 
distances, and then to prick the points of the curve 
through it upon another sheet fixed underneath. In this 
tol we obtain an accurate carve upon a blank sheet, 

need only introduce such division lines as are requisite 
ing of the eurve. 

a some cases our numerical results will correspond, 
not to the height of single ordinates, but to the area af 
tho curve between two ordinates, or the average it of 
ordinates between certain limits. If we measuns, for in- 
stanco, the quantities of heat absorbed by water when 
raised in temperature from 0” to 5°, from §* to ro”, and so 
on, these quantities will really be represented by areas of 
the curve denoting the specific heat of water; and since 
the specific heat varies continuously Detween every two 
points of temperature, we shall not get the correct curve 


+ Jamin, Cours de Physique, vol. ii. p. 24, &c. 
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by simply laying off the quantities of heat at the mean tem- 
Livia namely 24°, and 74°, and soon, Lord Rayloigh 

shown that if we have drawn such an incorrect curve, 
we can with litde trouble correct it by a simple geo- 
motrical proccss, and obtain to a close approximation the 
‘Yue ordinates instead of those denoting areas.’ 


Tuterpolation and Extrapolation, 


When wo have by experiment obtained two or more 
numerical results, and endeavour, without further ti 
ment, to calenlate intermediate results, we are said to 
interpolate. If we wish to assign by reasoning resulta 
lying beyond the limits of rey we may be said, 
using an expression of Sir nge Airy, to extrapolate. 
‘These two eet are the same in principle, but differ 
in practicability. It is a matter of great scientific im- 
portance to apprehend precisely how far we can practise 
interpolation or extrapolation, and on what grounds we 


proceed, 

Tn the first place, if the interpolation is to be more than 
empirical, we must have not only the experimental reaulta, 
but the laws which they obey—we must in fact go through 
the complete process of scientific investigation. Having 
discovered the laws of nature applying to the case, and 
veritied them by showing that they agree with the experi- 
ments in question, we are then in @ position to anticipate 
the results of similar experiments, Our knowledge even 
now is not certain, because we cannot completely prove 
the truth of any assumed law, and we cannot possibly 
exhaust all the circumstances which may affect the result, 
At the best then our interpolations will partake of the 
want of certainty and precision attaching to all our know- 
pa of nature. Yet, having the supposed laws, our resulta 

ill be os sure and acetate as any we can attain to. But 
such a complete procedure is more than we commonly 
mean by eRe which usually denotes some method 
of estimating in a merely approximate manner the results 


fe sometimes raguired in curves prow 
Ee between two physical magnitudes. 
losoy Magazine, 4th Series, vol. xiii. p. ggt. 
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which might have been expectad independently of a the- 
oretical investigation. Fy 1 
‘Reganled in this light, interpolation is in reality aninde- 
terminate problem, From given values of a function it is 
impossible to determine that function; for we can invent 
on infinite number of functions which will give those 
values if we are not restricted by any conditions, Fl as 
through a given series of points we can draw an infinite 
number of curves, if we may diverge between or beyond 
the points into bends und cusps as we think fit! Tn inter- 
polation we must in fact be guided more or leas by d prioré 
considerations; we must know, forinstance, whether or not 
periodical fluctuations are to be expected. Supposing that 
the phenomenon is non-periodic, we proceed to assume that 
the function ean be expressed in a limited series of the 
‘era of the variable, ‘he number of powers which can 
yt included depends upon the number of experimental 
results available, and must be at least one lee than this 
number. By Rieore of calculation, which have been 
already alluded to in the section on empirical formule, we 
then calculate the coefficients of the powers, and obtain an 
empirical formula which will give the required intermediate 
results, In reality, then, we return to the methods treated 
ander the head of approximation and empirical formule: ; 
and interpolation, as commonly understood, consists in 
assuming that acurve of simple character is to pass through 
certain determined points. If we have, for instance, two 
experimental results, and only two, we assume that the 
curve is a straight lino; for the parabolas which can be 
passed through two points are intinitely various in inag- 
nitude, and quite indeterminate. One straight line alone 
cap pass through two points, and it will have an equation 
of the form, y = nuc + n, the constant quantities of which 
ean be determined from two results. Thus, if the two 
values for x, 7 and 11, give the values for y, 35 and 53, 
the solution of two equations gives y= 45 x 2 + 3'5 
49 the equation, and for any other value of 2, for i 
10, we geb a value of y, that is 485, When we take 
4 mean value of x, namely 9, this process yields a simple 
mean result, namely 44. Three experimental Its 


4 Herschel : Lactoix’ Differential Cakoulus, y $t— 
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French edition of Kaimtz’s Meteorology.’ 
‘When we have, either direct experiment or by 
the use of a curve, a series of values of the variant for 


be 
ccurectly represented by « finite empirical formula; if 
‘the wth differonces are zero, then the formula will contain 
only the first n — 1 powers of the variable. Indeed we 
may sometimes obtain by the calculus of differences a 
correct empirical formula; for if p be the first term of 
the series of values, and Ap, Ap, A‘p, be the first num- 
ber in each column of differences, then the mth term of 
the series of values will be 





p+mApen™—! Aptm™ SE ESO nyt ae 


A closely equivalent but more practicable formula for 
ion by differences, as devised by Lagrange, will 
‘be found in Thomson and Tait's: Blements of Natural 
Philosophy, po 165. 
if no Al aes of differences shows any tendency to 
become zero out, it is an indication that the law 
is of a more complicated, for instance of an exponential 
character, so that it requires different treatment, Dr, J. 
Hopkinson has suggested a method of arithmetical inter- 
polation? which is intended to avoid +much that is 
arbitrary in the graphical method. His process will yield 
the same results in all hands, 
So far as we can infer the reealts Likely to be obtained 
by variations beyond the limits of experiment, we must 


1 Cours complet de ia, Note A, p. 449. 
2 On the Chiaon ay wate “yormute.” The Mecrenger of 
Mathematics, New Series, No. 17, 1872. 

we 
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proceed npon the same principles. If possible we must 
pretenses lyse mnie gees 
a when we have no ex not, an 
formula of the same character as those employed in inter- 
peilcindes Cnribly Leeooe But to extend our inference 
far 1 limits of experience is exceedingly unsafe, 
Our ledge is at the best only ay even) 
takes no account of small tendencies, Now it usually 
happens that tendencies amall within our limita of ob- 
servation become tible or great under extreme 
circumstances, the variable in our empi 
formula is small, we are justified in overlooking the 
powers, and taking only two or three obi Uap aac 
as the variable increases, the higher 
pence amie in time yield the princi; pes of the y palnaat 
function. 

This is no mere theoretical inference. Ex: 
few primary laws of nature, such as the law a 
of the conservation of energy, &e., there is 
natural law which we can trust in circumstances widely 
different from those with which we are practically ac- 
quainted. From the expansion or contraction, fusion or 
vaporization of substances by heat at the surface of the 
earth, we can form a most imperfect notion of what would 
happen near the centre of the earth, where the 
almost infinitely excceds anything “possible in our experi~ 
ments, The pl ysics of the rey! giveus a feeble, and pro- 
bably a lala notion of a body like the eun, in 
which an inconceivably high temperature is united with an 
inconeeivably high pressure. If there are in the realms of 
space nebule consisting of incandescent and unoxidised 
vapours of metals and other elements, so highly heated 
perhaps that chemical composition is out of the quostion, 
we are hardly able to treat them as subjects of scientific 
inference. Hence arisos tho great importance of experi- 
ments in which we investigate the properties of substances 
under extreme circumstances of cold or heat, density or 
marity, intense electric excitation, &c. This insecurity 
in extending our inferences arises from the approximate 
character of our measurements, Had we the power of 
eu eressoling infinitely small quantities, we should by 

the principle of continuity discover some trace of every 
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change which a substance could undergo under unattain- 
able circumstances. By observing, for instance, the ten- 
sion of aqueous vapour between o° and 100° C., we b 
theoretically to he able to infer its tension at every other 
temperature ; but this is ont of the question practically 
because we cannot really ascertain the law precisely be- 
tween those temperatures. 

ae instances might be Eee. ane Set laws 
w ay to represent correctly the results i- 
ments within ae limits altogether fail Pes ante 
limits. The experiments of Roscoe and Dittmar, on the 
absorption of in water? afford interesting iMustrations, 
eee in the case of hydrochloric acid, the quantity of 
which dissolved in water under different pressures follows 
very closely a linear law of variation, from which however 
it diverges widely at low pressures? Herschel, having 
deduced from observations of the double star 7 Virginis 
an elliptic orbit for the motion of one component round 
the centre of gravity of both, found that for a time 
the motion of star id very well with this orbit. 
Nevertheless divergence nm to appear and after a time 
became so t that an entirely new orbit, of more than 
double the dimensions of the old one, had ultimately to be 





TUustrations of Empirical Quantitative Laws, 


Although our object in quantitative inquiry is to discover 
the exact or rational formula, expressing the laws which 
apply to the gubject, it is ingtructive to observe in how 
roany important branches of science, no precise laws have 
yet been detected. The tension of aqueous vapour at 
different temperatures has been determined bya auccession 
of eminent experimentalists—Dalton, Kaimtz, Dulong, 
Arago, Magnus, and Regnault—and by the last mentioned 
the measurements were conducted with extraordinary care. 


3 Watts’ Dictionary of Chemsstry, vol. ii. p. 7 

2 Gert Toul tonal ily, vol Wil. Be 3S. 

3 Besulte of 1 the Cape af Good Hope, 9 a 
ss 
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Yet no incontestable general law has been established. 
Several functions have been to express the 
elastic force of the vapour as depending on the tem- 
ture. The first form is that of Young, namely 
= (@ +064, in which a, 3, and m are unknown quan- 
tities to be determined by observation, Roche proposed, 
on theoretical grounds, a complicated formula of an ex- 
fal form, and a third form of function is that of 
it, as follows—log F =a +ba'+c. I mention 
these formule, because they well Hlustrate the feeble 
powors of empirical inquiry, Nono of the formula can be 
made to correspond closely with experimental results, and 
tho two (ae i almost equally well. Thereis 
ee little probabi hat the real law has been reached, 
it is unlikely that it will be discovered except by 
deduction from mechanical theory. 

Much ingenious Inbour has been spent upon the dis- 
covery of some Sha law of atmospheric refraction, 
‘Tycho Brahe and Kepler commenced the inquiry: Cassini 
firet formed a table of refractions, calculated on theoretical 
grounds: Newton entered into some profound investiga- 
tions upon the subject: Brooke Taylor, Bouguer, Simpson, 
Bradley, Mayer, and Kramp successively attacked the 
question, which is of the highest practical importance 
as regards the correction of astronomical observations, 
Laplace next laboured on the subject without exhausting 
it, and Brinkloy and Ivory have also treated it. The true 
Inw is yet undiscovered. A closely connected problem, 
that regurding the relation between the pressun: and 
elevation in different strata of the atmosphere, has received 
the attention of a long succession of physicists and was 
most carefully investigated by Laplace, Yet no invariable 
and general law has been detected, The same may be 
said concerning the Jaw of haman mortality; abundant 
statistics on this subject are available, and many hypotheses 
more or less satisfactory have been put forward as to the 
form of the curve of mortality, but it scems to be im- 
possible to discover more than an approximate law. 

Tt may perhaps be urged that in such subjects no single 
invariable law can be expected. The atmoaphere may be 


3 Jamin, Cours de Phyrigue, vol. ii. p. 138 
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divided into several variable strata which by their uncon- 
nected changes frustrate the exact calculations of astro 
nomera. Human life may be subject at different ages to 
a succession of different influences incapable of reduction 
under any one law. The results observed may in fact be 
aggregates of an immense number of separate results each 
governed by its own separate laws, so that the subjects 
may be complicated beyond the possibility of complete 
resolution by empirical methods. This is segecl true 
of the mathematical functions which must some time or 
other be introduced into the science of political economy, 





Simple Proportional Variation. 


When we first treat numerical results in any novel kind 
of investigation, our impression will probably be that one 

uantity varies in simple proportion to another, so as to 
obey the law y= ma +. Wo must loarn to distinguish 
carefully between the cases where this proportionality is 
really, and where it is only apparently trae, In con- 
sidering the principles of approximation we found that a 
small portion of any curve will appear to be a tee line, 
When our modes of measurement are comparatively rade, 
we must expect to be unable to detect the curvature, 
Kepler made meritorious attempts to discover the law of 
refraction, and he approximated to it when he obseryed 
that the angles of incidence and refraction if emalt bear 
4 constant ratio to each other. Angles when smal: are 
nearly us their sines, so that he reached an approximate 
result of the true law. Cardan assumed, probably as a 
mere guess, that the force required to sustain a body on 
an inclined plane was simply proportional to the angle of 
elevation of the plane, This is approximately the case 
when the angle is small, but in reality the law is much 
more complicated, the power required being proportional 
to the sine of the angle, The early thermoraeter-makers 
were unaware whet the expansion of mercury was 
proportional or not to the heat communicated to it, and 
it is only in the present century that we have learnt it 
to be not so, We now know that even guses obey the 
law of uniform expansion by heat only in an approximate 
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manner, Until reason to the contrary is shown, we should 
do well to look upon every law of simple proportion as 
only provisionally true, 
fevertheless many important laws of nature are in the 
form of simple proportions. Wherever a cause acts in 
i dence of its previous effects, we may expect this 
telation, An accelemting force acts equally upon a 
moving and a motionless body, Hence the" velocity 
pote is in simple proportion to the force, and to the 
juration of its uniform action, As gravitating bodies 
never interfere with each other's gravity, this force is in 
direct, FE to the masa of each of the at- 
tracting bodies, the mass being measured by 7, or proportional 
to inertia. Similarly, in all cases of * dercot unin] 
action,” as Herschel has remarked, we may expect simple 
proportion to manifest itself, In such cases the equation 
expressing the relation may have the simple form y = mus. 
A similar relation holds true when there is conversion 
of one substance or form of energy into another, The 
Sean of a compound is equal to the quantity of the 
lements which combine, The heat produced in friction 
is exactly proportional to the mechanical energy absorbed, 
‘It was experimentally proved by Faraday that “the chemi- 
cal power of the current of electricity is in a 
portion to the quantity of electricity which passes.” en 
an electric current is produced, the quantity of electric 
oie is simply proportional to the weight of metal 
issolved, If clectricity is turned into heat, there is 
again simple proportion. Wherever, in fact, one thing 
is but another thing with a now aspect, we may expect 
to find the law of simple proportion. But it is only in 
the most elomentary cases that this simple relation will 
hold true, Simple conditions do not, generally speaking, 
produce simple results, The planeta ‘move in approxitnate 
cireles round the sun, but the apparent motions, as seen 
from the earth, are very various, All those motions, again, 
are summed up in the law of gravity, of no great com- 
plexity; yet men never have been, and never will be, able 
to exhaust the complications of action and reaction arising 
from that law, even among a small number of planets. 





© Prehimemary Discourse, ep ign | 
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We should be om our guard against a tendency to assume 
that the connoction of cause and offect is one’ of direct 
proportion. Bacon reminds us of the woman in Zsop’s 
fable, who expected that her hen, with a double measure 
of barley, would Jay two eggs a day instead of one, whereas 
it grew fat, and ceased to lay any eggs at all It is 
wize maxim that the half is often better than the whole. 
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iding clues, his experiments wore like those of all the 
s, purely tentative and haphazard, “While his 
hy jeal and deductive investigations have given ns 
the trus of the Universe, and opened the way in 
almost all the great branches of natural philosophy, the 
whole results of his tentative experiments are compre- 
hended in a few happy guesses, given in his celebrated 
“ Queries.” 

Even when we ore engaged in apy ly 
observation of a phenomenon, which we cannot modify 
experimentally, it is advant us thut our attention 
should be guided by theoretical anticipationa A pheno- 
menon which seems simple is, in all probability, really 
complex, and unless the mind is actively engaged in 
looking for particular details, it is likely that the critical 
cirvumstances will be posscd over. Besscl regretted that 
no distinct theory of the constitution of comets had 
guided his observations of Halley's comet;* in attempting 
to verify or refute a hypothesis, not only would there be 
a chance of establishing a true theory, but if confuted, 
the confutation would involve a store of useful observa- 
tions, 

Tt would be an interesting work, but one which T ean- 

not undertake, to trace out the gradual reaction which has 
taken placa in recent times againet the purely empirical 
or Baconian theory of induction. Francis Bacon, steing 
the futility of the scholastic logie, which had long been 
predominant, asserted that the accumulation of facts and 
the orderly abstraction of axioms, or general laws from 
them, constituted the true method of induction, 
Bacon wos not wholly unaware of the value of h o= 
tical anticipation. In one or two places he in: itally 
acknowledges it, as whon he remarks that the subtlety of 
nature surpasses that of reason, adding that “axioms ab- 
Stracted from particular facts in a careful and orderly 
manner, readily suggest and mark ont new particulars.” 

‘Nevertheless Bacon's mothod, ag far as we can gather 
the meaning of the main portions of his writings, would 
correspond to the process of empirically collecting ficts 


| Tyndall, On Comelary Theory, Philosophical Magazine, April 
1869,” 4th Saries, vol. xxxvil, p. 243. 
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and exhaustively classifying them, to which I alluded, 
The value of this Md Say be estimated historically 
by the fact that it has not been followed by any of 
the great masters of science, Whether we look to 
who preceded Bacon, to Gilbert, lis contemporary, or 
to Newton and Descartes, Leibnitz and Huyghens, his 
successors, we find that ays was achieved by the 
opposite method to that advocated by Bacon. Through- 
out Newton's works, as I shall show, we find deductive 
reasoning wholly predominant, and experiments are em- 
ployed, a3 they should be, to confirm or refute she- 
Foal ant itions of nature, In my “Elementary ms 
in Logit {p. 258), T stated my belief that there was no 
kind of reference to Bacon in Newton's works, I have 
since found that Newton does once or twice smiley the 
expreseion experimentum crucis in his “ Opticks,” but this 
is the only expression, so far as I am aware, which could 
indicate on the part of Newton direct or indirect ac- 
quaintance with n's writings. 

Other great physicists of the same age were equally 
prone to the use of hypotheses rather than the blind 
accumulation of facts in the Baconian manner. Hooke 
Coreg asserts in his Peal eet work on Philo- 
sophical Method, that the first requisite of the Natural 

ilosopher is readiness at guessing the solution of pheno- 
mena and making queries, “He ought to be v 
skilled in those several kinds of ere hy 
known, to understand their several hypotheses, sup- 
positions, collections, observations, &c,, their various ways 
of ratiocinations and proceedings, the several failings and 
defects, both in their way of raising and in their way of 
ape their several theories: for by this means the 
mind will bo somewhat more ready at guessing at the 
solution of many phenomena almost at first sight, and 
thereby be much more prompt at making queries, and at 
sees the subtlety of Fate, and in discovering and 
searching into the true reason of things,” 

We find Horrocka, again, than whom no one waa more 

' See Philosophical Transact abridged by Lowthorp. 4th edit, 
voip ind pinot sr to Low to ext hae 

o Mergen remarkable preface 
Prom “Matie 10 Sport : CD, pp. ext. rei, z 
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filled with the scientific spirit, telling us how he tried 
after theory it eed taco err oe 


in 
pate with the motions of Mars,! ho 
ime of the txt poe nop sty 
followed the deductive process com! with continual 


appeal to experiment, with a skill closely anal to 
ay of Newton. As to Descartes and Leibnitz, fell 
into excess in tho nse of hypothesis, since they sometimes 
adopted hypothetical reasoning to the exclusion of ex- 

imental verification. nt the ier cen- 
tury science was supposed to vancin, pur- 
saance of the Buconian method, but in reality hypothetieal 
peeing was the main ann of It is 

in the present century icists to recog. 

niso this truth, So much opprobrium had pen aetached 
by Bacon to the use of hypotheses, that we find Y; 
speaking of them in an apologetic tone, “The practice 

vancing general principles and applying them to par~ 
ticular instances is so far from being fatal to trath in all 
sciences, that when those principles are advanced on sut- 
ficient grounds, it constitutes the essence of true phi- 
losophy ;"* and he quotes eases in which Davy trasted 
to his theories rather than his experiments, 

Bit who was both a practical physicist and an 
abstract logician, entertained the deepest respect for 
Bacon, and made the “Novum Organum” ag far as 
possible the basis of his own admirable Discourse on 
the Study of Natural Philovephy, Yet we fd him in 
Chupter VIL recognising the part which the formation 
and verification of theories takes in the higher and more 
general investigations of physical science. J. S. Mill 
carried on the reaction by describing the Deductive 
Method in Le ratiocination, that ig seals rea 
soning, is employed for the discovery of new oppor- 
tanitiee of testing and verifying an hypothesis. Never= 
theless throughout the other Bote of his system he 
inveiyhed against the value the deductive process, 
and even aaserted that empirical inference from 
ticulars to particulars is the true type of reasoning. 


Youngs Webyra ep age 
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The Se Maneater Albee Me eo 
original and valuable part of Mill's System of Logic 
irreconcilable with Abies Viewer the ism 





vonstit 
In later years Professor Huxley has eee! insisted 
vooutes the 


same trath in another light. 

Tt ought to be pointed out that Neil in his Art of 
Reasoning, % popales but able exposition of the principles 
of agio, pal shed in 1853, ises in Chapter 
XI. the value and position of hypothesis in the discovery 
of truth, He endeavours to show, too 109), that 
Francis Bacon did not object to the use of ee ia, 

The true course of inductive procedure is that which 
has yielded all the moro lofty results of science, 
consists in Anticipating Natwre, in the sense of forming 
hypotheses as to tho laws which are probably in opera- 
tion; and then observing whether the combinations of 
phenomena are such as would follow from Be laws 
supposed. The investigator begins with facts and ends 
with hens: He uses facts to suggest probable hypotheses ; 
deducing other facts which would happen if a parti- 
cular hypothesis is true, he proceeds to test the truth 
of his notion by fresh observations, If ieee prove 
difforot from what he expects, it leads to modify 
or to abandon his hypothesis; but every new fact may 
ge some new suggestion as to the laws in action. 
“ven if the result in any case agrees with his antici 
tions, he does not repard it a3 finally confirmatory of his 
theory, but proceeds to test thé truth of the theory by new 
deductions and new trials, 

Tn such a process the investigator is assisted by the 
whole body of science previously accumulated. He may 


510 THE PRINCIPLES OF SCIENCE [ewar. 


em) snalogy jas Latally int out, to guide him in the 
Rea hypotheses. The Pants oe 
fe be expected and outs socenenerese 
to bo and out of the infinite number 
hypotheses he selects those which are, as far as can be 
pearsalgabea gee Ohctied ap wobable, Each experiment, 
therefore, he Heat soo Eas) ea 
light upon his aul Facer iete Riana ee 
vera tends fo pot him in possession of the correct 
hue. 





Requisites of « good Hypothesis, 

There is little difficulty in Pane out to aes condi- 
paras hypothesis must conform in order to be accepted 

as probable and valid. That condition, as I conceive, is 
so single el Ke enabling us to infer the Cpa oe of 

nomena which occur in our experience. Agreement 
with fact is the sole and test of a true hypothesis, 

Gates has named for spreceote which he considers 

Tequizite in an hypothesis, namely (1) That it should be 
conceivable and not absurd ; & ?) That it should allow of 
ee being necessutly inferred. Boyle, in noticing 

obbes’ views, proposed to add a third condition, to the 
effect that the hypothesis should at be inconsistent with 
any other truth on phenomenon of nature’ 1 think that 
of these three conditions, the first cannot be accepted, 
unless by tuconceivable and absurd we moan self-contra~ 
dictory or inconsistent with the laws of thought and 
nature. I shall have to point out that some satisfactory 
theories involve suppositions which are wholly inconeeiv- 
able in a certain sense of the word, because the mind can- 
not sufficiently extend its ideas to frame a notion of the 
actions supposed to take place. That the force of gravity 
should act instantaneously between the most distant 
of the planetary eystem, or that a ray of violet. 
should consist of about 700 billions of vibrations in 5 
second, are statements of an inconceivable and absurd 
character in one sense; but they are so far from being 
opposed to fact that we cannot on any other suppositions 
account for phenomena observed. But if an hypothesis 
involve self-contradiction, ur is inconsistent with known _ 


* Boyle's Physicat Examen, p. 8 
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Jnws of nature, it is sclf-condemned. We cannot even 
soy deductive reasoning to a self-contradi notion ; 
opposed to the most and certain laws 





contradictory, we 
necept two theories which lead to contradictory results. 
If the one agrees with nature, the othor cannot. Honce if 
there be a law which we believe with high probability to 
be verified by observation, wo must not frame an h; i 
in conflict with it, otherwise the hypothesis will necessarily 
be in disagreement with observation, Since no law or 


T assert, then, that there is but one test of a good 
hypothesis, namely, its conformity with observed facts s but 
condition may be said to involve three constituent 
conditions, nearly equivalent to those suggested by Hobbes 
and wie namely 
That it allow of the application of deductive reason- 
ing and the inference of consequences capable of com- 
ison with the results of observation. 
(2) That it do not conflict with any laws of nature, or 
of mind, which we hold to be trae. 
mac That. ite consequences inferred do agree with facts 
‘obgervation. 


Possibility of Deductive Reasoning. 

As the truth of an hypothesis is to be proved by its 
conformity with fact, the first condition is that we be able 
to ony methods of deductive ing, and leam what 
= hi according a such an hypothesis. es 

we imagine an object acting according to laws 
hitherto wholly unknown t would Be useless to do 80, 
because we conld never decide whether it existed or not. 
We can only infer what would bappen under supposed 
conditions by applying the knowledge of nature we possess 





analogy.” It Lestrade se worthy of 
eet ati must suggest some likeness, analogy, or 
common law, acting in two or more things, If, in order 
to explain certain facts, @, a’, «”, &c., we invent a cause A, 
then we must in some degree al to experience as to 


But if this ether were wholly different from anything 
else known to us, we should in vain try to reason about it. 
We must apply to it at least the laws of motion, that is 
we must so fur liken it to matter. And as, whon applying 
those laws to the elastic medium air, we are able té infer 
the phenomena of sound, so by ai in asimilar manner 
concerning ether we are able to infor the exiatence of light 
henomens corresponding to what do oceur. All that we 
is to take an clastic substance, increaso its olasticity 
immensely, and denude it of gravity and some other 
sperties of matter, but we must retain sufficient likeness 

to matter to allow of deductive calculations. 

The force of gravity is in some Tespocts an incompro- 
hensible existence, but in other respects entirely con- 
formable to experience. We observe that the force is 
proportional to masa, and that it acts in entire indepen- 
dence of other matter which may be present or intervening, 
The law of the decrease of intensity, as the square of the 
distance increases, ie observed to hold trae ot ligt, sound, 
and other influences emanating from a point, anc i 
uniformly through epace. The law is doubtless 
with the propertics of space; and is so far im agreement 
with our necessary ideas 

It may be said, however, that no hypothesis can be 90 
much as framed in the mind unless it be more or less 
conformable to experience. As tho material of our ideas 
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ap toa, bat sa eionet Ws ereto ce‘, beoparan of 
as some 

ae All that the mind can do in tha erection Ge oor 

aa is to alter combinations, or the intensity of 


familiar dine todicht and tout Hifforest degrees cf padi 
to si; I, of i 
are fi Ta cad pass bayer Uo ieenieoeeeae 


senses could not observe. We know what is elasticity, 
and we can therefore in a way figure to ourselves elasticity 
uw thousand or a million times greater than any which 
sensnously known to us. The waves of the ocaan are many 
times higher than our own bodies ; other waves, are many 
times Jess ; continue the proportion, and we ultimately 
arrive at waves as small as those of light, Thus it is that 
aS prereset es a bien femenyene 
Teason concerning oe alas phenomena different in an 
no hypothesis then can be absclutely 


Ta Soe an hypothesis may allow of satisfactory 
comparigon with » it must possess definiteness 
and in many cases mathematical exactness all a 
the precise calculation of resulta We must be abl 
stan wher tds oe deo agen wih fa 
The theory of vortices is an instance to the contrary, for 
it did not present any mode of cale the 
relations between 


undergo that rigorous 
tosting to which Newton scrupulously submitted his theory 
of gravity before its promulgation. Wagneness aud ins 
capability of precise proof or dis f often enable a faleo 
theory to live; ‘but with those who love truth, vagueness 
should excite suspicion. The upholders of sana ancient 
doctrine of Nature’s abhorrence of a vacuum, had been 
unable to anticipate the important fact that water would 
not rise more than 33 feet in a common suction pump. 
Nor nue ee fact was pointed ont could they explain it, 
except troducing alteration of the th 

the: foot that Bannte atborencs of a era 
limited to 33 feet. 


us 
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Cinsistency with the Laws of Nature, 


In the second place an hypothesis must not be contna- 
dictory to what wo believe to be true concerning Nature. 
It muat not Sarees eslonaonoelaacien tae is Op te 
the highest aud simplest laws, namely, those 
Neither ought it to be irreconcilable with the simplo 
laws of motion, of gravity, of the conservation of energy, 
nor any parts of science which we consider to be 
established beyond reasonable doubt. Not that we are 
absolutely forbidden to entertain such an hypothesis, but 
if we do 80 we must be prepared to disprove eoma of the 
best demonstrated. truths in the possession of mankind, 
The fact that conflict exists means that the consequences 
of the theory are not veritied if previous discoveries are 
correct, and we must therefore show that previous dis- 
coveries are incorrect before we can verily our theory, 

An hypothesis will be exceedingly improbable, not to 
say absurd, if it supposes a substance to act ina mannor 
unknown in other cases; for it then fails to be verified in 
our knowledge of that substance. Several physicists, 
especially Euler and Grove, have anp that. we might 
dispense with an ethereal busis of light, and infer from 
the interstellar passage of raya that there was a kind of 
rare gas occupying space. But if so, that must be 
excessively rare, as we may infor from the apparent 
absence of an atmosphere around the moon, and from 
other facta known to us concerning gases and the atmo- 
sphere; yet it must possess an elastic force at least: a 
billion times as great as atmospheric air at the earth's 
surface, in order to acvount for the extremd rapidity of 
light raya. Such an hypothesis then is inconsistent with 
our knowledge concerning gases. 

Provided that there be no clear and absolute conflict 
with known laws of nature, there is no hypothesis so 
improbable or apparently inconceivable that it may net 
be rendered probable, or even approximately certain, by 
a sufficient number of concordances, In fact the two best 
founded and most successful theories in physical science 
involve the most absurd suppositions. Gravity ia @ force 
which appears to act betwoon bodies through vacuous 
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Hastie it is in positive contradiction to the old dictum 
con act but through some aati eee is 
even more Scan tinge aa fore ace in lager 
ence to intervening obstaclea, Light in ot ie its 
extreme velocity: Shes auch respect rmiitee rigs it is 
‘almost instantaneously pan repped. ye ‘opaqne substances, and 
to a considerable extent bed and deflected by trans~ 
parent ones. But to gravity all media are, as it wera, 
absclutely transparent, nay non-existent ; and two particles 
a cpponta potbts. at tn oeih, abot east pthacjecaalivan 
if the globe were not between, The action is, so far as 
‘we oan observe, instantaneous, 80 that every particle of the 
universe is at every moment in separate cognisance, us it 
were, of the relative position of every other particle through~ 
out the universe at that same moment of time, Compared 
with such RAS epost Seite conditions, the theory of 
commonplace realities. Newton's 
celebrated saying hypotheses non jingo, bears the appearance 
of irony; and it was not without apparent grounds that 
Jeibnita and the continental philosophers epee Newton 
with rere occult powers and qualities. 
of light its almost. 
difficulties of outa We concaaiked si soygeal 
philosophers to give up our preposseasions, ue to ines 
that interstellar space which seers empty ix not aes ab 
all, but filled peering hegearr aT y more solid and 
; Slestios ten pr oacceee aunaicoaels remarked? “ ve 
ut us ether, pervading space, and 
almost all substances, is not Nera but 
nyt fp, cig yt une tr 
may eupy to the un of 
Tight, to be constantly exerted at each space, and, 
finds it to be 1,148,000,000,000 times. clastic fore foree of 
ordinary air at the carth’s surface, so that the pressure 
of ether per oye inch must be about seventeen billions 
of pounds* Yet we live and move without appreciable 
tance through this medium, immensely harder and 
more elastic than adamant. All our ordinary notions 
must be laid aside in contemplating such an hypothesis; 


rh 3 Works,vol. i 
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yet it is no more than the observed phenomena of 


pice cca of Young, that there may be mdent 
worl 

‘but others pervading each other unseen und 
unknown ‘ate home raat For if we are bound to 
admit the conception of this adamantine firmament, it is 
equally sf to admit a plurality of such. We see, then, 
that mere difficulties of conception must not discredit a 
theory which otherwise a, with facts, and we mast 
only reject hypotheses which are ineonceivable in the 
sense of breaking distinctly the primary laws of thought 


and nature, 
Conformity with Facts, 


Before we accept a new hypothesis it must be shown 
to agree not only with the previously known laws of ma 
ture, but also with the Recta facts which it is framed 
to lain. Assumil at these facts are properly 
catablished, it must ae with all of them. single 
absolute conflict between fact and hypothesis, is fatal to 
the ee fatsa in wno, Jalsa in omnibus, 

Seldom, indood, shall we have n theory free from 
difficulties and apparent inconsistency with facts. Though 
one real inconsistency would overturn the most plausible 
theory, yet there is usually some probability that the fact 
may be misinterpreted, or that some supposed law of 
nature, on which we are relying, may not be true, It may 
be moreover, that a good hypothesis, besides 
agreeing with facts already noticed, will furniah us with 
distinct credentials by enabling us to anticipate deductively 
series of facts which are not already connected and 
accounted for by any equally probable hypothesis. We 
cannot lay down any precise mle as to the number of 
accordances which can establish the truth of an hypothesis, 
because the accordances will vary much in value. While, 
on the one hand, no finite number of nccordances will 
give entire certainty, the probability of the hypothesis 
will increase very rapidly with the nu:mber of accordances. 


+ Young's Works, vol, & 417. 
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Almost every problem in science thus takes the form of 
a balenco of ‘prota, It is only when difficulty 

been successfully —— away, and 
decisive experimenta crucis have, time time, resulted 
in favour of our theory, that we can venture to assert the 
falsity of all objections, 

‘The sole real test of an hypothesis is its accordance 
with fact. Descartes’ celebrated system of vortices. is 
exploded, not because it was intrinsically absurd and 
inconceivable, but because it could not give results in 
accordance with the aetual motions of the heavenly bodies. 


af vortiees, ure chil me compared with those of grivi- 
tation and ae y already described. 
Vortices are on the ‘whole plausible. sw aaa for 


planeta and satellites bear at frat ‘ht mm 
to objects carried round in iw on. alah ic 
doubtless suggested the The failure was in the 
first ond third Terie Sonik elnin  l the 
theory did not allow of preci calculation of planetary 
motions, and was thus incapable of rigorous veritication. 
But so far as we can institute a comparison, facts ave en- 
tirely against the vortices, Newton did not ridicule the 
yaa as absurd, but showed! that it was “pressed with 


many difficulties," He carefully out that the 
Cartesian theory ssa incnaant ‘with the laws of Kepler, 
and would planets as moving more rapidly 


at their aphelia tan pe ae perihclia® The rotatory 
motion of the sun and planets on their own axes is in 
striking conflict with the revolutions of the satellites 
carried round them ; and comets, the most flimsy of bodies, 
calmly parsne their courses in elliptic took irrespective 
of ‘thé vortices which they pass through We may now 
also point to the interlacing orbits of the minor pliciden 
aa a new and insuperable difficulty in the way of the 
Cartesian ideas, 

Newton, though he establizhed the best of theories, was 
also cupable of proposing one of the worst; and if we 
want an instance of a theory decisively contradicted by 


! Principia, ble iii, P: }. General Scholiam, 
* Ibid, rh Sock, x on sy 





form. pwr of 0 ones game Ri 
longi of coloured substances, then every” 
Beet flu: Faaattdad Cokaedins cecsmusto plating 


internal refraction of the rays to rereten ‘an ultimate 
stifling of them, which he did not attempt to explain 
further. Unless some other process comes into operation, 
neither refraction nor reflection, however often repeated, 
will destroy the energy of light, The theory therefore 
gives no account, as Brewster shows, of 24 parts out of 
25 of the light which falls upon a black eoal, and the re~ 
conta part which is reflected from the lustrous surface 
ly inconsistent with the theory, because fine coal- 
dustis almost entirely devoid of reflective power.’ It ia 
now generally believed that the colours of natural bodies 
are due to the unequal absorption of rays of light of dif. 
ferent refrangibility, 


Experimentum Crucia, 

As we deduce more and mare conclusions from a theary, 
and find them verified by trial, the probability of the 
theory increases in a rapid manner; but we never escape 
the risk of exror altogether. Absolute certainty is be- 
yond the powers of inductive investigation, and the most 
paca supposition umy ultimately be proved false, 

uch ig the groundwork of similarity in Fast vhs 
two very different conditions may often give. 
similar results, We somotimes find ourselves 


= 


' Brewster's Life af Neston, tst edit. chan, vii, 
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in ion of two or more hypotheses which both agree 
wan any wsgarimena facts as to have great appears 
ance of nich ¢ircumstances we have newd 
of some new experiment, which shall give results agresing 
with one h i8 but not with the other, 





way to sscon it needs some decisive guide, and Bacon 
therefore assigned great importanee and authority to in- 
stances which serve in this capacity. The name given by 
Bacon has become familiar; cinta simone tose of 
Bacon's figurative expressions which has passed into com- 
mon use Eyen Newton, as I have mentioned (p, 507), 
used the name, 
I do not think, indeed, that the common use of the 
nae at all agrees with that intended by Bacon. Ier- 
suys that “we make an experiment of the crucial 
iia = on we form combinations, and put in action 
causes from which some particular one shall be deliberately 
excluded, and some other purposely admitted.”* This, 
however, seems to be the description of any special ex« 
eriment not made at Pascal's it 
tt causing a oat to Prare 
the Puy-do-Démne has often been considered as a per- 
fect experimentum eruois, if not the first distinct one on 
record ;* but if so, we must di the doctrine of 
Nature's abhorrence of a vacuum with the position of a 
nival theorye A crucial experiment must not simply 
confirm one 


, bubs mnust noe eo jit must 
decide a mind which i is in equilibrium, as ‘Bacon says" 
between two equally plausible views “When in seai 
of any nature, the undonstanding comes to an equilibrium, 
as it were, or stands suspended as to which of two or 
snore natures the cause of nature inquired after should 
be attributed or assigned, by reason of the uent and 
common occurrence Of ly natures, then at Orueial 
Tnstances show the true and inviolable association of one 

} Discourse on the Stuly of Natwral Philosophy, p 151. 
* Ibid. p. 220. 
3 Novum Oraanum, Uk. iis Aphorisnn 





of these natures to the nature sought, and the uncertain 
fad separ hie alliation i Abs atieeowieesty ate qnestion 


great light, and have a kind of overruli 80 
By tan icoe ot aeroestacion pl) etn tecniaes 
in them, or be finished by them.” . 


agreed with 

the Jaws of trical optics, relating to reflec~ 
tion and rv ion. According to the first law of motion 
a moving particle proceeds in a perfectly stmight line, 
whon undisturbed by extraneous forces. If the icle 
being perfectly elastic, strike a perfectly elastic plane, it 
will bound off in such a path that the angles of incidence 
and reflection will be equal. Now aray of light proceeds 
in a straight line, or appears to do so, until it meets a re- 
Hlecting body, when ita co is altered in a manner exactly 
similar to that of the elastic Here is a remark 
able correspondance which ably suggested to Newton's 
mind the hypothesis that Tat consists of minute elastic 
icles moving with excessive rapidity in straight linos. 

1¢ correspondence was found to extend also to the law 
of simple refraction ; for if particles of light be supposed 
eapable of attracting matter, and being attracted it at 
insensibly small distances, then a tay of light, falling on 
the surface of a traneparent medium, will euffer an increase 
in its velocity perpendicular to the surface, and the law 
of sines is the consequence. This remarkable explanation 
of the law of refraction had doubtless a very strong 
effect in leading Newton to entertain the corpusenlar 
theory, and he appears to have tl it that the analogy 
between the propagation of rays of light and the motion 
of bodies was oi exact, whatever might be the 
actual nature of light! It is highly remarkable, again, 
that Newton was able to give by his corpuscular theory, 
a plausible explanation of the inflection of light as dis- 


1 Principia, Uk. i Sect xiv, Prop, 96 Scholium, Optioks, Prop. vie 
5ed edit. p, 70 
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covered by Grimaldi. The theory would indeed have been 
a very probable one could Newton's own law of gravity 
have applied; but this was out of the question, because the 
cepa light, in order that they may move in stright 
ines, must be devoid of any intluence upon each other. 

‘The Huyghenian or Undulatory theory of light was also 
able to in the game phenomena, bat with one re- 
markable difference, If the undulatory theory be true, 
light must move more slowly in a dense refracting medium 
than in a rarer one; but the Newtonian theory assumed 
that the attraction of the dense medium the par- 
ticles of light to move more rapidly than in the rare 
medium, On this point, then, there was complete disere- 
pancy between the theories, and observation was required 
to show which theory was to one Now by 
simply entting a uniform plate af glass into two pieces, 
oat plighth ‘Saye one piece 30 _ to bce the 
length of the path of a ray ‘ing through it, experi 
tmenters were able to show that light does move bee 
slowly in glass than in air’ More recently Fizeau and 
Foucault independently measured the velocity of light in 
air and in water, and found that the velocity is greater in 
ain! 

‘Thore are a number of other’ points at which experi- 
ence decides against Newton, and in favour of Huyghens 
aud Young. Laplace pointed out that the attraction sup- 
posed to exist between matter and the corpuscular parti- 
cles of light would cause the yelocity of light to vary 
with the size of the emitting body, ao that if a star were 
250 times us great in diameter as our sun, its abtraction 
would prevent the emanation of light altogether,® But 
experience shows that the velocity of light is uniform, 
aud independent of the magnitude of the emitting body, ns 
it ehould be according to tho undulatory theory. Lastly, 
Newton's explanation of diffraction or inflection fringes 
of colours was only plausible, and not true; for Fresnel 
ascertained that the dimensions of the fringes are not what 
they would be according to Newton's theory. 

though the Science of Light presents us with the 
racts, ani edit, pp. 286—288. 


+ Jen Coens Ph Tait, p a72. 
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rene sufficiently acute and |, we should see 
phases in Mereury and Venus. ileo with his telescope 
was able, in 16t0 to verify the prediction as regards Venus, 
and mabeeqsak observations of Mercury led toa like con- 
clusion, The discovery of the aberration of light added a 
new proof, still further strengthened by the more recent 
determination of the parallax of fixed stars. Hooke pro 
to prove the existence of the earth's diurnal motion 
observing the deviation of a falling body, an experi- 
ment successfully accomplished by Beavenberg; and 
Foucault's pendulum hos since furnished an edition 
indication of the sume motion, which is indeed also 
mpparent in the trade winds, All these are crucial facts in 
favour of the Copernican theory. 


Descriptive Hypotheses, 


There are hypotheses which we may call descriptive 
hypotheses, and which serve for little elec than to furnish 
convenient names, When a phenomenon is.of an unusnal 
kind, we cannot even speak of it without using some 
analogy. Every word implies some resemblance between 
the thing to which it is applied, and some other thing, 
which fixes Pomscankaattea word. If we are to a) 
of whut constitutes electricily, we must search for the 
nearest aualogy, and as electricity is characterised by the 
rapidity and facility of its movements, the notion of a fluid 
of a very subtle character presents itself as appropriate. 
There is the single-fluid and the double-inid theory of 
electricity, and a great deal of discnssion has been uselessly 
spent upon them, ‘The fact is, that if these theories be 
understood as more than convenient modes of describing 
tho phenomena, they are altogether invalid. The analogy 
extends only to the rapidity of motion, or rather the fect 
that a phenomenon occurs successively at different paints 
of the body. The so-called electric fluid adds nothing to 
the weight of the conductor, and to suppose that it really 
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consists of particles of matter is even more absurd than to 
reinstate the corpuscular theory of light. A far closer 
analogy exists between electricity and light undulations, 


We are at freedom to imagine the existence of a new 
agent, and to give it an appropriate name, provided there 
are phenomena incapable of explanation from known 
causes. We may speak of vital force as occasioning life, 
provided that we do not take it to be more than a name 
for an undefined something giving rise to inexplicable 
facts, just ax the French chernists called Todine the Sub- 
stance X, so long as they were unaware of its real cha- 
ravter and place in chemistry! Encke was quite justifed 
in speaking of the resisting mechiwm in space 80 long as the 
retardation of hig comet could not be otherwise accounted 
for, But such hypotheses will do much harm whenever 
they divert us from attempts to reconcile the facts with 


1} Paris, Life of Lavy, 0. 274 
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known laws, or when they lead us to mix up discrete things. 
ia wes) of idence dics must not assume ae it 
isa really existing physioal force like electricity ; we do not 
know what it is. We have no right to confuse Encke’s 
supposed resisting medium with the basis of light without, 
distinct evidence of identity. The name protoplasm, now 
0 familiarly used by physiologists, is doubtless legitimate 
s0 long as we do not mix up different substances under it, 
or imagine that the name gives us any knowledge of the 
obscure origin of life, To name a substance protoplasm 
no more explains the infinite variety of forma of life which 
spring out of the substance, than does the vital force which 
Ba supposed to reside in the protoplasm. Both ex- 
pressions are mere names for an inexplicable series of 
causes which out of apparently similar conditions pro- 
duce the most diverse results, 

Hardly to be distinguished from descriptive hypotheses 
are certain imaginary objects which we frame for the 
ready comprehension of a subject. The mathematician, 
in treating abstract quoations of probability, finds it con- 
yeuient to represent the conditions by a concrete hypo~ 
thesis in the shape of a ballot-box, Poisson proved the 
principle of the inverse method of probabilities by ima= 
gining a number of ballot-boxes to have their contents 
mixed in one great ballot-box (p. 244), Many such 
devices nre used by mathematicians. The Ptolemaic 
theory of cycles and epi-oycles was no grotesque and wse~ 
Jess worl: of the imagination, but a perfectly valid mode 
of analysing the motions of the heavenly bodies ; in reality 
it ig used by mathematicians at the present day. Newton 
employed the pendulum as a means of representing the 
nature of an undulation, Centres of gravity, oscillation, 
&e,, poles of the magnet, lines of force, are other imaginar, 
existences employed to assist our ea (p. 364). Suel 
dovices may be called Representative Hypotheses, and they 
are only permissible so far as they embody analogies. 
‘Their further consideration belongs either to the subject 
of Analogy, or to that of language and arecantne 
founded upon analogy. 


CHAPTER XXIV, 
EMPIRICAL KNOWLEDGE, EXPLANATION, AND PREDICTION, 


Ispvctivy investigation, as we have seen, consists in the 

union of hypothesis and experiment, deductive reasoning 

being the ink by which experimental results are made to 

confirm or confute the hypothesis, Now when we consider 

this relation between hypothesis and experiment it is 

goihye that we may classify our know! under four 
is. 

( mite may bo acquainted with facta which have not 
yet been brought into accordance with any ly esis, 
Such facts constitute what is called Lmpirical Knowledge, 

(2) Another extensive portion of our’ ‘ledge consists 
of facta which hay been first observed empirically, 


in number, but most important as re; their scicntific 
interést, which have been anticipated by theory and after- 
wards verified 


e experiment. 
eA palin Eeeian om ara Ee teeationnerted 
lely on the grow theory, is incapable of experi- 
imental confirmation, at least with the instrumental meang 
in our possession, 

It is a work of much interest to compare and illustrate 
the relative extent andvalue of these four groups of know- 
ledge. We shall observe that 3 a general rule a great 
branch of science originates in facts observed aceidentaty , 
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or without distinet consciousness of whit is to be expected. 
As 4 scionco progrosses, ita power of foresight rapidly 
increases, until the mathematician in his library acquires 
the power of anticipating nature, and predicting what will 
happen in circumstances which the eye of man has never 
examined, 





Empirical Knowledge. 


By empirical knowledge we mean such as is derived 
directly from the examination of detached facts, and rests 
entirely on those facts, without corroboration from other 
branches of knowledge, It is contmated with generalised 
and theoretical knowledge, which embraces many series of 
facts under a few comprehensive principles, so that each 
series serves to throw hght upon each series of fneta, 
Just as, in the map of a half-explored conntry, we see 
detached bits of rivers, isolated mountains, and undefined 
plains, not connected into any complete plan, 80 a new 
branch of knowledge consists of groups of facts, cach group 
paoding apart, 40 as not to allow us to reason from one to 
another, 

Before the time of Descartes, and Newton, and Huyghens, 
there wax mach empirical knowledge of the phenomems of 
light. The rainbow had always struck the attention of 
the most careless observers, and there was no difficulty 
in perceiving that its conditions of occurrence consisted in 
rays of the sun shining upon falling drops of rain. It was 
impossible to overlook the resemblance of the ordinary 
rainbow to the comparatively rare lunar rainbow, to the 
bow which appears upon the spray of a waterfall, or even 
upon beads of dew suspended on ‘and spiders’ webs. 
In all these cases the uniform conditions are mys of light 
and round drops of water. Roger Bacon had noticed these 
conditions, as well os the analogy of the rainbow colours 
to those produced by crystals.’ But the knowledge was 
empirical until Doscartes and Newton showed how tha 
Phenomena were connected with facts concerning the 
refraction of light, 

There can be no better instance of an empirical truth 


* Opes Moje, Edit. 173% Capon p goo 
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diamond, afterward 
Academicians in 1694. Brewster having entered into a 
long investigation of the refractive powers of different 
substances, confirmed Newton's assertions, and fonnd that 
the three elementary combustible substances, dis 
ed and sulphur, have, in comparison with their 
‘ities, by fhr the highest known refractive indices,* and 
there are only a few ai , such as chromate of lead 
or glass of antimony, which exceed them in absolute power 
of refraction. The oils and by ‘bons generally possess 
excessive indices, But all this knowledge remnins to the 





igh refractive power, with other laws of chemistry or optics, 
It ig worth notico, as pointed out by Brewster, that if 
Newton had argued concerning two minerals, Greenockite 
and Octahodrite, as he did concerning diamond, his pre- 
dictions would have proved false, sho’ sufticiently that 
he did not make any sure induction on the subject. In 
‘the present day, the relation of the refractive index to the 
density and atomic weight of a substance is becoming a 
‘matter of theory; yet there remain specific differences of 
refracting he \mown only on empirical 1s, andl it 
is curl i in hydrogen an abnormally high refractive 
power has been found to be joined to inflammability. 

The science of chemistry, however much its theory may 

ve i, still prosonts us with a vast body of em- 
pirical knowledge. Not only is it as yet hopeless to attempt 


Newton's ‘Thind elit p. 2 
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to account for the particular group of qualities belonging to 
each element, but there are multitudes of particular faots 
of which no further account can be given. Why should 
the sulphides of many metals be intensely black # 
should a slight amount of phosphoric acid have 80 great 
a power of interference with the crystallisation of vanadio 
neid #? Why should the compound silicates of alkalies and 
alkaline metals be transparent? Why should gold be so 
highly ductile, and gold and silver the only two sensibly 
tranalucent eagle Why Sole sulphur be capable of 
so many peculiar changes into allotropio modi a 

There are whole branches of chemical knowledge which 
axe mere collections of disconneoted facts, ‘The i 
of alloys are often remarkable; but no laws have yet been 
detected, and the laws of combining proportions seem to have 
no clear application.* Not the slightest explanation can 
be given of the wonderful variations of the qualities of iron, 
aecording ns it contains more or leas carbon and silicon, nay, 
even the facts of the case are often involved in uncertainty, 
Why, again, should the properties of steel be remarl 
affected by the presence of a little tungsten or manganese ? 
All that was determined by Matthiessen concerning the 
conducting powers of copper, waa of a purely i 
character? Many animal substances cannot be shown to 
obey the laws of combining proportions. Thus for the most 
part chemistry is yet an empirical science occupied with 
the registration of immense numbers of disconnected facts, 
which may at some future time become the basis of a 
greatly extended theory. 

‘We must not indeed suppose that any science will ever 
entirely cease to be empirical. Multitudes of phenomena 
have been explained by the undulatory theory of lights 
but there yet remain many facts to be treated. ‘The 
natural colours of bodies the rays given off by them 
when heated, are unexplained, and yicld few empirical 
coincidences. The theory of electricity is partially under- 
atood, but the conditions of the production of irietional 
electricity defy explanation, although they haye been 


| Revece, Baerian Lectuse, Philosophical ‘Transactions (1868), 
vol. clviii. p. . 
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weeny cena T shall sutisequently point 

thit even the establishment of a pect sgh eat 
nature ia but the starting-poi ee Bin Td Diates 
eee A scope to empirical 


There ix ey no science, T have suid, which is 
entirely free empirical and facts, Logie 
es most nearly to this Pisce ge de song 
ietive development of the of thought and 

Principle of substitution. Yet some of ths fects eatabliahed 

in the ion of the inverse problem may be 
considered empirical. That a proposition of the dies 
A=BC + 8 c possesses the least number of distinct 
variations, and the greatest aaa ar jeal eqquit 
of the same form pens 18 propos nal 
classes (p. 141), ig a case in point. So also is tho fact 
discovered by Professor Clifford that in regard to statements 
involving four classes, there is only ona example of Bs 
dissimilar statements having the same distances (p, 144). 
Mathematical science often ‘yields empirical traths. Why, 
for Ce should the value of #, when expressed to a great 
number of figures, contain the digit 7 much less frequently 
than other digit?? ‘Even geometry may w of 
ecteiisll' truths, when the matter does not involve 
quantities of space, but numerical results and the positive 
or negative character of quantities, aa in De 8 
theorem concerning negative areas, 

Adcidlental Discovery, 

‘There are not a few cases where almost pure accident 
has determined the moment when a new branch of know. 
ledge was to be created. The laws of the structure of crystala 
were nob discovered until Haiiy happened to ook A 
beautiful crystal Wiggle upon a stone pavement, His 
momentary rogret ot destroying a choice specimen a 
qitiekly removed when, in attempting to join the 
together, he observed regular geometrical faces, w! di aid 
uot correspond with the external facets of the cers A 
great many more crystals were goon broken intentionally, 


* Do Mosgan's Builget of Paradox, y. 25\- 
uM 
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to observe the planos of cleavage, and the i 
ihruchur of exystalling aubataacta 


power of the 
oftan have happi 


these 
Palace, 


large part, the more 
effects of magnetism and of frictional electricity 
sented thomaclyes as unaccountable deviations 
ordinary course of Nature. Accident must have 
attention to such phenomena, but how few of 
those who witnessed them had any conception of the all- 
‘The very 


chemical science. 
Tt is otherwise with the discov 





electricity, and he appears to have tried. to detect i 
nattre. Once, a8 we are told by Hansteen, 
Ployed a strong galvanic battery during « lecture, and at 


ae 
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He could not infer from previous knowl 

of the relation, and it was only repoated trial in differant 
heb pete pe Pare a a ee po 
High py powers of inference, nob accident, 
cnbnqunty Se Earn to even ie and to 


arisen still more exelusis in the same way. Culti- 
vation of plants probably arose, in Mr, Darwin's opinion, 
from some such accident a3 the seeds of a frnit falling upon 
a heap of refuse, and producing on unusually fine variety. 
Even the use of fire must, some time or other, have been 
discovered in an accidental mannor, 
With the progress of a branch of science, the clement 
wich reduced. Not only are laws 
predicted, 


anwsthetic properties i bya 

little dog smelling at n swucerful of the liquid ina chemist’a 
y Linlithgow, the singular effects upon the dog bei 

reported to Simpson, who turned the incident Spe 


4 Life of Faraday, val. ii, p. 39h. aud 





compounds, 
Pie we psa erie eee a ceacen ne il 

19, part, whicl resplajay taiiabieatife ssaargsts 
aie allowed that it more or Jess affects the auccees of 
all inductive investigation, but becomes lesy important 
ath be, rengronm of uselenaes Aceident may bring a new 
and yaluable combination to the notice of ey who 
had never expressly searched for a discovery of the kind, 
and the probabilities are certainly in favour of a discovery 
being occasionally made in this manner. But the greater 
the tact and industry with which a physicist applica him- 
self to the study of nature, the greater is the probability 
that he will meet with fortunate accidents, and will turn 
them to good account. Thus it comes to pass that, in the 
refined investigations of the present day, genius united to 
extensive knowledge, cultivated powers, and indomitable 
industry, constitute the characteristics of the successful 


Empirical Observations subsequently Rxplained, 


The second great portion of scientific knowledge consists 
of facts which have been first learnt in a purely empi 
manner, but have afterwards been shown to follow from 
some law of nature, that is, from some highly prol 
Saas Facts are said to be explained when they are 

us brought into harmony with other facts, or bodies of 
general knowledge. ‘There ane few wonls more familiarly 
used in scientific phraseology than thie word 
and it is necessary to decide exactly what we mean by it, 
since the question touches the deepest points concerning 
the nature of science. Like most terms referring to men- 
tal actions, the verbs to explain, or to explicate, involve 


or obscure. ‘ 
ctor ack of pid parce ‘consists in atnting out 
betareen facts, or in showing that similarity 

exists between pee diverse: phenomens. Tikis simi~ 
extent 


larity — be of any hy; it may! be a 
general Jaw of nature, which re the motions 

all the heavenly bodies that there is a similar 
force which governs all ‘or the explanation 
may involve shoo more bam a single int as when 
we oxplain the appearance of ‘by showing 
that are identical with portions of vain Wherever 


uieted when it meets & novel pheno- 
menon, one which is awi generis; it seeks at ba for 
parallels si may be found in the memory of 


@ atroke of Nghiatog often excited attention, and it was 
not 


where found. nee peers Be in fact, camels eae 
the discovery of some simple resemblance ; the 
‘the rainbow began as soou as Antonio iacbomtas 
painted out the Hes ental between its colours and those 
presented by a ray of sunlight passing through a glass 
globe full of water. 

‘The nature and limits of explanation can only be fully 
considered, after we have entered upon the subjects of 
Figs Mc (the analogy. Tt must paar ee 

this place, ‘most importent explanation 
consists in Be eee an ne 





to the affinity of sulphur. The uniform strength and 
eaten of the pb es oe familiar to 4 
before they were explained by Halley on hy 

Principles. ‘The w: arise from the action 
of gravity, which causes a heavier body to displace a lighter 
one, while the direction from east to west was explained 
a8 a result of the earth's rotation. Whatever body in the 
northern hemisphere changes its latitude, whether it bea 
bird, or a railway train, ora body of air, raust tend towards 
the right hand. Dove's law of the winds is thut the winds 
tend to veer in the northern hemisphere in the direction 
N.E.S.W., and in the southern hemisphere in the direction 
N.W.SE, This tendency was shown by him to be the 
necossary effect of the same conditions which apply to the 
trade winds. Whenever, then, any fact is connected i 
resemblance, law, theory, or hypothesia, with other facta, 


is . 

Although the great maas of recorded facts must be 
empirical, and awaiting explanation, such knowledge ia of 
minor value, because it does not admit of safe and extensive 
inference, Each recorded result informs us exactly what 
will be experienced again in the same circumstances, 
but has no bearing upon what will happen in other cir 
cumstances, 


Overlooked Results of Theory. 


We must by no means suppose that, when « scientific 
truth ig in our possession, af ite consequences will be 
foreseen. Deduction is certain and infallible, in the sense 
that each step in deductive reasoning will lead us to some 
temult, as certain as. the law itself. But it does not follow 
that deduction will lead the reasoner to every result of a law 
or combination of laws, Whatover road a traveller takes, 
he is sure to arrive somewhere, but unless he proceeds in 
a systematic manner, it is unlikely that he will reach 
every place to which a network of roads will conduct him. 

In like manner there are many phenomena which were 
yirtually within the reach of philosophers by inference from 
their previous knowledge, but were never discovered -until 
accident or systematic empirical observation disclosed their 
existence. 
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‘That travels with a. uniform was 
goed ty Hotes mln an of 
fupiter’s satellites. Corrections were 
in all astronomical observations roquiring it, for tho 
difference of absolute time at which an event happened, 
Coe ole ification But 
no person happened to remark motion iy 
: led wet that or ee earth hel rath a 
cocasion a 81 apparent Seo G iter 
of the heavenly bodies, ay yar ep oo 

Beviloy conranealty discovered effect, ‘by him 
aberration, when reducing his observations of the fixed 
stars. 


When once the relation between an electric current and 
a magnet: had been detected by Oersted and Faraday, it 
ought to have beon possible for them to foresce the diverse 
results which must ensue in different circumstances If, 
for instance, a plate of copper were placed beneath an 
oscillating magnetic needle, it should have been seen that 
the aoaitle would induce currents in the copper, but as 
this could not take place without a certain reaction against 
the needle, it ought to have been seen that the needle 
would come to test mons rapidly than in the absence of the 
copper. ‘This peculiar effect was accidentally discovered 
by Gambey in 1824 acutely inferred from 
bey’s experiment that if the copper were set in 
yotation while the needle was stationary the motion 
would gradually be communicated to the needle. The 
phenomenon nevertheless puzzled the whole scientific 
world, and it required tho deductive geniua of Faraday 
to show ‘that it was a result of the principles of ¢lectro- 
™s ism. 
iy other curious facts might be mentioned which 
when once noticed were explained as the effects of well~ 
known Inws It was accidentally discovered that tho 
navigation of canals of small depth could be facilitated 
by increasing the speed of the boats, the rosistance boing 
actually reduced by this increase of speed, which enables 
the boat to ride az it were upon its own forced wave, 
Now mathematical theory might have predicted this 


1 Experimental Reavarches tn Bletricity, wt Series, pp. 24—44. 








result had the right application of the formule 

to any one. Giana ae for supplying steam 

with water by the force of their own steam, was, I 
Delieve, accidentally discoyered, bub no new principles of 
mechanics ure involved in it, so that, it might haye been, 
theoretically invented. The same may be said of the 
curious experiment in which a stream of air or steam, 
iasuing from a pipe is made to hold a free diso upon the 
end of the pipe am thus peng he own outle The 
possession than ol a true theory not any means, 
aay the foreseeing of all the resulta The ae of even 
a simple laws may be manifold, and some of the 
most curious and useful effects may remain undetected 
until accidental observation brings them to our notice, 

‘The most interesting of the four classes of facts specified 
in p, 525, is probably the third, containing those the 
occurrence of which has been first predicted by th and, 
then verified by observation. There is no more eonviueing 
proof of the soundness of knowledge than that it confers, 
the gift of foresight, Auguste Comte said that " Prevision 
is the test, of true theory ;” I should say that it is one fest 
of true theory, and that which is most likely to strike 
the public attention. Coincidenca with fact is the test of, 
true thoory, but when the result of theory is announced. 
before-hand, there can be no doubt as to the unprejudiced 
apirit in which the theorist interprots the of his 
awn theory, 

‘Tho earliest instance of scientific prophecy is naturally 
furnished by the science of Astronomy, which was the 
earliest in development, Herodotus* narrates that, in 
the midst of a battle between the Medes and Lydians, the, 
day ‘was suddenly tured into night, and the event. had 
been forctold by Thales, the Father of Philosophy, A 
cessation of the combat and peace cont y marriages 
were the cansequences of this happy scientific effort, 
Much controversy has taken place concerning the date of 


§ Airy, On Tider and Waves, Encyclopedia Meropolitana, p. 348%. 
2 Lib. i. cap. 74. 
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this ocourrence, the Since ee = 

Airy has calculated eg tyres 

May, 584.20, Therm can be no doubt that T eaod ates 
fictions of eclipses autcbuted to ancient H 


fleet. He, threatened to deprive the moon's Ii 
“His threat was treated at fast with indifference, 
when the eclipse actually commenced, the barbarians vied 
with each other in the production of the miecoaeary, supplies 
for tthe Spanish fleet” 
patios atte Ps kind of ws which sha per 
at the prediction eclipses, has felt im 
lern timea concerning the retorn of comets. Seneca 
pence in distinct terms that comets would suid be found 
revolve in periodic orbits and return to sight, The ancient 


Chaldeans and. the are also said to have 
Stee eS But ib was not until the age 
of Newton and Halley that it became possible to calenlate 


the path of a comet in future years. A great comev 
staan in 1682, few yenrs before the first specie of 
Principia, and Halley showed that its orbit 

with that: of remarkable comets recorded to have “sewed 
in the pera) ss 1607. The intervals of time 

not quite equal, but Halley conceived the bold idea that 
this difference might be due to the dist power of 
Jupiter, near which the comet had passcd in the interval 
1607-1682... He predicted that the “comet would return 
about the end of 1758 or the of 1759, and 
rene Halley did not live to enjoy the sight, it was 


A roturm 
nearly at the ‘anticipated time, 

In recent times the discovery of Neptune has been the 
most remarkable instance of prevision in astronomical 
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science. A full account of this discovery may be found 
several a for instance 8 





Pratlictions in the Science of Light. 
Next after astronomy the science of physical optics has 
furnished the most Tenuta dnstancoe Ct the ge 


of correct . ‘These caaes are the more 
Coes sty geoal tans ties pretpect oemante 
‘paternal and show a insight ato the 


vious workings of matter which is surprising to all, bat 
especially to those who are unable to comprehend the 
methods 


le discovery. As Fresnel remarks :* 

“The assistance to be derived from a pita not 
to be confined to the calculation of the forces the 
laws of the phenomena are known, There are certain 
laws so complicated and so singular, thab observation alone, 
aided by analogy, could, uever lead’ to their discovery. ‘To 
divine these enigmas we must be guided by theorétical 
ideas founded ou a true hypothesis. Tho i of Tu= 
Se me 

vantages ; for to it we owe the discovery ti ws 
the most, complicated and oe to ivi” on 

Physicists who embraced. muscular theory 
nothing but their own quickness Sot obearaakion to rely 
upon, ieee having onoo mie Seder of the 
true undulatory tl as ious) was 
enabled hy the men uaa of, his bet 

‘mbols to foreace many ol licated phenomena 

ut. Who could possibly suppons, that by stopping = 


4 Typlor’s Sctentifie Memoirs, volyw, gy. 241. 


ti 
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of the through a cireular 
tin oe et yn yt 
pve petra: by and verified both by him- 


self, and ins careful repetiti See RR Se ey ee 
Few persons are aware that in the middle of the shadow 
of an we circular diso is a point of light sensibly as 
night on if a0 diss tnd’ bon This 

fact was deduced from Fresnel’s theory by Poisson, 
was then verified sxe by Arago. Airy, again, 


was lod by pure thi ict tet ‘Newton's rings 
wonld ppceanb a modific pera luced between. 
a eS Sere effect happened 
to have 


observed fifteen bad befare by Arago, un- 
known to Airy. Another prediction of Airy, that there 
would be a further modification of the rings Pre made 


of 

of light under di {circumstances which might be 
deduced from the mathematical expressions, if it were 
worth while, or which, being previously observed, can be 
ue An interesting case was observed by Herschel 


explained 
By a aap Oe “tireat effort of scientitic 
Freenel discovered that any solid it ct 
might be endowed with the power of double refraction by 
mere et ets As lie attributed the double refracting 
Bone fe ee ‘unequal elasticity in rat direc- 
he ined that unequal elasticity, if 
os piece of gl Leni san WH Pale 
saan a aes, iced not 

the colours due to double efction, ‘but the actual duplica~ 
tion of images, Thus, by a great scientific generalisation, 
are the remarkable Properties of Iceland spar shown to 
belong to all transparent subetances under certain conditions.* 


1 Airy's Mathemotical Tvaete, wait, ‘on 
OLE 


, 





passage of 

certain crystals, Tantlton found that Fresnel had at lig 
misinterpreted his own formule, and that, when rightly 
understood, they indicated a ee of a kind never 
witnessed, A small nw ot ight a 


vere at, Hamilton's request, anconeded, after considerable 
ulty, in witnessing the new appearances, no further 
doubt could remain of the validity of the waye theory 
which we owe to Huyghens, Young, and Fresnel? 


Predictions from the Theory of Undulations. 


It is curious that the undulations of light, althongh in- 
conceivably rapid and small, adinit of more accunate mea 
surement than waves of any other kind. But o far aa we 
ean carry out exact experiments on other kinds of waves, 
we find the phenomena of interference repeated, and 
analogy gives considerable power of prediction, Herschel 
was perhaps the first to suggest that two sounds might be 
inade to destroy cach other by interforenoo? For if one= 
half of a wave travelling through a tube could be sepa~ 


1 Lloyd's Wave ing A it be 5 Babbage, inch 
Trish Acedemg, wal. x4H Olin, Quotuinly Journal ‘pars 
and Applied Matheratics, January 1863" 


© Becyclopania Biciropoltona, tx. Bound, B. 755. 





it i a St raat ees 
rapidly towa a soundit , or if it move rapic 
towards us, the pitch of ‘he sound will be a little more 
a and, vice versd, when the ies in the 


being sounded, 
the drop in the acuteness of the sound may be noticed at 
the moment of passing, This change ae the sound 
peculiar howling character, which many persons must have 
noticed. I have ealculated that with two trains travelling 
thirty miles an hour, the effeet would amount to rather 
more than half « tone, and with some express trains it 
would amount to atona A corresponding effect is pro- 
duced in the case of light undulations, when the eye and 
the luminons body approach or recede from each other. Tt 


ides are vast waves, and were the earth’s surface en- 

tly cove hy an ocean of uniform depth, they would 
it of exact theoretical investigation, The irrogular 
form af the seas introduces unknown quantities and eom- 


‘Tyndall's Sound, pp, 261,273. 
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‘was enabled to predict that at a one 


would be found to exist. ‘at thie pubs ie two wavéa 
would be of the sawe amount, but in pee 
as to neutralise each other. This pi was verified 
by a surveying vessel of the British navy? 
Prediction in other Sciences, 

Generations, or even centuries, mi before man- 
‘sind are in possession of a mathem: of the con- 
stitution of matter as complete as the theory: a 
Nevertheless, math have in recent years 

a hold of some of the relations of tho physical 
forces, and Sant nie found in anticipations of carious 
wi | ol 


of ice. Heeven ventured to assign the amount of this 
effect, =P his statement was afterwards ea Sir W. 


pation of any diroct experiments on the subject ; aad 
the actual observation oie 


They wil Te nscated in pig xh tee tees 


sure is greater, ‘This latter result was bagseir sh by Bunsen 
and Hopkins, in the case of paraffin, spermaceti, Sok iat and 


stearin. The effect upon water has more Barman es 
carried to such an extent by Mousson, that vast 


scan Pees Ce et ee Ee 


Hervchel's Physical 
Muswell, Phooey of tee 174 Philosophical Magarin, 


Angnat 1850, Thin chee vd rl. panvagi ay 


seale, 30 that cach message sent 
through the cable his remark of 18382 


ve Transactions, 185%, vol. cxlviil. p. 127. 
* tynials Faraday, PP. 78°74 Lie] Wereday we IO 





Chemistry, @ great extent an empirical 
existence of the metals potassium and sodium was foro- 
seen by Lavoisicr, and their climination by Davy was one 
of the chief experiment crucis which esiablished Lavoi- 
sier’s system, The oxistence of other metals 
which eye had never seen was a inference, and 
theory has not been at frult. In the above cases the 
compounds of the metal were well known, ‘and it was 
the? result of di ‘ition that was foretold. The dis- 


Za 
i 
i 


‘This substance, known as the acetic an! was 
wards produced by Gerhardt, In the subsequent 

of try occurrences of this have become 
common, ‘The theoretical chemist by the classification of 


is an interesting prediction given by Hofmann, i 
the possible existence of new compounds of sulphur an 
1 Tuite Thermodynamics, p. 77- 
2 Gn the Analytlal Fora ‘allek Trees, wiih Application to. she 
epoca! ania Comirimations. Report of the Britieh Association, 
1875, FL 257. 
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selenium, and even oxides of ammonium, which it remains 
for chemists to verify’ 


Prediction by Inversion of Cause and Effect, 


‘There is one process of experiment which has ao often Ted 
to important discoveries ag to deserve separate illustra- 
tion—T_mean the inversion of Cause and Effect. Thus if 
A and B in one expen produce C as a consequent, 
then antecedents of the nature of B and © may Saahy be 
mae to produce a consequent of the nature of A inverted 
in direction, When we apply heat to a gns it tends to 
expand ; hence if we allow the gas to expand by its own 
lustig foree, cold is the result; that is, B (air) and C 
(expansion) produce the negative of A (heat), Again, B 
(air) and compression, the negative of OC, produce A (heat). 
Similar results may be expected in a multitude of cases, 
Tt is a familiar law that heat expands iron, What may be 
expected, then, if instead of increasing the length of an 
iron bar by heat we use mechanical force and stretch the 
bar?) Having the bar and the former consequent, expan- 
sion, we should expect the negative of the former anteced~ 
ent, namely cold. The truth of this inference was proved 
by Dr. Joule, who investigated the amount of the effect 
with his usual skill.” 

This inversion of cause and effect in the case of heat 
mny be itself inverted in a highly curious manner. It 
happens that there are a few substances which are unex- 
Fused exceptions to the general Jaw of expansion by heat, 

ndia-rubber especially 1s remarkable for contracting when 
hested. Since, then, iron and india-rabber are oppositely 
related to heat, we may expect that as distension of the 
iron produced cold, distension of the india-rubber will 
produce heat, This is actually found to be the case, and 
anyone may detect the effect by suddenly stretching an 
india-rabber band while the middle part is in the mouth. 
When pats stretched it grows slightly warm, and when 
relaxed col 

‘The reader will eco that some of the scientific predictions 
mentioned in preceding sections were due to the principle 

+ Hofmaun’s Introduction to Chemistry, pp. 224, 225. 
* Philosophical Transactions (1855), vol. exlr. pp. 100, &e. 
NN 


f 





i pressuy 

many other illustrations could be addu: The usual 
agent by which we melt a substance is heat ; but if we can 
melt a eubstance without heat, then we may expect the 
negative of heat a8 an effect. This is the foundation of all 
freezing mixtures. The affinity of salt for water causes it 
to melt ice, and we toay thus reduce the temperature to 
Fahrenheit's zero. Culcinm chloride hus so much higher 
an attraction for water that a tem of —45° C. may 
be attained by its use, Even the solution of a certain 
alloy of lead, tin, and bismuth in mercury, may be made 
to reduce the temperature through 27", All the other 
modes of producing cold are inversions of more familiar 
uses of heat. Carné’s freezing machine is an inverted 
pees apparatus, the distillation being occasioned by 
chemical instead of heat, Another kind of freezing 
machine is the exact inverse of the ateam-engi 

A very parndoxical effect is due to another inversion. 
It is hard to believe that 8 current of steam at 100" C. can 
mise a body of liquid to a higher temperature than the 
steam itself But Mr. Spence has pointed out 
that if the boiling-point of a saline solution be above too", 
it will continue, on account of its affinity for water, to can- 
dense steam when above 100° in temperature, It will con- 
dense the steam until heated to the pointat which the ten~ 
sion of ite vapour is equal to that of the atmosphere, that 
is, its own boiling-point.' Again, since heat melts ice, we 
might expect to produce heat by the inverse change from 
water into ico, This is accomplished in the phenomenon 
of suspended freezing. Water may be cooled in a clean 
glass vessel many dogroes bolow tho freezing-point, and 
yet retained in the liquid condition. But if disturbed, and. 
especially if brought into contact with a small particle of 
ice, it instantly solidifies and rises in temperature to 0” ©. 
The effect is still better displayed in the leeture-room 
felines ae ee Gtirmbealecp of a solution 
of sodium sulphate, in which a sudden rise of temperature 
of 15° or 20° 6 is often manifested. 

The science of electricity is full of most interesting cases 


+ Proceedings of the Mowclester Philosophical Soriety, Feb, 1870. 
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of inversion. Aa Professor Tyndall has remarked, Faraday 
oe belief in the reciprocal relations of the 
forces. The great starting-point of his researches, 
g discovery of electro-magnetism, was clearly an inversion, 
Oersted and Ampére had proved that with an electric cur- 
rent and a magnet in a particular poaition as antecedents, 
motion is the consequent, If then a magnet, a wire and 
motion be the antecedents, an opposite electric current will 
be the consequent. It would bean endless task to trace 
out the results of this fartile relationship. Another part of 
Faraday’s researches was occupied in ascertaining the direct 
and inverse relations of magnetic and diamaguetic, amor- 
a and erystalline substances in various circumstancos, 
jn all other relations of electricity the principle of inver- 
sion holds) The yvoltameter or La Kieren a * 
the inverse of the galvanic bat As heat 
junction of antimony and bismuth bars produces « matty 
it fellows that an electric current passed through such 
4 junction will produce cold. But it is now sufficient 
parent that inversion of cause and effect is a most 


means of discovery and prediction. 
Facts known only by Theory. 


Of the four classes of facts enumerated in p. 5 25 the 
last remains unconsidered. It includes the unverilied pre- 
dictions of science, Scientific prophecy arrests the atten= 
tion a ree when it ope to such striking =< as 
an ec appearance of a great comet, or 
menon which people can verify with their pedal Tint 
it is surcly a mattor for greater wonder that a physicist 
describes and measures phenomena which eye cannot see, 
nor eense of any kind detect. In most casos this arises 
from the effect being too small in amount to affect our 
organs of sense, or come within the powers of our instra- 
monts as at present constructed. But there ia a class of 
yet more remarkable eases, in which n phenomenon cannot 
possibly be observed, and yet we can say what it would be 
af it were observed. 

Tn astronomy, systematic aberration ia an effoct of the 
sun's proper motion almosb certainly known to exist, but 
which we have no hope of detecting by Rasa a 








present age of the world. As the earth's motion round the 
sun combined with the motion of light causes the stars to 
deviate apparently from their trae positions to the extent 
of about 18 at the most, so the motion of the whola plane- 
tary system through space must ocension a similar displace- 
ment of at most 5". The ordinary aberration can be readil 
detected with modern astronomical instruments, because it 
goes through @ yearly change in direction or amount ; but 
systematic aberration is constant #o long ag the plunetary 
system moves uniformly in a sensibly straight line. Only 
then in the course of ages, when the enrvature of the sun's 
path becomes apparent, can we hope to vorify the existence 
of this kind of aberration. A curious effect must also be 
produced by the sun's proper motion upon the apparent 
periods of revolution of the binary stars, 

‘To my mind, some of the most interesting truths in the 
whole range of science are those which have not been, and 
in many cases probably never can be, verified by trial. 
Thus the chemist assigns, with a very high degroo of 
bability, the vapour densities of such elements as carbon 
and silicon, which have never been observed separately in 
astate of vapour, The chemist is also familiar with the 
vapour densities of elements at emperntures at which the 
elements in question never have been, and probably never 
can be, submitted to experiment in the form of vapour. 

Joule and others have calculated the actual velocity of 
the molectiles of a gas, and even the number of collisions 
which must take place per second during their constant 
circulation, Physicists have not yet given us the exact 
magnitudes of the particles of matter, but they have nscer- 
tained by several methods the limits within which their 
magnitudes must lie, Such scientific results must be for 
ever beyond the power of verification by the senses I 
have elsewhere had occasion to remark that waves of light, 
the intimate processes of electrical changes, the properties 
of the other which is the base of all phenomena, are neces~ 
sarily determined in a bypothetic but not therefore a 
less certain manner. 

‘Though only two of the motals, gold and silver, have 
ever been observed to be transparent, we know on the 
grounds of theory that they are all more or leas so; we 
can even estimate by theory their refractive indices, and 
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how they uals 

ee aay cases large ter of eae must be 

epi which we observe because it is instantly 

au Tn the common electric machine the cylinder 
and rubber are made of non-condactors, so that we can 
separate and accumulate the electricity. But a little a? 
Led serving as a conductor, prevents this separation from 

enduring a senaible time. Hence there is no doubt that 
when we rub two good conductors against each other, for 
instance two pieces of a ey much ¢lectricity is produced, 
but instantaneously conyerted into some other form of 
energy. Joule believes that all the heat of friction ia 
transmuted electricity, 

As regards phenomena of ingensible amount, nature is 
absolutely full of them, We must regard those changes 
which we can observe a8 the comparatively rare Sagregties 
of minuter chan; On a little reflection we must allow 
that eS object known to us remains for two instants of 
exactly the same temperature. If so, the dimensions of 
objects must be in a pore state of variation, The 
minor planetary and lunar perturbations are infinitely 
numerous, but usually too Spay to be detected by observa- 
tion, although their Sscmutes tna be assigned by theory. 
There is every reason to believe that ‘chemical electric 
actions of small amount are constantly in pri 
hardest, substances, if reduced to extremely small particles, 
and diffused in pure water, manifest oscillatory movements 
ha Sore. be due to chemical and electric Dee, t 
slight that. on for years without affecting aj bly 
the weight of toe particles? ‘The earth's eee ae 
more or leas affect every object which we handle. As 
‘Tyndall remarks, “ An upright iron stone influenced by the 
earth's magnetism becomes ie net, with its bottom a 
north and its top a south pol ‘btleas, though in an 
immensely feebler degree, ses erect marble statue is a 

\ Balfour Stewart, pelyio Peeeamlas Heat, vet edit. p. 198, 

+ Jovons, Hroceed ‘and Philosophical 
Society, 25th January, ener h 
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true diamagnet, with its head a north pole and ite feet a 
south pole, The same is certainly true of man as he stands 
upon the earth's surface, for all the tissues of the human 
body are diamagnetic”! The gun's light produces a very 
quick and perceptible effect upon the photographic plate; 
in all probability it has a lesa effect upon a great variety 
of substances. We inay regard every phenomenon os an 
exaggerated and conspicuous case of a process which is, in 
infinitely numerous cases, beyond the means of observa~ 
tion, 


1 Philowaphics! Tranauctions, vole cxlvie p. 249% 


CHAPTER XXV. 
ACCORDANCR OF QUANTITATIVE THEORIES, 


In the preceding chapter we found that facts may be 
classed under four he as regards their connection with 
theory, and our powers of explanation or prediction. The 
faots hitherto considered wore generally of a qualitative 
rather than a quantitative nature; but when we look 
exclusively to the quantity of a phenomenon, and the 
various modes in which we may determine its amount, 
nearly the same system of classification will hold good. 
There will, however, be five possible cases -— 

(4) We’ amy directly and empirically measure a phe- 
nomenon, without being able to explain why it ehould 
have any particular quantity, or to connect it by theory 
with other quantities, 

(2) In a considerable number of cases we can theo- 
retically predict the existence of a phenomenon, bat are 
unable to assign its amount, except by direct measure. 
ment, or to explain the amount theoretically when thus 
™G) We and afterwards expl: 

(3) We may measure a quantity, is explain 
it a8 related to other endian = as governed by known 
quantitative lawa, 

}) We may predict the quantity of an effect on theo- 
grounds, and afterwards confirm the prediction by 
direct measurement. 

(5) We may indirectly determine the quantity of an 
effact without being able to verify it by experiment. 

These classes of quantitative facts might be Mlustrated 
by an immense number of interesting points in the bistsry 
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of physical ecience. Only a few instances of each class 
can be given here, 


Empirical Measurements. 


Under the first head of purely empirical measurements, 
which have not been brought ander any theoretical system, 
muy be placed the great bulk of quantitative facts recorded 
by scientific observers, The tables of numerical results 
which abound in books on chemistry and physics, the huge 
quis containing the observations of public observatories, 

¢ multitudinous tables of meteorological observations, 
which are continually being published, the mors abstruse 
results concerning terrestrial magnetism—such results of 
measurement, for the most part, remain empirical, either 
because theory is defective, or the labour of calculation 
and comparison is too formidable, In the Greenwich 
Observatory, indeed, the salutary practice has been main= 
tained by the present Astronomer cor be of always redu- 
cing the observations, and comparing them with the theories 
of the several bodies, The divergences from theory thus 
afford material for the discovery of errors or of new phe~ 
Titmimuk #0 ekGris he chine eavad tase tosh Exe anaes 
the use for which they were intended. But it is to be 
feared that other establishments are too often en) in 
merely recording numbers of which no real use is made, 
because the labour of reduction and comparison with 
theory is too great for private inquirers to undertake. Tn 
een especially, great waste of labour and money 
is taking place, only a small fraction of the results recorded 
being ever used for the advancement of the science. For 
one meteorologist like Quetelet, Dove, or Baxendell, who 
devotes himsell to the truly useful labour of redueing other 
poople’s observations, there aro hundreds who labour under 
the delusion that they are advancing science by: lowling 
our book-shelves with numerical tables, It is to be feared, 
in like manner, that almost the whole bulk of statistical 
numbers, whether commercial, vital, or moral, is of little 
scientific value. Purely empirical measurements may 
have a direct prictical value, as when tables of the specific 
gravity, or strength of materials, assist the ineer; the 
specific gravities of mixtures of water with alcohols, 


= 
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salts, d&., are aseful in chemical manufictories, custom- 
house gauging, cc, ; observations of rainfall are requisite 
for questions of water supply; the refractive index of 
various kinds of glass must be known in making achro- 
matic lenses; but in all such cases the use made of the 
Measurements is not scientific but practical. It may be 
asserted, that no number which remaing isolated, and 
uncompared by theory with other numbers, is of scientific 
value. Having tried the tensile strength of a piece of iron 
in a particular condition, we know what will be the strem; 

of the same kind of iron in # similar condition, provided 
wo can ever meet with that exact kind of iron again; but 
we cannot argue from piece to piece, nor lay down any laws 
exactly connecting the strength of iron with the quantity 
of its impurities. 





Quantities indicated by Theory, but Empirically Measured, 


In many cases we are able to foresee tho existence of 
@ quantitative effect, on the ground of general principles, 
but ate unable, either from the want of numerical data, 
or from the entire absence of any mathematical theory, to 
assign the amount of such effect. We then have recourse 
to direct. experiment to determine its amount. Whether 
we argued from the oceanic tides by analogy, or dtduc- 
tively from the theory of gravitation, there could be no 
doubt that atmospheric tides of some amount must occur 
‘in the atmosphere. Theory, however, even in the hands 
of Laplace, was not able to overcome the complicated 
mechanical conditions of the atmosphere, and ict the 
amounts of such tides; and, on other hand, these 
amounts were go small, and were so masked by far larger 
undulations arising from the heating power of the sun, 
and from other meteorological disturbances, that they 
would probably have never been discovered by put 
empirical observations, Theory having, however, I~ 
cated their existence and their periods, it was easy to 
make series of barometrical observations in places selected 
80 a8 to be as free aa possible from casual fluctuations, and 
then, by the suitable application of the method of means, to 
detect the emall effects in question, The pt ‘Anns, 
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atmospheric tide was thus proved to staount to between 
“003 and igs inch.! 

ae es ids the greatest possilile assistance in saplings 
the me of meang For if we have a great muml 
empirical measurements, each representing the joint effect 
of a number of causes, our object will be t take the mean 
of all those in which the effect to be measured is present, 
and compare it with the mean of the remainder in which 
the effect is absent, or acts in the opposite direction, The 
difference will then represent the amount of the effect, or 
double the amount respectively, Thus, in the case of the 
atmospheric tides, we take the mean of all the observations 
when the moon was on the meridian, and compare it with 
the mean of all observations when she was on the horizon, 
Tu this case we trust to chance that all other effects will 
lie about as often in one direction as the other, and will 
neutralise themselves in the drawing of each mean. It ia 
a great advantage, however, to be able to decide by theory 
when each principal disturbing effect is present or absent; 
for the means may then be drawn so as to separate each 
such effect, leaving only minor and casual divergences to 
the law of error. Thus, if there be three principal effects, 
and we draw means giving respectively the eum of all 
three, the sum of the first two, and the sum of the last 
two, then we gain three simple equations, by the solution 
of which cach quantity is determined, 


Explained Results of Measurement. 


The second class of measured phenomena contains those 
which, after being determined in a direct and purely empi- 
rical application of measuring instruments, are aft 
shown to agroo with some hypothetical explanation. Such 
results are turned to their proper use, and several adyan- 
t muy arise from the comparison. The correspondence 
with theory will seldom or never be precise; and, even if 
it be so, the coincidence must be regarded as accidental. 

If the divargences between theory and experiment be 
comparatively small, and variable in amount and direction, 
they may often be safely attributed to inconsiderabls 


* Grant's History of Physical Astronomy, ~ 16% 
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probable error, If it does, and if the experimental results 
ar fipgebeon merik mrerenack tad ayree with each other, 
then the probal of the theory is much increased, and 
we may babi theory with more confidence in the 
anticipation of Peroesstd resulta, The probable error, it 
should be remembered, gives a measure only of the effects 
of incidental and variable sources of error, but in no de 
indicates the amount of fixed causes of error, Thus, i 
miean results of two modes of determining a quantity are 
so far apart that the limits of probable error do. pobanttets 
we may infer the existence of some overlooked source of 
fixed error in one or both modes, We will further consider 
ina subsequent section the discordance of measurements, 


Quantities determined dy, Thoory and verified by | 
Measurement, 


One of the most satisfactory tests of a theory conalsts in 
its application not only to predict the nature of a pheno- 
menon, and the circumstances in which it may be observed, 
but algo to assign the precise quantity of the phenomenon, 
Tf we can ae ly accurate instruments and 
measure the amount of the arpa t, witnessed, we 4eR 

an excellent nit verilying or i 

Gesye Leet thn toner thet Nevin Sateen 
to verify his theory of |p Seopiav He knew approximately 
the velocity produced in falling bodies at the earth's surface, 
and if the law of the inverse square ot the distance held 
true, and the reputed distance of the moon was correct, he 
could infer that the moon ought to fall towards the earth ut 
the rate of fifteen feet in one minute. Now, the setual 
div of the moon from the tangent of its orbit ap~ 

to amount only to thirteen feet in one roinute, and 
there was a discrepancy of two feet in fifteen, which caused 
Newton to Jay “aside at that time any further thoughts of 
this matter,” Muny years afterwards, probably fifteen or 
sixteen years, Newton obtained more precise data from 
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which he could calculate the size of the moon's orbit, and 
he then found the discrepancy to be inconsiderable, 

Hig theory of gravitation was thus verified as faras the 
moon was concerned ; but this was to him only the begi 
ning of a course of deductive calculations, each ent 
in.a verification. If the earth and noon attract each other, 
and also the sun aud the earth, there is reason to expect 
that the gun and moon should attract each other. Newton 
followed out the consequences of this inference, and showed 
that the moon would not move us if attracted by the earth 
only, but sometimes faster aud sometimes slower, Com- 
parison with Flamsteed's observations of the moon showed 
that such was the case, Newton argued again, that as the 
waters of the ocean are not rigidly attached to the earth, 
they might attract the moon, and be attracted in return, 
independently of the rest of the earth, Certain dail 
motions resembling the tides would then be caused, and 
there were the tides to verily the reasoning, It was the 
extmordinary power with which Newton traved out geome 
trically the consequences of his theory, and sabrniteed thom 
to repeated comparison with experience, which constitutes: 
his pre-eminence over all physicists, 


Quantities determined by Theory and not verified. 


It will continually happen that we are able, from certain 
measured phenomena and a correct theory, to determine 
the amount of some other phenomenon which we may 
cither be unable to meagure at all, or to measure with an 
accuracy corresponding to that See to verify the pre- 
diction. Thus Taplane having worked out a theory of the 
motions of Jupiter's satellites on the hypothesis of gravi- 
tation, found that these motions were greatly affected by 
the spheroidal form of Jupiter, The motions of the 
satellites can be observed with great accuracy owing to 
their frequent cclipses and transits, and from these motions 
he was able to argue inversely, and oe? the epee! 
of the planet, The ratio of the polar and equatorial axes 
thus determined was very nearly that of 13 to 14; and it 
agrees well with such direct micrometrical measurements 
of the planet as have been mada; but Laplace believed that 
the theory gave a more accurate result than direct obser- 
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vation could yield, so that the theory could hardly be sald 
to admit of direct verification. 

‘The specific heat of air was believed on the grounds of 
direct oxporiment to amount to 02669, the specific heat of 
water being taken as unity; but the methods of experi- 
‘ment were open to considerable causes of error, Rankine 
showed in 1850 that it was possible to calculate from the 
mechanical equivalent of heat and other thermodynamic 
data, what this number should bo, and he found it to be 
02378. This determination was at the time accepted as 
the moat satisfactory result, although not verified ; sub- 
sequently in 1853 Regnault obtained by direct experiment 
the number 02377, proving that the prediction had been 
well grounded. 

Tt is readily seen that in. quantitative Ami verifi- 
cation is a matter of degrsa and probability. A less 
accurate method of measurement cannot verify the results 
of a more accurate method, so that if we arrive at a 
determination of the same physical quantity im several 
distinct modes it is often a delicate matter to decide which 
result is most reliable, and should be used for the indirect 
determination of other quantities. For instance, Joule’s 
and Thomson's ious experiments upon the thermal 
phenomona of in motion? involved, as one physical 
constant, the mechani! equivalent of heab; if requisite, 
then, thoy might have been used to determine that im- 
portant constant. But if more direct methods of experi- 
tent give the mochanical equivalent of heat with superior 
accuracy, then the experiments on fluids will be turned to 
a better use in determining varions quantities relating to 
the theory of fluids. We will further consider questions 
of this kind in succeeding sections, 

‘There are of course many quantities assigned on theo- 
retical grounds which we are quite unable to verify with 
corr nding accuracy. The thickness of a film of gold 
leaf, the average depths of the oceans, the velocity of a 
star's approach to or regression from the earth as inferred 
from spectroscopic data (pp. 296-99), are cases in point; 
but many others might erties where direct verifica~ 
tion seems impossible. Newton and subsequent physicists 









* Philosophical Tranenetions (1854), vol. csliv. ps 364. 
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have measured light undulations, and by several methods 
we learn the velocity with which light travels. Since on 
undulation of the middle green is about five ten-millionths 
of a metre in length, and travels at the mte of nearly 
300,000,000 of metres per second, it follows that about 
600,000,000,000,000 undulations must strike in one 
second the retina of an cye which perceives such li, 
But how are we to verify such an astounding eale1 

by directly counting pulses which roour six hundred 
billions of times in a second? 


Discordance of Theory ana Experiment. 


When a distinct want of accordance is fonnd to exist 
between the results of theory and direct measurement, 
interesting questions arise as to the mode in which we can 
account for this diacordance, The ultimate ex) ition 
of the discrepancy may be accomplished in at four 
ways 23 follows :— 

(1) The direct measurement may be ¢rroncous owing to 
‘various sounces of casual error. 

(2) The theory may be correct as far ns regards the 
general form of the supposed laws, but some of the con- 
stant numbers or other quantitative data employed in the 
theoretical calculations may be inaccurate. 

(3) The theory may be false, in the sense that the forms 
of the mathematical equations assumed to express the laws: 
of nature are incorrect. 

(4) The theory and the involved quantities may be 
approximately accurate, but some regular unknown cause 
may have interfered, so that the divergence may be re- 
garded aa a reaiduad effect representing possibly a new and 
interesting phenomenon. 

No precise rules can be laid down a3 to the best mode 
of proceeding to explain the divergence, and the experi- 
mentalist will have to depend upon his own insight and 
Rnawiedge but the following recommendations may be 

se 

If the experimental measurements are not numerous, 
repeat them and take a more extensive mean result, the prob- 
able acenracy of which, as i casual errors, will increase 
aa the square root of the numberof experiments, Supposing 
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that no considerable modification of the result is thus 
effected, we may suapect the existence of more 
sources of error in our method of measurement. The next 
resource will be to change the size and form of the appa- 
ratus employed, and to introduce various modifications in 
the materials employed or the course of procedure, in the 
hope (p. 396) that some cause of constant error may thus 
be removed, If the inconsistency with theory still remains 
unreduced we may attempt to invent some widely different 
mode of arriving at the same physical quantity, aoe ay we 
may be almost sure that the same canse of error will not 
affect both the new and old results, In some casca it is 
possible to find five or six essentially different modes of 
arriving at the same determination, 

Supposing that the discrepancy still exists we may 
= in to suspect that our direct measurements are correct, 

that the data employed in the theoretical 
psd corral We feiaiicccta esti grounds. on 
which these data depend, consisting as they must ulti- 
sy do of direct measurements, A Be ee of the 
led data will show the degree of probability attachi 

to “the mean result employed; and if there is any grown 
for imagining the existence of error, we should repeat the 
observations, and vary the forms of experiment just a8 im 
the case of the previous direct measurements, The con- 
tinued existonce of the discrepancy must show that we 
have not attained to a complete Es, with the 
thoory of the causes in sean, ‘but two different cases still 
remain, We may have misunderstood the action of thoac 
causes which we know to exist, ar we may have overlooked 
the existence of one or more Ce be In tho first 
case our hypothesis ayy ly chose aa 
inapplicable ; but whether we ie ie vf will dey 
upon whether we can form another hypothesis wi 

yields a more accurate accordance. The probability of = 
Bypothesi i it will ‘ espe! al in to be at 
in the nbsence of a of judgments by 
probability that if the suy ress causes exist th 
result follows; but as ps is now little baby of 
reconciling the original thesis with our direct measure- 
ments the field is open for new hypotheses, and any one 
which gives a closer accordance with measurement will so 











BEE an ah gence rsa rede we roe 
never estimate the probability of an ‘is mm F 
its accordance witha few Sans Macalys its wr og 
and accordance with other known laws of nature, and 
fact that it does not conflict with other propels theories, 
must be taken into account, as wo shall sce in the next 
book. ‘The requisite condition of a good hypothesis, that 
isabel of epee spies in observa~ 
must be interpreted in the widest manner, as including 
all ways in which there may be accordance or discordance, 
All our attempts ab reconciliation having failed, the only 
conclusion we can come to is that some uninown cause of 
@ new character exist If the measurements be accurate 
and the theory probable, then there remains avesidwal phe- 
nomenon, which, being devoid of thooretical explanation, 
must be set down as a new empirical fact worthy of further 
investigation. Outstanding residual discrepancies have 
often been found to involve new discoveries of the greatest 
importance, 


Accordance of Measurements of Astronomical Distances. 


One of the most instructive instances which we oan 
meet, of the manner in which different measurements con-* 
firm or check euch other, ia furnished by the determination 
of the velocity of light, and the dimensions of the planetary 
system, Roamer first discovered that light requires time 
to travel, by observing that the eclipses of Jupiter's satellites, 
although nis occur at fixed moments of absolute time, are 
visible at different. moments in different parts of the earth's. 
orbit, according to the distance between the earth and” 
Jupiter, The time occupied by light in traversing the 
mean semi-diameter of the earth's orbit is found to be 
about eight minutes. The mean distance of the sun and 
earth was long assumed by astronomers as being about 
95,274,000 miles, this result being deduced by Bessel from 
the observations of the transit of Venus, which occurred in 
1769, and which were found to give the solar parallax, or 
which is the same thing, the apparent angular magnitude 

the earth seen from the gun, as equal to 8578. 
Dividing the mean distance of the sun and earth by the 
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number of seconds in 8". 13°3 we find the velocity of Hght 
to be about 192,000 milea per second. - 

Nearly the same result was obtained in what seems a 
different manner, The aberration of light is the bd grated 
change in the direction of # ray of light owing to the corm- 
position of its rootion with that of the earth's motion 
round the sun. If we know the amount of aberration and 
the mean velocity of the earth, we can estimate that of 
light, which is thug found to be 191,100 miles per second. 

‘ow this determination depends upon » new physical 
quantity, that of aberration, which is ascertained by ‘ineet 
observation of the stars, so that the close accordance of the 
estimates of the velocity of light as thus arrived at by dif- 
ferent methods might seem to leave little room for doubt, 
the difference being Jess than one per cent. 

Novertheless, experimentalist; wore not satisfied until 
they had auncented Hi measuring the velocity of light by 
direct, experiments performed upon the earth's surface, 
Fizenu, by a rapidly revolving toothed wheel, estimated the 
velocity at 195,920 miles per second, As this result dif- 
fared by about one part in sixty from estimates previously 
accepted, there was thought to be room for further investi- 
gation. The revolving mirror, used by Wheatstone in 
miewuring the win of electricity, was now applicd in a 
more refined manner by Fizeau and by Foucault to deter- 
mine the velocity of light, ‘The latter physicist came to 
the startling conclusion that the velocity was nob really 
more thin 185,172 miles per second, No repetition of the 
experiment would shake this result, and there was accord- 
ingly @ discrepancy between the astronomical and the ex- 

perimental results of about 7,000 miles per second, ‘The 
jatest experiments, those of M. Cornu, only slightly raise 
the estimate, giving 186, 660 miles per second. A little 
consideration shows that both the astronomical determina- 
tions involve the itude of the earth's orbit as one 
datum, because our estimate of the carth's velocity in ite 
orbit depends upon our estimate of the sun's mean distance. 
Accordingly a3 regards this quantity the two astronomical 
results count ouly for one, Though the transit of Venus 
had been considered to give the best data for the calcula~ 
tion of the sun's parallax, yet astronomers had not neglected 
less favourable opportunities, Hansen, calculating from 
oo 
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certain inequalities in the moon's motion, had estimated: 
it at S'o16; Winneks, from observations of Mars, at 
8'1964 ; Leverrier, from the motions of Mars, Venus, and 
the moon, at 8950. These independent results agree 
much better with each other than with that of Bessel 
578) viously received, or that of Encke (8"58) 

fuced from the transits of Venus in 1761 and 1769, and 
though each separately might be worthy of less credit, yet 
their cloeo accordance renders their mean result ($943) 
cony le in probability with that of Bessel. It was 
further found that if Foucault's value for the velocity of 
light were assumed to be correct, and the sun's distance 
were inversely calculated from that, the sun's parallax 
would be 8960, which closely agreed with the above 
mean result. This further correspondence of independent 
results threw the balance of probability atrongly against 
the results of the transit of Venus, and rendered it desir- 
able to reconsider the observations made on that occasion, 
Mr. E. J. Stone, having re-discussed those observations," 
found that grave oversights had been made in the caleula- 
tions, which being corrected would alter the estimate of 
parallax to 891, a quantity in such comparatively close 
accordance with the other results that astronomers did nob 
hesitate at once to reduce their estimate of the sun's mean 
distance from 95,274,000 to 91,771,000, miles, althou; 
this alteration involved a corresponding correction in 
assumed magnitudes and distances of most of the heavenly 
bodies, The solar parallax is now (1875) believed to be 
about 8878, the number deduced from Cornu’s experi~ 
ments on the velocity of light, This result agrees very 
closely with 8879, the estimate obtained from new obser~ 
vations on the transit of Venus, by the French observers, 
ond with 8'°873, the result of Galle's observations of the 
planet Flom, en all the observations of tho late transit, 
of Venus are fully discussed the sun's distance will probably 
be known to less than one part in a thousand, if not one 
part in ten thousand* 


1 Monthly Notices of the Royal Astronomical Sociely, vol. xxviiis 
2 
PTE would seem to be sbyurd to ropent:the profuse expandlinre Of 
mum. 


1874 at the approaching transit. in 1882, ‘The aggregate tin 
1874 by varlods govertagnts and individuals eas henly a les thin 
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In this question the theoretical relationa between the 
velocity of ight, the constant of aberration, the sun’s paral- 
Jax, and the sun's mean distance, are of the simplest 
character, and can hardly be open to any doubt, so that 
the only doubt was as to which result of observation wag 
the most reliable, Eventually the chief discrepancy was 
found to arise from misapprebension in the reduction 
of observations, but we have a satisfactory example of the 
value of different methods of estimation in leading to the 
detection of a serious error. Is it not oer that 
Foucault by measuring the velocity of light when passing 
through the space of a few yards, should lead the way 
to a change in our estimates of the magnitudes of the 
whole universe ? 


Selection of the best Mode of Measurement. 


When we once obtain command over a question of 
physical science by comprehending tho theory of the sub- 
ject, we often have a wide choice opened to us as regards 
the methods of measurement, relict thenceforth he 
made to give the most accurate results. Te we can Theasure 
me fundamental quantity very precisely we may be able 
hy theory to determine accurately many other quantitative 
results, ‘Thus, if we determine satisfactorily the atomic 
weights of certain elements, we do not need to determine 
‘with equal accuracy the composition and atomic weights of 
“heir several compounds. Having learnt the relative 
stomic weights of oxygen and sulphur, we can calculate the 
composition by se of the several oxides of sulphur. 
Shemista accordingly select with the greatest care that 
sompound of two elements which seems to allow of the 
most accurate analysis, so as to give the ratio of their 
atomic weights, It is obvious that we only need the ratio 
of the atomic weight of each element to that of some com- 
non element, in order to calculate that of each to each. 
Moreover the atomic weight stands in simple relation to 
other quantitative facts. The weights of equal volumes of 
olomentary gases at equal temperature and pressure have 
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the same ratios as the atomic weights; now, as nitrogen 
eae such amon’ wei; 14706 Haste % much ag 
hydrogen, we may infer that the atomic weight of nitrogen 
is about 14:06, or more probably este of beat 
being unity, There is much evidence, again, the 
specific heats of elements are inversely as their atomic 
weights, eo that these two classes of quantitative data 
throw light mutually upon each other, Tn fact the atomic 
weight, the atomic volume, and the atomic heat of an 
element, are quantities so closely connected that the deter- 
mination of one will lead to that of the others. The 
chemist has to solve a complicated problem in deciding in 
the case of each of 60 or 70 elements which mode of deter- 
mination is most accurate. Modern chemistry presente ne 
with an almost infinitely extensive web of numerical ratios 
developed out of a few fundamental ratios. 

In hygrometry we have a choice among at Ieant four 
modes of measuring the quantity of aqueous vapour con- 
tained ina givon bulk of air, We can extract tho vapour 
by absorption in sulphuric acid, and directly weigh its 
arnount ; we can place the air in a barometer tube and 
observe how much the absorption of the vapour altera 
the elastic force of the air; we can observe the dew-point 
of the air, that is the temperature at which the vapour 
becomes saturated ; or, lastly, we can insert a dry and wet 
bulb thermometer and observe the tempersture of an 
evaporating surface. The results of each mode can be con- 
nected by theory with those of the other modes, and we 
can select for each experiment that mode which ia moat 
accumte or most convenient. The chemical method of 
direct measurement is capable of the greatest accuracy, but 
is troublesome; the dry and wet bulb thermometer is 
sufficiently exact for meteorological purposes and is most 
easy to use. 


Agreement of Distinet Modes of Measurement. 


Many illustrations might be given of the accordance 
which has been found to exist in some cases between the 
results of entirely different methods of arriving at the 
measurement of a physical quantity. While such accord- 
ance must, in the absence of information to the contrary, 
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‘be regarded as the best possible proof of the approximate 
correctness of the mean result, yet instances parton 
to show that we can never take too much troable in con- 
firming results of great importance, When three or even 
more distinet methods have given nearly coincident num- 
era, a new method has sometimes disclosed a discrepancy 
which it is yet impossible to explain. 

The ellipticity of the earth is known with considerable 
approach to certainty and accuracy, for it has been esti- 
uisted in three independent ways, ‘he most direct mode 
is to measure long ates extending north and south upon 
the earth's surface, by means of trigonometrical surveys, 
and then to compare the Jengths of these ares with their 
curvature as determined by observations of the altitude 

_ of certain stars at the terminal points. The most probable 
ollipticity of the earth deduced from all measurements of 
this kind was estimated by Bessel at,’ though subse- 
quent measurements might lead to a slightly different 
estimate. The divergence from a globular form causes a 
small variation in the force of gravity at different parts of 
the earth's surface, so that exact pendulum observations 
give the data for an indopendent estimate of tho ellipticity, 
which is thus found to be => In the third place the 
spheroidal protuberance ahout the earth's equator lends to 
u certain inequality in the roon’s motion, as shown by 
Laplice; and from the amount of that inequality, as given 
ty observations, Laplace was enabled to caloulate back to 
the amount of its cause. He thus inferred that the ellip- 
ticity is +, which lies between the two numbers previously 

iven, and was considered by him the moat satisfactory 

letermination. In this case the accordance is undisturbed 
by subsequent results, so that we are obliged to accept 
tp ted result as a highly probable one. 

‘he mean density of the earth is a constant of high 
importance, because it is necessary for the determination 
of the masses of all the other heavenly bodies. Astrono- 
mers and physicists accordingly have bestowed a great 
deal of i upon the exact estimation of this con- 
stant, The method of procedure consists in comparing the 
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gravitation of the globe ith that of some body of matter of 
which the mass is known in terms of the assumed unit of 
mass. This body of matter, serving as an intermediate 
term of comparison, may be hadnt Me it may 
consist of a mountain, or a portion of the carth’s crast, or 
a heavy ball of wetal. The method of experiment varies 
80 according as we select one body or the other, that 
we may be said to have three independent modes of arriving 
at the desired result. 

‘Tho mutual gravitation of two balls is s0 exceedingly 
srnall comm with their gravitation towands the immem 
mass of the earth, that it is usually quite imperceptible, 
and although asserted by Newton to exist, on the ground 
of theory, was never observed until the end of the 18th 
century. Michell attached two small balls to the extremi- 
ties of a delicately hes torsion balance, and then 
bringing heavy balls of lead alternately to either side of 
these small balls was able to detect a slight deflection of 
the torsion balance. He thus furnished a new verification 
of the theory of gravitation. Cavendish carried out the 
experiment with more care, and estimated the gravitation 
of the balls by treating the torsion balance as a pendulum ; 
then taking into account the respective distances of the 
balls from each other and from the centre of the earth, 
he was able to assign 5°48 (or as re-computed by Baily, 
5'448) as the probable mean density of the earth. New. 
ton’s sagacions gnoss to the effect that the density of the 
earth was between five and six times that of water, was 
thus remarkably confirmed. The same kind of experiment 
repeated by Reich gave 5'438. Baily having again per- 
formed the experiment with every ible refinement 
obtained a slightly higher number, 

A different method of procedure vor din ascertaining 
the offect of a mountain mass in deflecting the plumbeline ; 
for, assuming that we can determine the dimensions aud 
mean density of the mountain, the plumb-line enables as 
to compare its maes with that of the whole earth. The moun- 
tain Schehallien was selected for theexperiment, and obser- 
vations and calculations performed by Maskelyne, Hutton, 
and Playfair, gave a8 the most probable result 4°71 3, 
difference from the experimental results already mentioned 
jg considerable and is important, because the instrumental 
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— are of an entirely different character from those 
Cavendish and Baily's iments. Sir Henry James’ 
similar determination from the attraction of Arthur's Seat 
We ST. 

ns third distinct method consists in determining the force 
of gravity at points elevated above the surface of the earth 
on mountain ranges, or sunk below it in mines, Carlini 
experimented with a pendulum at the hospice of Mont 
Cenis, 6,375 feet above the sea, and by comparing tho 
attractive forces of the earth and the Alps, found the 
density to be still smaller, namely, 4°39, or as corrected 
by Giulio, 4950 Lastly, the Astronomer Royal has on 
two occasions adopted the opposite method of observing 
@ pendulum at the bottom of a deep mine, eo a8 to com- 
pare the density of the strata penctrated with the density 
of the whole earth. On the second occasion he carried his 
method into effect at the Harton Colliery, 1,260 fect . 
all that could be done by skill in measurement and carefuh 
consideration of all the causes of errror, was accomplished 
in this elaborate series of observations * (p. 291). No doubt 
Sir George Airy was mach perplexed when he found that 
his new result considerably exceeded that obtained Ww any 
other method, being no less than 6566, or 6°623 as finally 
corrected. In thia case we learn an impressive lesson 
concerning ths value of repeated determinations by distinct 
methods in disabusing our minds of tho reliance which we 
are only too apt to place in results which show a certain 
eee of coincidence, 

n 1844 Herschel remarked in his memoir of Francis 
Beit “that the moan specific gravity of this our planot is, 
in all human probability, quite as well determined as that 
of am ordinary hand-specimen in a mineralogical cabinet, 
—a marvellous result, which should teach us bo despair of 
nothing which lies within the compass of number, weight 
and measure.” But at the same time he pointed ont that 
Baily’s final result, of which the probable error was only 
010032, was the highest of all determinations then known, 
and Airy's ivetton has since given a much higher 
result, quite the limits of probable error of any of 

+ Philosophical Transactions (1856), vol. exlvi. p. 342. 
2 Monthly Noticer of the Royal Astronomical Society, for 8th Nov. 
1844, No, X. vol. =i 89, 
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the previous ‘iments. If we treat all determinations 
yet made as of equal weight, the simple mean is about 
2 linear bra ype ty 
almost 2, so that it is as likely 
between 5°65 and 5-25 on this view of the matter. But it 
is remarkable that the two most recent and careful series 
of observations by Baily and Airy, lie beyond these limits, 
and ag with the increase of care the estimate rises, it seems 
requisite to Se the earlier results, and look upon the 
question as still requiring further investigation. Physicista 
take 5% or 5°67 as the best guess at the trath, but it 

is evident that new niments are mach required. [ 
cannot help thinking ‘o portion of the great sums of 
money which many governments and private individuals 
sent pon the rat nian expeditions = 1874, hea 
whi will probably spend again in 1882 (p. ), 
would be better appropriated satan determinations of 
the earth's density, It seems desirable to ropeat Baily’s 
experiment in a vacuous case, and with the greater me~ 
chanical refinements which the progress of the last fc 
years places at the disposal of the experimentalist It 
Would be desirable, also, to renew the pendulum experi- 
ments of Airy in some other deep mine Ib might even 
be well to rapeat upon some suitable mountain the obger- 
vatione performed ot Schehallien. All theae operations 
might be carried out for the cost of one of the superilnous 
transit eer 

Since the establishment of the dynamical theory of heat 
it has become a matter of the greatest importance to 
determine with accuracy the mechanical equivalent of 
heat, or the quantity of energy which must be given, or 
received, in a definite change of temperature effected in a 
definite quantity of a standard substance, such as water. 
No less than seven almost entirely distinct modes of 
determining this constant have been tried, Dr. Joule first 
ascertained by the friction of water that to raise the tem 
perature of one kilogram of water through one degree 
centigrade, we must employ energy suflicient to raise 424. 
kilograms through the height of one metre against the 
force of gravity at the earth's surface. Joule, Mayer, 








1 Philosophical Magasine, 2nd Sarigr, vol xxvi, p. 61s 
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Clausing} Favre and other experimentalists have made 
determinations by less direct methoda Experiments on 
the mechanical properties saa pat pee nines 
metres a8 the constant; the work done by a steam-enginoe 
gives 413; from the heat evolved in electrical experiments 
several determinations have been obtained; thus from 
induced electric currents wo get 452; from the electro- 
magnetic engine 443; from the circuit of a battery 420; 
and, from an electric current, the lowest result of all, 
namely, goo" 

Considering the diverse and in many cases difficult 
methods of observation, these reaults exhibit satisfactory 
accurdance, and their mean (423'9) comes very close to 
the number derived by Dr. Joule from the apparently 
most accurate met The constant generally assumed 
as the most probable result is 423°55 tres. 





Residual Phenomena, 


Even when the experimental data employed in the 
voritication of a theory are cufliciently Gena and the 
theory itself is sound, there may exist discrepancies 
demanding further investigation, Herschel pointed out 
the importance of such outstanding quantities, and called 
them residual phenomena? Now if the observations and 
the theory be really correct, such dis cies must bo 
due to the incompleteness of our know! of the causes 
in action, and the ultimate explanation must consist in 
showing that there is in action, either 

(1) Some agent of known nature whose presence was 
not suspected ; 

Or (2) Some new agent of unknown nature, 

In the first case we can hardly be said to make 2 new 
discovery, for our ultimate success consists merely in 
reconciling the theory with kuown facta when our in- 
vestigation ig more comprehensive. But in the second 
case we mect with a totally new fact, which may ead us 


1 Clansiua in Phat Mi ith. Vite pe an 
2 Geary cy at gt he 
saa emer Dire sz, ‘af Astronomy, 4th 
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to reals of new discovery, Take the instance adduced by 
Herschel. The theory of Newton wn ea 
comets was that they were gravitating bodies revolving 
round the sun in elliptic orbits, and the return of Halley's 
Comet, in 1758, verified this theory. But, when accurate 
observations of Eneke’s Comet came to be made, the veri- 
fication was not found to be exact, Encke's Comet returned 
each time a little sooner than it ought to do, the 
regularly decreasing from 1212'79 days, between 1786 and 
1789, to 1210°44 between 1855 and 1858; and eee 
thesis has becn started that there is a resisting jiumy 
filling the space through which the comet passes. This 
hypothesis is a dews ex machind for explaining this solitary 
menon, and cannol possess much probability uuless 
i can be shown that other phenomens are deducible from it, 
Many persons have identified this medium with that through 
which light undulations pass, but T am not aware that 
there is anything in the undulatory theory of light to show 
that the medium would offer resistance to a moving body. 
If Professor Balfour Stowart can prove that a rotating disc 
would experience resistance in a vacuous receiver, 
an experiiontal fact which distinctly supports the hypo- 
thesis, Bat in the mcan time it is open to question 
whether other known agents, for instance electricity, may 
not be brought in, and 1 have tried to show that if, as is 
believed, the tail of a comet is an electrical phenomenon, 
it is a necessary result of tho conservation of onergy 
that the comet shall exhibit a loss of energy manifested 
in a diminution of its mean distance from the sun 
and its period of revolution.’ It should be added that if 





‘energy, and this view ix eaid to be accepted ty ‘rofessors Thomson and 
‘Tait, The enclosure is usod in this case by Professor Stewart simply 
as a means of obtaining a proof, just as it was used by him on a 
previous occasion to obtain a yrout of untain cousequences of the 
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Professor Tait's be correct, as seems very probable, 
and comets consist of swarms of sinall meteors, there is no 
difficulty in accounting for the retardation. It has long 
been known that a then, 06 sl Rodiee. pearl ns 
together in an orbit round a central body will tend to 
towards it, Tu either case, then, this residual phenomenon 
seems likely to be reconciled with known laws of nature. 

Tn other cases residual phenomena have involved im- 
portant inferences not recognised nt the time. Newton 
showed how the velocity of sound in the atmosphero 
could be calculated by a theory of pulses, or undulations 
from the observed eotion gan density of the air, Ho 
inferred that the velocity in the ordinary state of the 
atmosphere at the earth’s surface would be 965 foet per 
second, and rude experiments made Ly him in the eloisters 
of Trinity College seemed to show that this was nob far 
from the truth. Subsequently it was agcertained by othor 
experimentalists that the velocity of sound was move 
nearly 1,142 feet, and the discrepancy being -one-sixth 
part of the whole was far too much to attribute to casual 
errors in the numerical data, ‘Newton attempted to 
explain away this discre; by hypotheses a3 to the 
reactions of the Talent then bul Whhout success. 

Now investigations having been made from time to time 
concerning the velocity of sound, hoth as observed experi~ 
eecad and as calculated from theory, it was found that 
each of Newton's results was inaccurate, the theoretical 
velocity being 916 fect. per second, and. the real velocity 
about 1,090 feet. The discrepancy, nevertheless, remained 
45 serious as ever, and it was not until the year 1816 that 
Laplace showed it to be due to the heat by the 
sudden compression of the air in ihe pears the wave, 
this heat haying the effect of increasing. the elasticity of 
the air and aeeieetios: the impulse, 1t is now perceived 
‘Theory of Exchanges. He is of opinion that in both of thase 
cases when once the proof has been obtained, the enclosire may be 
dispensed with. We kno relation between the 


inductive and absorptive powers of bodies—althomgh this rujatiu 
may have ben proved ‘hy means of an enclostry, dows. uot depend 
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that this discrepancy really involves the doctrine of the 
equivalence of heat and energy, and it was applied by 

‘ayer, at least by implication, to give an estimate of the 
mechanical equivalent of heat, The estimate thus derived 
agrees satisfactorily with direst determinations by Dr. 
Joule and other physicists, so that the explanation of the 
residual phenomenon which exercised Newton's ingonni 
is now complete, and forms an important part of the new 
science of thermodynamics. ’ 

As Herschel observed, almost all great astronomical dis- 
coveries have been disclosed in the form of residual dif- 
ferences, Itis the practice at well-conducted observatories 
‘to compare the positions of the heavenly bodies as actually 
observed with what might have been expected theoretically, 
This practice was introduced by Halley when Astronomer 
Royal, und his reduction of the lunar observations gave a 

jes of residual errors from 1722 to 1739, by the examina~ 
tion of which the lunar theory was improved, Most of 
the greater astronomical variations arising from mutation, 
abermtion, planctary perturbation were discovered in the 
same manner, The precession of the equinox was perhaps 
tho earliest residual difference observed; the systematic 
divergence of Urwnus from its calculated places was one of 
the latest, and was the clue to the remarkable discovery 
of Neptune, We may also class under residual phenomena 
all the so-called groper motions of the stara. complete 
atar catalogue, such as thatof the British Association, gives 
a greater or less amount of proper motion for almost every 
star, consisting in the apparent difference of position of tho 
star as derived from the earliest and latest good obser 
vations, But these apparent motions are often dug, as 
explained by Baily? the author of the catalogue, to errors 
of observation and reduction. In many cases the best 
astronomical authorities have differed as to the very dinee- 
tion of the supposed proper motion of stars, and as regards 
the amount of the motion, for instance of a Polaris, the 
most different estimates bave been formed, Residual 
quantities will often be so small that their very existence 
is doubtful. Only the gradual progress of theory and of 
measurement will show clearly whether a discrepancy is to 


2 Britith Association Catalogue of Stars, p. 49, 
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be referred to casual errors of observation or to some new 
phenomenon, But nothing is more requisite for the pro- 
gress of science than the careful recording and investigation 
of such discrepancies, In no part of physical science can 
we be free from exceptions end outstanding facts, of which 
our present knowledge can give no account, It is among 
such anomalies that we must look for the clues to new 
realms of facts worthy of discovery. They are like the 
floating waifs which Jed Columbus to suspect the existence 
of the new world, 





CHAPTER XXVI. 
CHARACTER OF THE EXPERIMENTALIST, 


In the present age there seems to be a tendency to be- 
lieve that the importance of individual genius is less thun 
it was— 


“The individual withers, ond the world is more and more.” 


Society, it is supposed, has now assumed so highly deve- 
loped a form, that what was accomplished in past times by 
the solitary exertions of a great intellect, may now be 
worked out by the united labours of an army of invosti- 
gators. Justas the well-organised power of a modern arm; 
supersedes the single-handed bravery of the medimvs 
knights, so we are to believe that the combination of in- 
tellectual labour haa superseded the genius of an Archi- 
medes, a Newton, or n Laplace So-called original research 
is now regarded as a profession, adopted by hundreds of 
men, and communicated by a system of traimng. All that 
we need to secure additions to our knowledge of nature is 
the erection of grent laboratories, museums, and observa- 
tories, and the offering of pecuniary rewards to those who 
can invent new chemical compounds, detect new species, or 
discover new comets, Doubtless this is not the real mean- 
ing of the eminent men who are now urging upon Govern- 
ment the endowment of physical research. They can only 
mean that the greater the A pecans and material assistance 
given to men of acience, the greater the result which the 
available genius of the country may be expected to 
produce. Stoney and opportunities of study can no more 
produce genius than sunshine and moisture can generate 
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living beings; the inexplicable is wanting in both 
cases, But ae ‘the germ pest the plant will grow 
more or less si as according to the circumstances in 
which it is placed, go it may be allowed that pecuniary assist~ 
ance may favour development of intellect. Public opinion 
however is not discriminating, and is likely to interpret 
tho agitation for the endowment of science as meaning 
that science can be had for money. 

All such notions are erroneous. In no branch of human 
affairs, neither in polities, war, literature, industry, nor 
science, is the influence of genins less considerable than it 
was. It is possible that the extension and organisation of 
scientific study, assisted by the printing-press and the 
necelerated means of communication, has inoreased the 
rapidity with which new discoveries are made known, and 
their details worked out by many heads and handa A 
Darwin now no sooner propounds original ideas concerning 
the evolution of living creatures, than those ideas are dis- 
cussed and illustrated, and applied Wy naturalists ine 

wt of the world. In former days his discoveries woul 
fare been hidden for decades of years in scarce manu- 
scripts, and generations would have passed away before his 
theory had enjoyed the same amount of criticism and cor 
roboration as it has already received, The result is that 
the genius of Darwin is more valuable, not less valuable, 
than it would formerly have been. ‘The advance of mili- 
tary science and the organisation of enormous armies has 
not decreased the value of a skilful general ; on the con~ 
car the rank and file are atill more in need than they 
used to be of the guiding power of a fur-seeing intellect. 
The swift destruction of the French military power was 
not due alone to the perfection of the German army, nor to 
the genius of Moltke; it was dua to the combination of a 
well-diseiplined multitude with a leader of the highest 

jowers. So in every branch of human affaira the in- 

uence of the individual is not withering, but ie growing 
with the extent of the material resources which are at 
his command, 

Turning to our own subject, it is a work of undiminished 
interest to reflect upon those qualities of mind which lead 
to great advances in natural knowled, Nothing, incl 
Js amenable than genius to svientilic analysis 
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explanation. Even definition is out of the question. Buffon 
said that “ gevins is patience,” and certainly patienceis ono 
of its most requisite components. But no one can suppose 
that patient labour alone will invariably lead to those con+ 
opicuous resulte which we attribute to Liars In every 
branch of science, literature, art, or industry, there are 
thousands of men and women who work with unceasin, 
patience, and thereby ensure moderate success; but ib 
would be absurd to suppose that, equal amounts of intellec- 
tual Inbour yield oqual results, A Newton may modestly 
attribute bis discoveries to industry and patient thought, 
and there is reason to believe that genius is unconscious 
and unable to account for its own peculiar powers. As 

nins is essentially creative, and consists in divergence 
fn the ordinary grooves of thought and action, it must 
necessarily be a phenomenon beyond the domain of the 
laws of nature. Nevertheless, it is slways an interesting 
and instructive work to trace out, as far as possible, the 
characteristics of mind by which great discoveries have 
been achieved, and we shall find in the analysis much to 
illustrate the principles of scientific method. 


Error of the Baconian Method, 


Tiundreds of investigators may be constantly engaged in 
experimental inquiry ; they may compile numberless note- 
books full of scientitic facts, and endless tebles of numerical 
results; but, if the views of induction here maintained be 
true, they can never by such work alone rise to new and 
great discoveries. By a system of research they may work 
out deductively the details of a previous discovery, but to 
arrive at a new principle of nature is another matter, 
Francis Bacon spread abroad the notion that to advance 
sciance wo must bogin by accumulating facts, and then 
dnuw from them, by a process of digestion, successive laws 


of higber and higher generality, In protesting against the + 


false method of the scholastic logicians, he exaggerated a 
partially true philosophy, until it became ns false ns that 
which preceded it, His notion of scientific method was a 
kind of scientific hookkeeping. Facts were to be indis- 
criminately gathered from every source, and posted in a 
Jedger, from which would emerge in time a balance of 
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trath. Tt is dificult to imagine @ less likely way of arriv- 
ing at, great discoveries. tthe. greater the army of fiwte, 





ty the slightest exceptional phenomenon, His associating 





His imagination must 
‘be active, and bring before his mind multitudes of relations 
in which the unexplained facts may possibly stand with 
regard to each other, or to snore common facts, Sure and 
Yigorous powers of deductive ‘ing must then come into 
play, and enable ‘him to infer what will happen under each 
sup) condition. Lastly, and above all, there must be 
the love of certainty leading him diligently and with por- 
fect. candonr, to compare his speculations with the test of 
fact and experiment, 


Freedom of Theorising. 


Tt would be an error to suppose that the great discoverer 
seizes at once upon the truth, or has any unerring method 
of divining it, In all probability the errors of the great 
mind exceed in number those of the less vigorous one, 
Fertility of imagination and abundance of guesses at truth 
are among the first requisites of discovery; but the erroneous 
nesses must be many times as numerous as those which 
prove well founded. The weakest analogies, the most 
whimsical notions, the most apparently absurd thaories, 
may pass through the teeming brain, no record 
of more than the hundredth part. There is nothing really 


absurd except that which proves cont to logic and ex 
perience. The truest theories vols pean which 
are inconceivable, and no limit can really placed to the 


freedom of hypothesis, 
= 





Kepler's name was di 
the patience with which he submitted his theses to 
comparison with observation, the candour with which he 
acknowledged failure after failure, and the perseverance 
and ingenuity with which he renewed his attack upon the 
riddles of nature. 

Next after Kepler perhaps Faraday is the physical philo- 
sopher who has given us the best insight into the progress 
of discovery, one erroneous a3 well a3 sudcossfal 
speculations, The notions, indeed, are probably 
but a tithe of the fancies which arvse in his active brain, 
As Faraday himself said—* The world little knows how 
many of the thoughts and theories which have passed 
through the mind of a sciéntific investigator, have been 
crushed in silence and secresy by his own severe criticism 
and adverse examination; that in the most sucessful in- 
stances not a tenth of the Syste hopes, the wishes, 
the preliminary conclusions have beet realised.” 

‘cvertheless, in Faraday’s researches, published in the 
Philosophical Transactions, in minor pon mannuseript 
note-books, or in other materials, made in his inter- 
prs life by Dr, Bence Jones, we find era Lge 
for the experimentaliat, These writings ate specula- 
tions which we must not judge by the light of subsequent 
diseovery It may perhaps be said that Faraday coim- 
mitted to the printing press crude ideas which a friend 
would have counselled him to keap back. There was 
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occasionally even a wildness and vagueness in his notions, 
which in a Jess careful experimentalist would have been 
fatal te the attainment of truth. eet ane spparent 
in a curious paper Lae to ito A 
Star hamingy af setieprs lowy character of his 
speculations, and the f in words whieh 
must be quoted. “I think it likely," he says, “that I 
have made many mistakes in the preceding ‘pages, for 
sean oye my enn he rn spe only wt the 
shadow of a speculation, or as one of impressions 
the mind, which are allowable for a time as guides to 
ht and reveareh, He who labours in eee 
inquiries knows how numetous these are, and 
their apparent fitness and beauty vanish before the ates 
and development of real natural truth.” Tf, then, the ex- 
periment has no royal road to the diseovery of the 
truth, it isan Srovietihns fem to consider by what logical 





jure he 
Seren tbae wane are talon toon oF athe 
is thing as a distinch process of induction, 
The nobability is infinitely small that a collection of 
facts will fall into an arral it capable 


of exhibiting directly the laws obeyed by them. The 
mathematician might as well expect to integrate his 
functions by a ballot-box, as the experimentalist to draw 
deep truths from hapharard trials All induetion is but 
the inverse wire of deduction, and it is by ue 


‘terogencous facts ure ranged in luminous 
results of some uniformly acting law. So ‘torent indeed, 
are the qualitios of mind required in different branches of 
pelence) ahah dtscwould be a urd to attempt to give an 
exhanative description of the character of mind which 
leads to di ‘The labours of Newton could not 
have been accomplished except by a mind of the utmost 
mathematical genius; _Faraday, on the other hand, has 
made the most extensive additions to human knowledge 
without passing beyond common arithmetic. I do not 
remember meeting in Faraday's writings with a single 


\ Eeporimental Researches in Chemistry and Physick, w 12 
Philosophical Magesine, 30 Series, Sy 18 1845, YL SNES. Y 
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sbrais aera or eraareay orn of any com~ 

Seat: oie vernal in the preface 
to his Ved tees on Electricity, has as strongly commended 
the aaa ot Faas researches by, etudents. of 
peal eal opine po emma Lai 
seldom or never employed mathematical formule, his 
methods and congoptions wore not the less mathomatioal 
in their nature’ IT have myself protested the: 

provailing confusion betwoen # mathematical and an exact 
eet oa I certainly think that Soren 
wore for the most part qualitative, and that his mathe~ 
matical ideas were of a rudimentary cheracter. It is trac 
that he could not possibly investigute: such reacts a 
magne-crystallic action without involving himaelf 
geometrical relations of some complexity. Nevertlieless 
I think that he was deficiant im mathematical deduc- 
tive power, that power which is so highly eso by 
the Baer aystem of mathematical training ati Oam= 
brit 

Faraday was acqnainted with the forms of his celebrated 
Tines of force, but I am, not awaro that he ever entered 
into the al alee nature of those curves, and I feel sure 
that he could not have explained their forms as depending: 
on the resultant attractions of all the magnetic particles, 
There ure even occasional indications that he did not 
undorstand some of the simpler mathematical doctrines of 
modern physical science, Although he so clearly foresaw 
the cor tien of the physical forces, and laboured so hard 
with his own hands to connect gravity with other foroes, 
it is donbtful whether he understood. the, doctrine of the 
consorvation of energy a8 applied to gravitation. 
was probably equal to Newton in spc ietmssrty stient 
in that peculiar kind of deduetive power which leads to 
the invention of simple qualitative experiments; but it 
raust be allowed that he exhibited little of that mathe 
matical power which enabled Newton to follow out: intui- 
tively the quantitative results of a complicated problem 
with such wonderful facility, Two instances, eee and 
Faraday, are sufficient to show that minds of widely 


Pete Sates penne st, site vol, viii. p 398) 
£ Theory of Polétical Keonomy, pp. 3—t4e 
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different conformation will meet with suitable regions of 
research, Nevertheless, there are certain traits which we 
may discover in all the highest sciontific minds. 


The Newtonian Method, the True Organum, 


Tay was of opinion that the Principia. and the 
meet Newton furnished the pete avnil- 
able of the delicate art of experimental and theoretical 
investigation, In these, as he says, we meet with the 
moet happy illustrations of the way in which, from a 
series of inductions, we may tise. to the causes of pheno- 
ei a thence descend again to all the resulting 


The popular notion concerning Newton’s discoveries is 
je poe life, when oe se the country syste 
Great ue, a falling a] accidentally suggested to 
him the ‘ecisiatica of gravitation, and that, availing himself, 
of this hint, he was led to the discovery of the law of 
re the explanation of which constitutes the 

incipia. Ibis diffeolt to imagine a more ludicrous and 
inadequate picture of Newton's labours No originality, 
or at least priority, waa claimed by Newton as regards tha 
discovery of the law of the inverse square, 60 closely 
associated with his name, In a well-known Scholiam 
he acknowledges that Sir Christopher Wren, Hooke, and 
Halley, had severally observed the accordance of Kepler's 
third Jaw of motion with the principle of the inverse 


square, 

Newton's work was really that. of seveboring the 
methods of deductive reasoning and experimental verilica~ 
tion, by which alone great hypotheses can be brought to 
the touchstone of fact Archimedes was the greatest of 
ancient pateled ade he showed how ae 
theory co1 wedded to physical experiments; an 
his works are the first true um. Newton is tho 
modera Archimedes, and the Principia forms the tras 
Novum Organum of scientific method. Tho laws which 
he established are great, but his example of the manner of 
establishing thera is greater still, Hxcepting perhaps 


4 Principia, bik. Prop. tr. 
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ant Seaton sities rtathitncacatiae hacen 
showed how far experimental verification could be pushed; 
that in his examination of the coloured rings named after 
him, he accomplished the most remarkable instance of 
minute measurement known, a mere pati appli- 
cation of which iu was recently deemed worthy 
of a medal by the I gocioy. We only learn by 

how complete was his scientific insight; a few words in bis 
third law law of motion display his acquaintance with the 
fundamental principles of modern thermodynamics and 
the conservation of energy, while manuscripts long over~ 
looked prove that in his inquiries concerning atmoapheric 
Tefraction he had overcome the main difficulties of ap- 
plying theory to one of the most complex of physical 


yblems. 

cedtierd all, it is only by-examining the way in which he 
effected disooverios, that wo ean rightly appreciate his 
greatness, The Principe treats not of gravity so much 
4s of forces in general, and the methods of reasoning 
about them. He Fivestgabes not one hypothesis only, 
but mechanical hypotheses in general, Nothing so 
strikes the reader of the work as the exhaustiveness of his 
treatment, and the unbounded power of his insight. If he 
treats of contral forces, it is not one law of foree which he 
discusses, but many, a almost all imaginable laws, = 
results of each of which he sketches out in a few 

words, If his subject is a resi medium, it is ea 
or water alone, but resisting media in general. We have 
a good example of his method in ti scholinm to the 
‘twenty-second proposition of the second book, in which he 
runs rapidly over many suppositions as to the laws of the 
compressing forces which might conceivably act in an 
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atmosphere of gus, a consequence being drawn from cach 
case, and hat eho) kypetboats ‘ultimately selected which 


caer petsonea ippellcausiob Keclactcs iessatia were 


not more imaginary. But Newton's comprehension of 
peo was perfect ; no hypothesis was ontortnined 
unless it was definite in conditions, and admitted of un- 
neon deductive reasoning; and tho value of each 

ypothesis was entirely decided by the comparison of its 
consequences with facta, I do not entertain a doubt that 
the general course of his procedure is identical with that 
view of the nature of induction, as the inverse application 
of deduction, which I advocate throughout 4 
Francis Bacon held science should be founded on 


failed, Newton did not less 
ence, but he seized the trae method of treating it, and 
applied it with a power and success never since equalled. 
Itis a mistake to that modern science is the 
result of ike. Eeadhieni'ghosoptys it is the Newtonian 
philosophy and the Newtonian method which have led to 
all the great triumphs of physical science, and I repeat 
that the Principia forms the true “ Novum Organum.” 


depth 
ity mya of Hg To enppes es 
covered power of a prism 
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do, if the refrangibility differed. After excluding by many 
experiments a variety of indifferent circumstances, hue fixes 
hie attention w) the question whether the rays are 
merely shi |, disturbed, and spread out in a chance 
manner, a3 Grimaldi supposed, or whether there is a con- 
stant relation between the colour and the refrangibility, 

Tf Grimaldi was right, it might be expected that a part 
of the spectrum taken scpurately, and subjected to a second 
refraction, would suffer x new breaking up, and produce 
some new spectrum, Newton inferred from his own theory 
that a particular ry of the spectrum would have a con- 
stant refrangibility, 80 that a second prism would merely 
bend it more or less, bub not further disperse it in any con- 
siderable degree. By simply cutting off mostof the raysaf 
the spectrum by a screen, and allowing the prca 
narrow ray to fall on a second prism, he proved the 
of this conclusion; and then slowly turning the first prism, 
sons to vary the colour of the ray falling on the second one, 
he found that the spot of light formed by the twice-refracted 
ray travelled up and down, a palpable proof that the amount 
of refrangibility varies with the colour. For his further . 
satisfaction, he sometimes refracted the light a third or 
fourth time, and he found that it might be refracted up- 
wards or downwards or sideways, and yet for each colour 
there was a definite amount of refraction’ through each 
perep He completed hey ie by stioyiag et Cy Tone 

may again be gat! together into white 
apiesrtal prism, so that no number of refractions 
iters the character of the light, The conclusion thus ob- 
tained serves bite a the confusion arising in the use of 

a common lense; he shows that with homogeneous 

there ia one distinct focus, with mixed light an i 
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number of foci, which prevent a clear view from being ob- 
tained at any point. 

hae Rape png sor rey op ene eg 
sistence with which Newton follows out consequences 
of a preconceived theory, and tests the one notion wed 
wonderful variety of aimple il with fact. eo 
ease: oe ee athe len eens ee fore- 
sees the results, subsequently v , produces an insuper- 
able conviction in the reader that he has possession of the 
woth. And itis certainly the theory which leads him to 
the experiments, most of which could hardly be devised by 
accident. Newton actually remarks that it was by mathe- 
matically determining all ‘kinds of phenomena of colours 
which could baymodcal by refraction that he had “in- 
vented” almost; all the experiments in the book, and he 
promises that others who shall “angue truly,” and try the 
Sepadinanty with care, will not be disappointed in the 
results, 

The philosophic method of Huyghens was the same as 
that of Newton, and Huyghons’ investigation of double 
refraction furnishes almost equally beautiful instances of 
thoory guiding experiment, 20 far as we know double re- 
fraction was first discovered by accident, and was described 
by Frasmus Bartholinus in 1669. Tho Phesomendy then 


appeared to be entirely exceptional, and the laws governing 
the two of the refracted rays were so unapparent 
and complic i, that Newton altogether misunderstood the 


phenomenon, and it was only at the latter end of the last 
centary that scientific men began to comprehend its laws. 
Nevertheless, Huyghens had, with rare genius, arrived 
at the true theory as early as 1678. He regnrded light 
as on undulatory motion of some mediam, and in his 
Traité de la Lumitre he yee out that, in ordinary 
refraction, the ‘velocity ation of the wave is 
equal in all directions, so that the front of an advanci 
wave is spherical, and reaches equal distances in equ: 
times, But in ele as he supposed, the medium would 
‘be of unequal icity in different directions, so that a 
disturbance would reach unequal distances in equal times, 
and the wave produced would have « spheroidal form, 


' \ + Opiicks, Vict, part ii, Prop. 3. 3rd ed. p. 185. 


685 THE PRINCIPLES OF SOTBNCR. [omar 
Tuyghens was not satistied with an unverified 





with what is eon observed. And this ele it is 
jitions and 

ciples; but what I am going to ad confirms 

cutting this crystal, in which the surfaces produced 


Thad foreseen them, according to the preceding theory.” 
Newton's mistakon corpuscular theory of + caused 

the Paacries and experinienias of Huyghens to be Siregarted 

for moro than a century; but it is not easy lacie 

more beautiful or atin application of the true 

of inductive investigation, theory ee experiment, ae 

yet wholly relying on experiment for confirmation. 


Cundour and Courage of the Philocophic Mind. 


Perfect readiness to reject a theory inconsistent with 
fact i3 a primary requisite of the Pulpspblares mind. bee 
would be a mistake to suppose that this cando 
Be akin to fickleness ; spn) ae ope, median ret 

theory may be combined with a pe 

a courage in maintaining an peed as long ag ite 
falsity is not actually apparent, There must, ind be no 
prejudice or bias distorting the mind, and causing it to pass 
over the unwelcome results of experiment. There must be 
that scrupulous honesty and flexibility of mind, which 
assigns adequate value to all evidence ; indeed, the more & 
man loves his pat, the more scrupulous should be his 
attention to its fa ct w if common in life to pet 
with some theoriat, who, ong cogitation over a si 
theory, has allowed it to mould bia mind, and render him 
incapable of receiving anything but as a contribution to He 
truth of his one theory. A narrow and intense course 

Senge may sometimes lead to great results, but the Hip 

tion of a wrong theory at the outset is in such a mind irre- 
trievable. The man of one idea has but a single chance of 








I have not abandoned them hastily, nor, till after 
warm and obstinate defence, [ was driven from every 
my 


tions of this tenacity of the phil hic mind. 
candid in rejecting eds pores 
Kee ay pe on meta One of bis favourite 
notions resulted in a brilliant discovery; another remains 
‘im doubt to the present day. 

The Philosophie Character of Faraday. 
In Faraday's roscarches the connection of 
magnetism and light, we find an lent instance of the 
pertinacity with which a favourite theory may be pursued, 
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80 long as the results of experiment do not clearly negative 


attempted to iuce an effect upona ray of polarised s 
‘by passing it through water mood etme the Sek 
voltaic battery; but he was obliged to record that not the 
slightest effect: was observable. During many’ years) the 
aubject, we are told,* rose again and agai to hia Tt 
no failure could make him relinquish his search after 


yet he did not desist, Ieavy glass, a transparent medium 
of great refractive powers, composed of borate of lead, was 
now tried, being het between the poles of a powerful 


heavy glass so that contrary magnetic poles were on. tho 
same side, and now an eflect was witnessed. The glass 
was found to have the power of twisting the plane of 
Be aid anon apeoal 
‘araday's thoughts upon this i- 
ment are replete with iueidea ieee He attributes his: 
success to the opinion, almost nmounting to a conviction, 
that the various forms, under which the forces of matter 
are made manifest, have one common origin, and are so 
directly related and mutually dependent that they are 
convertible, “ This strong persuasion,” he says? “ extended 
to the powers of light, and led to many exertions having 
for their object the discovery of the direct relation of light 
and electricity. These inoffoctual exertions could not 
remove my strong persuasion, und I have at last suce 


2 Bence Jones, Li) Foyaday, vol. i, 
By ree iraeat od at oe) 
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1 
a 
he wrote in his laboratory book,—" Gravity. ec 
force must be capable of am experimental relation to elec- 
Seip manmesand the forces, so as to bind it 
pe h them in reciprocal action and equivalent effect 1” + 
filled twenty paragraphs or more with reflections and 
suggestions, as to the mode of treating the subject by ex= 
eriment. He anticipated that the mutual approach of 
wo bodies would develop electricity in them, or that a 
body fulling through « conducting helix would excite a 
Sorrack SLAM direction as the motion was reversed. 
« All this is @ dream," he remarks ; “still examine it by a 
few experiments, Nothing is too wonderful to be true, if 


1 See alvo his more formal ntaternent in tho Keperimental Researchea 
du Electricity, 24th Series, § 2702, vol. ti p. 161. © 











gravity would come into play; he pi to himaelf the 
se 


planets and the comets cl ives as they op- 
proach the sun; cascades, rain, rising vapour, 

currents of the atmosphere, the fumes of a volcano, 
smoke in a chimney become so many electrical machines. 
A multitude of events and ch: in the atm 
seam to be at tore; ciacaled te ieuatiaalonee 
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moment his reveries have the vividness of fact. “I think 
we have been dull and blind not to have suspected some 
be ean and he a up rapidly the vache os 
great but imaginary } am entirely new mi 
exciting heat or ekity, ai eatttely new relsklodieS the 
forces, an analysis of gravitation, and a justification 
of the conservation of force. 

Such were Faraday’s fondest dreams of what might be, 
and to many « philosopher they would have been euificient 
basis for the ii ‘a great book. But Faraday's 

wi his full control; as be himself 

says, “Let the imagination go, guarding it judgment: 
Rexiopelaed é, and holding itn and ree epee 
ment.” His dreams soon took a very practical form, and 
for many Bae he laboured with ceaseless energy, on the 
stairease of the Royal Institution, in the clock tower of the 
Touses of Parliament, or at the top of the Shot Tower in 
Southwark, raising and lowering heavy weights, and com- 
bining electrical helices and wires in every conceivable 
way. His skill and long experience in experiment were 
severely taxed to eliminate the effects of the earth's mag- 
netism, and time after time he suved himself from accepting 
mistaken indications, which to another man might have 
conclusive verifications of his theory. When all 

was done there remained absolutely no results, “The 
i " he says, ‘‘were well made, but the results 

are negative;” and yet, he adds, “T cannot accept them as 
conclusive.” In this position the ion remains to the 
day ; it may be that the effect was too slight to be 

or it may be that the arrangements adopted were 

nob suited to develop the icular relation which exists, 
just as Oersted could not detect electro-magnetism, so Jong 
‘ag his wire was perpendicular to the plane of motion of his 
needle, But these are not matters which concern us 
further here, We have only to notice the profound con- 
vietion in the unity of natural laws, the active powers of 
and imagination, the unbounded licence of theo- 

rising, combined above all with the utmost diligence in 
area verification which this remarkable research 


BOOK Y. 


GENERALISATION, ANALOGY, AND 
CLASSIFICATION, 





CHAPTER XXVIL 
GENERALIZATION, 


T wave endeavoured to show in preceding chapters that 
all inductive reasoning is an inverse application of de- 
ductive reasoning, and consists in demonstrating that the 
consequences of certain assumed laws agree with facta af 
nature gathered by active or passive observation. The 
fundamental process of reasoning, as stated in the outset, 
consists in inferring of a thing what we know of similar 
objects, and it is on this principle that the whole of deduc- 
tive reasoning, whether simply logical or mathematico- 
logical, is founded. All inductive reasoning must be 
founded on the same principle, Tt. might seem that by 
plain use of this principle we could ayoid the complicated 
processes of induction and deduction, and argue direct] 

from one particular case to another, as Mill proposed. If 
the Earth, Venus, Mars, Jupiter, and other planets move 
in elliptic orbit, cannot we dispense with elaborate pire- 
cautions, and assert that Neptune, Ceres, and the last 
discovered planet must do so likewise? Do we not know 
that Mr, Gladstone must dic, because he is like other 
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men? Mi: ahrghay tac poeqers ee 
therefore be ranstt Is it 


pee jeral proposition ‘all men must die,” and then 


juisite to ascend, by induction 


by deduction from that general proposition to the 
case of Mr, Gladstone? My answer undoubtedly is’ that 
we must axcend to general propositions. The fundamental 
principle of thesubstitation of eimilars givea us no warrant 
in affirming of Mr, Gladstone what we know of other men, 
because we cannot be sure that Mr. Gladstone is exactly 
similar to other men. Until his death we cannot be per- 
fectly sure that he possesses all the attributes of other 
mon ; it is a question of probability,and 1 have endeavoured 
to explain the wode in which the theory of probability is 
applied to calealate the probability that from a series of 
sinilar events we may infer the recurrence of like events 
under identical circumstances, There is then no such 
proceas as that of inferring from particulars to particulars, 
A careful analysis of the conditions under whieh such an 
inference appears to be made, shows that the process is 
really a general one, and that what is inferred of a par- 
ticular case might be inferred of all similar cases, All 
reasoning is essentially general, and all science implies 


generalisation. In the very birth-time of philosophy this 
was held to be 80: “Nulla scicntia eat do ravelety sed 


de solis universalibus,” was the doctrine of Plato, delivered 
by Porphyry. And Aristotle? hold a like opinion— 
Oddepla & réyvy cxowe! 7d Kal” Seactov... 7d be xab™ 
Txacrov direipov ea ote tmotprov, “No art tronts of 
particular cases; for particulars are infinite and cannot be 
known.” No one who holds the doctrine that reasoning 
may be from particulars to particulars, can be supposed 
to have the most radimentary notion of what constitutes 


reasoning and science, 


At the same time there can be no doubt that practi- 
eally what we find to be trne of many similar objects will 
probably be true of the next similar object. This is the 
result to which an analysis of the Inverse Method of 
Probabilities leads us, and, in the absence of precise data 
from which we may calculate probabilities, we are usually 
obliged to make a rough assumption that similars in some 


1 Aristotle's Thetorié, Liter 12.01. 
aat 
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respects are similars in other respocts. ‘Thus it comes to 
paes that a lange part of the rensoning processes in which 
scientific men are srenees consists in detecting similarities 
between objects, ani n rudely osauming that the like 
similarities will be detected in other cases. 


Distinction of Goneratisation and Analogy, 


There is no distinction but that of degree between what 
is known as reasoning by generalisation and reasoning by 
analogy, Tn both cases from certain observed resemblances 
we infer, with more or less probability, the existence of 
other resemblances, In generalisation the resemblances 
have great extension and usually little intension, whereas 
in analogy we rely upon the great intension, the ex- 
tension being of small amount (p. 26). If we find that the 
qualities A and-B are associated together in a great 
a instances, and have never been found separate, it is 
highly probable that on the next occasion when we moct 
with A, B will also be present, and wice verad. Thus 
wherever we meet with an object ponteselng gravity, ft is 
found to inertia also, nor havo we met with any 
material oljects possessing inertia without discovering that 
they alao possess gravity. The probability has therefore 
become very great, as indicat les founded on 
the Inverse Method of Probabilities (p. 257), that whenever 
in the fatare we meet an object possessing either of the 
properties of gravity and inertia, it will be found on 
examination to possess the other of these pi ies. 
This is a clear instance of the employment of generalisation. 

Tn analogy, on the other haat we reason from likeness 
in many points to likeness in other points, The qualities 
or points of resemblance are now numerons, not the 
objects. At the poles of Mars are two white epots which 
resemble in many respects the white regions of ice and 
snow at the poles of the earth, There probably exist no 
other similar objects with which to compare these, yet the 
exactness of the resemblance enables us to infer, with high 

robability, that the spots on Mars consist of ice and snow, 
th short, many points of resemblance imply many more. 
¥rom the appearance and behaviour of those white 
we infer that they have all the chemical and physical 





a 
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properties of frozen water. The inference is of course only 
probablo, and. based upon the improbability that aggrogates 
of many qualities should be formed in a like manner in 
two or more enses, without being due to some aniform 
condition or cause. 

In reasoning by analogy, then, we observe that two 
objects ABCDE.....and ABCDE ..... have 
many like qualities, as indicated by the identity of the 
letters, and we infer that, since the first has another 
quality, X, we shall discover this quality in the second case 
by sufficiently close examination, As Laplace saya,— 
“ Analogy ia founded on the probal ee that similar things 
have causes of the same kind, and produce the same effects. 
The more perfect this similarity, the greater is this pro- 
bability,"! The nature of analogical inference is aptly 
described in the work on Logic attributed to Kant, where 
the ralo of ordinary induction is stated in the words, “ Hines 
in vielen, also in allen,” one quality in many things, there~ 
fore in oll; and tho rule of analogy is “ Vieles in exnem, also 
auch das tbrige in demselben* many (qualities) in one, 
therefore also the remainder in the same. It is evident 
that there may be intermediate cases in which, from the 
identity of a moderate number of objects in several pro- 
perties, we may infer to other objects, Probability must 
rest either upon the number of jastances or the depth of 
resemblance, or upon the occurrence of both in sufficient 
degrees. What there is wanting in extension must be 
made up by intension, and vice versd, 








Two Meanings of Generatisation, 


‘Tho term genecralieation, ag commonly used, includes two 
processes which are of different character, but are often 
closely associated together, In the first place, we generaliaa 
when we recognise even in two objects a common nature. 
We cannot detect the slightest similarity without opening 
the way to inference from one cuse to the other, If wa 
compare a cubical crystal with a regular octahedron, there 
is little apparent similarity; but, ag soon as we perceive 


» Bewak Philoaoy aur Lex Probabititds, p. 86, 
2 Kant’s Logit, § 84, Konigberg, 200, y. 2+ 
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that either can be iced by the symmetrical modification 
of Sniphianies tates ees sent 


emell, reset clectric be ec strokes of lightning, mea | 
the slow com een phosphorus, was noticed by: 
bein, There was a time whon the rainbow wae an 
inexplicable phenomenon—a portent, like a comet, and a 
cause of superstitious hopes and fears. But we find the 
truo spirit of acience in Bacon, who desires us to 
r the objects which present the same colours ax the 
rainbow; he mentions hexagonal crystals from. ae ond 
India, but he bids ws not suppose the henge 
ig essential, for similar mp may be detected in many 
transparent stones, Drops of water scattered by the oar 
in the sun, the spray from a water-wheel, = pret 
lying on the grass in the summer morning, all 
similar phenomenon. No sooner have we grouped 
these apparently diverse instances, than we have begun to 
generalise, and have acquired a Liste) of f applying to one 
instance what we can detect of we do 
nob a] the knowled, soars to new aes merical our com= 
ner te of those nieaty observed is greatly strengthened 
and deepened by learning to view them as particular cases 
of a more general property. 

A second process, to which the name of generalisation 
is often given, consists in passing from a fact or partial law 
to a multitude of unexamined eases, which we believe to 
ba subject to the same conditions, Instead of merely 
recognising similarity as it is brought before us, we predict 
ite ae before our senses can be it, bo that 

eralisation of this kind endows us with a 

ieee of more or less probability. Having pda 
many substances assunie, like water and mereury, the three 
states of solid, liquid, and gas, and having assured ourselves 
hy frequent trial that tho greator the moans wo possess of 
heating and cooling, the more substances we can vaporise 
and freeze, we puss confidently in advance of fact, and 
assume that all substances are capable of these three = 
Such a generalisation was accepted by Lavoisier and 

Laplace before many of the corruborative facts now in our 
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possession were known. The reduction of a single comet 
beneath the sway of gravity waa porns g icine’ 
indication that all comets obey the samo power, Fow 
persons doubted that the law of gravity extended over the 
whole heavens; certainly the fact that a few stara ont of 
many millions manifest the action of gravity, is now held 
to bo sufficient evidence of its general extension over the 
visible universe, 


Value of Generatisation. 


Tt might seem that if we know particular facts, there can 
be little use in connecting ther together by a general Law. 
The particulars must be more full of useful information 
than an abstract general statement. If we know, for 
instance, the properties of an ellipse, a circle, pastels; 
and hyperbola, what is the use of learning alll these pro- 
pertivs over again in the general of curves of the 
second degree? If we understand the phenomena of sound 
and light and water-waves soparsialgs what is the need of 
erecting a general theory of waves, which, alter all, is 
inapplicable to pructice until resolved again into particular 
cases? But, in reality, we never do obtain an adequate 
knowledge of purtiouluns until we regard them ms cases of 
the general. Not only is there a singular delight in die- 
covering the.many in the one, and the one in the many, 
but there is a constant interchange of light and ape 
Properties which are unapparent in the hyperbola may 
readily, observed in the ellipse. Most of the complex 
relations which old geometers discovered in the circle will 
be reproduced mutatis mutandis in the other conic sections, 
‘The undulatory theory of light might have been unknown 
at the present day, had not the theory of sound supplied 
hints by analogy, The study of light has made known 
many phenomena of interference aud polarisation, the 
existence of which had harily been suspected in the case 
of gound, but which may now be sought ont, and perhaps 
found to possess unexpected interest. The careful study 
of water-waves shows how waves alter in form and velocity 
with varying depth of water, Analogous changes may 
some time be detected in sound waves. Thus there is 
mutual interchange of aid. 


' 
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tudy of « generalisation or extension,” De 
well said“ gives additional power over the 

ticular form by which the generalisation is suggested. 
Kotody who has ever returned to quadratic equations 
after the study of equations of all degrees, or who has 
done the like, will y my assertion that ob Arére 
8Xérwv may be predicated of any one who studies a branch 
or a case, without afterwards making it part of a 
whole, Accondingly it is always worth while to gener- 
alise, were it only to give power over the particular, This 
principle, of daily familiarity to the mathematician, is 
almost unknown to the logician.” 


Comparative Generality of Properties. 

Much of the value of science depends upon the know- 
ledge which we gradually ke of the different a 
of generality of properties and phenomena of various kinds. 

he use of science consists in enabling us to act with 
confidence, because we can foresee the result. Now this 
foresight must reat upon the knowledge of the powers 
which will come into play, ‘Thnt knowledge, indeed, can 
never be certain, because it rests upon imperfect induc- 
tion, and the most confident belicfs and predictions of the 
physicist may be falsified. Nevertheless, if we ahi 
estimate the probability of each belicf according to 
dus teaching of the data, and bearin mind that pthc 
when forming our anticipations, we shall ensure the mini- 
mum of disappointment. Even when he cannot exactly 
apply the theory of probabilities, the physicist may acquire 
the habit of roaking judgments in general agreement with 
ita principles and results, 

Such is tho constitution of nature, that tho physicist 
learns to distinguish those properties which have wide 
and uniform extension, from those which vary between 
case and case. Not only are certain laws distinctly laid 
down, with their extension carefully defined, but a seien~ 
tifle training gives a kind of tact in judging how far other 
laws are likely to apply underany particular circumstances. 
We learn by degrees that crystals exhibit phenomena de 





1 Syllabus of a Propowd System of Logic, p. 34 
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jing upon the directions of the axes of elasticity, which 
epee} mv oxpedt in uniform aolids. Liquide, compared 
even with non-crystalline solids, exhibit luws of far less 
complexity and variety; and gases assume, in 
respects, an aspect of nearly complete uniformity. To 
‘trace out the branches of science in which varying 
of A seetarh prevail, would be an ae of great interest 
and importance ; but want of space, if there were no other 
reason, would forbid me to attempt it, oxcopt in a vory 

ight manner. 

jases, #o far as they are Sora #, not only have 
exactly the same properties in all directions of space, but 
one gas exactly resembles other 8 in many qualities. 
All gases expand by heat, according to the same law, and 
by nearly the same amount; the specific heats of equiva- 
lent weights are equal, and the densities are exactly pro~ 
portional to the atomic weights. All such gases obey the 
general Jaw, that the volume multiplied by the pressure, 
and divided by the absolute temperature, is constant or 
nearly so. The laws of diffusion and transpiration are the 
samo in all cases, and, generally speaking, all physical 
Jaws, as distinguished from chemical laws, apply equally 
to all gases, Even when gases differ in chemical or pee 
sical-properties, the differences are minor in degree. Thus 
the differences of viscosity are far lesa marked than in the 
liquid and eolid states. Nearly all gases, agnin, are colour~ 
less, the exceptions being chlorine, the vapours of iodine, 
bromine, and a hacia enki - = 

Only in one single point, so far as I am aware, do gases 

present, distinguishing marks unknown or reat 80, in the 
solid and liquid states. I mean as the light given 
off when incandescent. Each gas when sufficiently heated, 
yields ite own peculiar series of rays, arising from the froa 
ee tee ent parts of the molecules. Hence 
the possibility isti hing gasea by the spectroscoy 
But the molecules of salids rer liquids appeeis be se 
tinually in confliet with each other, so that only a confused 
noise of atoms is produced, instead of a definite series of 
luminous chords. At the same temperature, Lis 
all solids and liquids give off nearly the same rays wl 
strongly heated, and we have in this case an exception to 
‘he greater generality of properties in gases. 
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Tn some cases substances exhibit the same physical pro- 
perties in the liquid as in the solid state. Lead has a high 
Tefmoti owen, Sep solution, or in we ve 
oryst ‘or vitreous, @ magnetic power is 
conspicuous, whatever be ita chemical condition ; indeed, 
the magnetic properties of substances, though varying 
with temperature, seem not to be greatly affected by other 
physical antes Colour, absorptive power for heat or 
light rays, und a few other properties are also often the 
same in liquids and gases, ine and bromine possess a 
deep colour whenever they are chemically uneombined. 
Nevertheless, we can geldom argue safely from the pro- 
perties of a substance in one condition to those in another 
condition. Ice is an insulator, water a conductor of 
electricity, and the same contmst exists in most other 
substances. The conducting power of a liquid for elec- 
tricity increases with the temperature, while that of a solid 
decreases. By degrees we may leam to distinguish 
between those properties of matter which depend upon the 
intimate construction of the chemical molecule, and those 
whieh depend upon the contact, conflict, mutual attraction, 
or other relations of distinct molecules, The properties 
of a substance: with t to light seem generally to 
depend upon the molecule; thus, the power of certain 
substances to cause the plane of polarisation of a may of 
light to rotate, is exactly the same whatever be ita d 

density, or the diluteness of the solution in which it is 
contained. Taken as awhole, the physical properties of 
substances and their quantitative laws, present a problem 
of infinite complexity, and centuries must elapse before any 
madersaly complete generalisations on the subject become 
possible, 





Uniform Proporties of alt Matter. 


Some laws are held to he true of all matter in the 
universe absolutely, without exception, no instance to the 
contrary having ever been noticed, This is the case with 
the laws of motion, ag laid down by Galileo and Newton, 
It is also conspicuously true of the law of universal gravi- 
tation, The rise of modern physical science may perhaps 
be considered as beginning at the time when Galileo 
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showed, in opposition to the Aristotelians, that matter is 
equally affected by gravity, irrespective of its form, 
magnitude, or texture. All objects full with equal rapidity, 
when disturbing causes, such as the resistance of the air, 
are removed or allowed for. That which was rudely 
demonstrated by Galileo from the leaning tower of Pisa, 
was proved by Newton to a high degree of approximation, 
in an experitnent which has been mentioned (p. 443). 

Newton formed two pendulums, as nearly as possible the 
same in outward shape and size by taking two equal round 
wooden boxes, and suspending them by equal threads, 
eleven feet long. The pendulums were therefore equally 
subject to the resistance of the air, He filled one box 
owith wood, and in the centre of oscillation of the other he 
placed an equal weight of gold, Tho pendulums were then 
Sefasl inc cwalgtit aa orellfen fuels aod, fort eating nen 
situultancously in motion, Newton found that they vibrated 
fora longth of time with equal vibrations. He tried the 
sume experiment with silver, lead, glass, sand, common 
salt, water, and wheat, in place of the gold, and ascertained 
that the motion of his pendulum was exactly the same 
whatever was the kind of matter inside He considered 
that a difference of a thousandth part would have been 
apparent. ‘Che reader must observe that the pendalums 
were made of equal weight only in order that they might 
suffer equal retardation from the air. The meaning of the 
experiment is that all substances manifest exactly equal 
acceleration from the force of gravity, and that therefore the 
inertia or resistance of matter to force, which is the only 
independent measure of mass known to us, is always 
proportional to gravity. 

Those experiments of Newton wore considered conclu 
sive up to very recent times, when certain discordances 
between the thi and observations of the movements 
of planets led Nicolai, in 1826, to suggest that the equal 
gravitation of different kinds of matter might not be 
absolutely exact. It ig perfectly philosophical thus to 
call in question, from time to time, some of the best 
aveepted laws, On this occasion Bessel carefully 
the experiments of Newton with pendulums composed of 


1 Principia, bl, iii, Prop, VI, Motte's translation, vol. dip, 220, 
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ivory, glass, marble, quartz, meteoric stones, éc., tmt was 

le to detect the least difference. This conclasion is 
also confirmed by the ultimate of all the calou- 
lations of physical astrono! ed upon it Whether 
the masa of Jupiter be calet from the motion of its 
own satellites, from the effect upon the small planets, 
Vesta, Juno, &e., or from the perturtation of Encke's 
Comet, the resulta are closely accordant, showing that 
precisely the same law of gravity applies to the most 
different bodies which we can observe, The parity of 
a body, again, appears to be entirely independent of its 
other physical conditions, being totally unaffected by 
any alteration in the temperature, density, electric or 
magnetic condition, or other physical properties of the 
substance, 

One doxical result of the law of equal gravitation 
is the theorem of Torricelli, to the effect that all liquids 
of whatever density fall or flow with equal rapidity, If 
there be two equal cisterns respectively filled with mer- 
eury and water, the morcury, though thirteon times aa 
heavy, would flow from an aperture neither more rapidly 
nor more slowly than the water, and the same would be 
true of ether, alcohol, and other liquids, allowance being 
made, however, for the resistance of the air, and the 
differing viscosities of the liquids. 

Tn its exact equality and its perfect independence of 
all cireumstances, except mass and distance, the force of 
gravity stands apart from all the other forces and pheno- 
mena of nature, and has not yet been brought into any 
relation with them except through the general principle 
of the conservation of energy. Magnetic attraction, as 
remarked by Newton, follows very different laws, de- 
pending upan the chemical quality and molecular struc- 
ture of each particular substance, 

We must remember that in saying “all matter ae 
tates,” we exclude from the term matter the basis of light= 
undulations, which is immeneely more extensive in amount, 
and obeys in many respects the laws of mechanics. This 
adamantine substance appears, go far as can be ascertained, 
to be perfectly uniform in its jes when existing in 
space unoccupied by matter, Light and heat are conveyed 
by it with equal velocity in all directions, and in all pasta 
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of space so far as observation informs us. But the presenee 
of gravitating matter modifies the density and mechanical 
properties of Ue soil ether in a way wich is yot 
quite unexplained.? 

Living gruvity, itis somewhat difficult. to discover 
other laws which are equally true of all matter. Boer- 
haave was considered to have established that all bodies 

expand by heat; but not only is the expansion very dif- 
ferent in different substances, but we now know positive 
exceptions. Many liquids and a few solids contract by 





heat at certain temperatures, There are indeed other* 


relations of heat to matter which seem to be universal 
and uniform; all substances begin to give off rays of light 
ab the same temperature, according to the law of 

and gases will not be an exception if sufticiently condensed, 
as in the experiments of Frankland. Grove considers it 
to be universally true that all bodies in combining produce 
hevt ; with the doabtfal exception of sulphur ond sata 

all solids in becoming liquids, and all liquids in presse os 
ues, absorb heat; but the quantities of hoat absorbed 
vary with the chemical qualities of the matter. Carnot’s 
Thermodynamic Law isheld tobe exactly true of all matter 
without distinction ; il expresses the fact that the amount 
of mechanical energy which might be Mapalhence bre 
from a certain amount of heat ener is only upon 
the change of the temperatures, so fee ether an engine 
be worked by water, air, aleohol, ammonia, or any other 
substance, the result would theoretically be the same, if 
the boiler and condenser were majucalned at similar 
temperatures, 


Variable Propertics of Matter. 


I have enumerated some of the few propertics of matter, 
which are manifested in exactly the same manner by all 
substances, whatever be their differences of chemical or 
physical constitution. But by far the greater number of 


* Professor Lovering has painted out how obscure and uncertain 
the ideas of scientific mea about this ether an, in his int 
Presidential Addis before the American Association at 

B74. A@linany Townal, Outer 1876 yaar PA 
Magacine, vol. xlviii. p 
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ualities vary in degree; substances are more or less 
ae more or less transparent, more or less compressible, 
more or less magnetic, and so on. One common result of 
the progress of science ia to show that qualities supposed 
to be entirely ubsent from mauy substances are present 
only in so low a dey of intensity that the means of 
detection were insufficient. Newton believed that most 
bodies were quite unaffected by the magnet; Faraday and 
‘Tyndall have rendered it very doubtful whether any sub- 
stance whatever is wholly devoid of magnetism, inclading 
under that term diamagnetiszm. We are rapidly learning 
to believe that there are no substances absolutely opaque, 
or non-conducting, non-electric, non-elastic, nan-viscous, 
non-compressible, insoluble, infusible, or non-volatile. All 
tends to a matter of degree, or sometimes of direc- 
tion. There may be some substances oppositely affected 
to others, as ferro-magnetic substances are oppositely 
affected to diamngnetics, or as substances which contract 
by heat are opposed to those which expand; but the 
tendency is certainly for every affection of one kind of 
matter to be represented by something similar in other 
Kinds. On this account one of Newton's rules of philor 
sophising seema to loge all validity; he said, “Those 
qualities of bodies which are not capable of being 
heightened, and remitted, and which are found in all 
es on which experiment can be made, must he con- 
sidered a8 universal qualities of all bodies.” As faras I 
can gee, the contrary is more probable, namely, that 
qualities variable in degree will be found in every sub- 
stance in a greater or less degree, 
It is remarkable that Newton whose method of investi- 
gation vas logically perfect, seemed incapable of generic 
and describing his own procedure, His colebrated 
“Rules of Reasoning in Philosophy,” described at the 
commencement of the third book of the Principia, are 
of questionable truth, and still more questionable value, 


Extreme Instances of Propertios. 
Although substances usually differ only in degree, great 
06 which auifost 


interest may attach to particular substances w! 
4 property in a conspicuous and intense manner, Every 


608 THE PRINCIPLES OF SCIENCE. omar. 





‘branch of physical science has usually been developed from 
the Satna forcibly drawn to some si substance. 
Just as the loadstone disclosed magnetism and amber 
frictional electricity, so did Iccland spar show the existence 
of double refraction, und sulphate of quinine the plieno- 
menon of fluorescence. When one euch startling instance 
has drawn the attention of the scientific world, numerous 
less remarkable cases of the phenomenon will be detected, 
and it will probably prove that the property in queation is 
actually universal to all matter. Nevertheless, the extreme 
instances retain their interest, partly in a historical point 
of view, partly because they furnish the most convenient 
substances for experiment, 

Francis Bacon was fully aware of the value of such 
examples, which he called Ouensive Instances or Light= 
giving, Free and Predominant Instances. “ They are those,” 
he says) “which show the nature under investi 
naked, in an exalted condition, or in the highest 
of power; freed from impediments, or at least by its 
strength predominating over and suppressing them." He 
mentions quicksilver as an ostensive instance of weight or 
density, thinking it not much less dense than gold, and 
more remarkable than gold as joining density to liquidity. 
The maguet is mentioned as an ostensive instance of 
attraction, It would not be easy to distinguish 
between these ostensive instances and those which he calls 
Instantiae Monodicae, or Irregulars, or Heteroclitae, wader 
which he places whatever is extravagant in its properties 
or magnitude, or exhibits least: similarity to other things, 
such as the sun and moon among the heavenly bodies, 
elephant among animals, the letter s among letters, or the 
Maguet among stones.” 

optical science great use has been made of the high 
dispersive power of the transparent compounds of lead, 
that is, the power of giving a long spectram (p. 432). 
Dollond, having noticed this peculiar dispersive power in 
Tenses made of flint glass, employed them to produce an 
achromatic arrangement. The element strontium presents 
4 contrast to lead in this respect, being characterised by a 
remarkably low dispersive power; but I am not aware 
that this property has yet been turned to account. 


+ Novum Urganwm, bie, i Aphorioms, 24,25,  * Ibid. Aph. 28, 
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higher surface tension than any other substance, 


urpassed in* absoli maion only 5 and 
would not bo diffoulttooxtand pectin thelist of ita 


remarkable and useful properties, 

Under extreme instances we may include cases of re- 
markably low pawren or epesiisins Such cases seem to 
correspond to what Bacon calls Clandestine Instances, which 
exhibit a given nature in the least i ity, and as it 
were in a rudimentary state* They may often be im- 
portant, he thinks, as allowing the detection of the cause 
‘of the property by difference, I may add that in some 
cases they may be of use in experiments. 
is the least dense of all known substances,and has the least 
atomic weight. Liquefied nitrous oxide has the lowest 
refractive index of all known fluids* The compen of 

Tt is ol 


strontium have the loweat di ive power. sbvious 
Satie peels chawerday: may prove ns curious 
and valuable a phenomenon ag a property of very high 


The Detection of Continuity. 


We should bear in mind that phenomena which are in 
reality of a closely similar or even identical nat 
present to the sonses very different raineeaaces Without 
a careful analysis of the changes which take place, we may 
often be in danger of widely soparating facta and 
which are actually instances of the sume law. Extreme 
difference of degree or magnitude is a frequen’ cause of 


1 Philosophical Magasine, 4th Series, January 1876, vol, xxix, fe 
2 Novum Organum, bk. ii, Aphorism 25, 
2 Yaraday's “Boperimenial Hewarches io. Chemisiry ond Phyeicn, 
B93 
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of the vain ing [pore ad the cones 

have only to divi the ton tt xeaely sal 

to discover that it is aw rt of the 
two, and that it actually’ Gre epontenstualy aul Weiss 
like tinder, It is the excessive slowness of the process in 
oem massive piece of ion which disguises its real 
character, 

If Xenophon reports Soomtés was-misled by not 
making sufficient allowance for extreme differences of de~ 
| idee 2 and eee Anaxagoras held that the eun is a ries 

Deitiehtn oe ‘this opinion, on ir 

can look at a sahil nt peg ‘Plants prow 
by sunshine while are killed by fire. He also 

out thata stone heels in a fire is hey Tutninous, nasa 
cools, whereas the san ever remains equally luminous and 
hot! All such mistakes evidently arise from not perceiv= 
ing that difference of au may beso extreme as to 
assume the appearance of difference of quality, It is the 
least creditable thing we know of Socrates, that after point> 
ing out these supposed inistakes of earlier philosophers, he 
advised his followers not to study astronomy. 

Masses of matter of very different, size may be expected 


various intensity of the forces brought Many 
persons have thought it requisite to ere forces 


comparative resistance which the air opposes to the fall of 

ininute particles, to’see that all cloud particles: oe 

conatantly fa the air, but so slowly 

is no phe ral matter again is always re- 
led ag inert and inca) of spontangous movement. 
ee eee ett on erg le oe 

microscope, that every kind of solid matter suspended in 


© Memorabitia, tv. 7. ani 
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extremely minute betel in pure water, acquires an 
movement, often so marked as to resemble dan- 

cing or skipping. I conceive that this movement is due to 

the Paes eee intensity of chemical action when 

exerted upon mi ibepeatiaion, tha, aici lee eae | 

10,000 greater in proportion to mass than in fragments: 

of au inch diameter (p. 406). ] 

Much that was formerly obscure in the science of eloc- 
tricity arose from the extreme differences sf intel 

seria in which this form of energy manifests itself. 
Betwoet the brilliant explosive se dng ‘ota thunder-cloud 
and the gentle continuons juced by two pieces 
of metal and some dilute acid, mati is no apparent 
whatever, It was therefore a work of great importance 
when Faraday demonstrated the identity of the forces in 
action, showing that common frictional electricity would 
decompose water like that from the voltaic battery. The 
relation of the phenomena became plain when he succeeded 
in showing ame would meaning 800,000 citar ae re 

ttary to decompose one si 
a ree was now seen to be clecteieity of ex- 
cessively high tension, but extremely small ce the | 
difference being aomewhat analogous to that 
force of one million gallons of water uae ee 
foot, and one gallon of water falling thro one ae 
fect, Faraday estimated that one grain oe water acting on 
four grains of zinc, would yield electricity enough for a 
great thunderstorm, 

Tt was long believed that electrical conductors and in- 
sulators belonged to two opposed classes of substances. 
eexrecn thelt inconceivable zanidity ri which ca currenb 
passes tl re copper wire, @ apparent eee 
plete oe iwhioh i is Hes by a thin partition of 
gutta-percha or gum-lac, there seemed to be no resem~ 
blance, Faraday again laboured successfully to show that 
these were but the extreme cases of a chain of substances 
varying in all degrees in their powers of conduction, Even 
‘the best conductors, such as pure copper or silver, offer 
resistance to the electric current. The other Pair have 
considerably higher powers of resistance, and aap vs 
gradually down through oxides and sulphides. The 
insulators, on the other hand, allow of an ae induetion 
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which is the necessary antecedent of conduction. Hence 
Faraday inferred that whether we can measure the effect or 
not, all substances discharge electricity more or less" One 
consequence of this doctrine must be, that every 

of electricity produces an induced current. In the case of 
the common galvanic current we can readily detect the in- 
duced current in any parallel wire or other neighbourin; 
conductor, and can separate the opposite currents whi 
arise at the moments when the original current begins and 
euds. But a discharge of high tension electricity like 
lightning, though it certainly oceupies time and has x 
beginning and an end, yet laste so minute a fraction of a 
second, that it would be hopeless to atternpé to detect and 
separate the two opposite induced currents, which are 
nearly simultancous ond exactly neutralise each other. 
‘Thus an apparent failure of analogy is explained away, and 
we aro furnished with another instance of @ phenomenon 
inisapable of observation and yeb theoretically Known to 
exist, 

Perhaps the most extraordinary case of the detection of 
unsuspected continuity ia found in the crete! of 
niard de la Tour and "profesoor Andrews, that the tect 
and gaseous conditions of matter are only remote points in 
& continuous course of change, Nothing is at fitet sight 
more apparently distinct than the ph ical condition of 
water and aqueous vapour. At the boiling-polnt there is 
an entire breach of continuity, and the gas produced is sub- 
ject: to laws incomparably more simple than the liquid from 
which it arose. But Cagniard de Ja Tour showed that if 
we maintain « liquid under sufficient pressure ile ee 
point may be indefinitely mised, and yet the liquid will 
ultimately assume the gaseous condition with but a small 
increase of volume. Professor Andrews, recently following 
out this course of inquiry, has shown that liquid carbonic 
acid may, ab a particular ture (30°92 ©), and 
under the pressure of 74 atmospheres, be at the same time 
in a state indistinguishable from that of liquid and gas, 
At higher pressures carbonic acid may be made to 
from a palpably liquid state to a truly gaseous state without 


' vr Reacarches in Electricity, Series xii. vol. i 
+ Loos Faraday, vol Wee? ee 
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roximution to them haye been, observed in other liquids, 
there ia little doubt that we may make a wide genera- 
, and assert that, under adequate pressure, every” 


ar and gaseons conditions. There ste various in- 
Lis that Hospler pee hand patios! isnot perfectly abrupt 5 
and could experiments bo der adequate pressures, 
it is Telieved Ghat every slid goad. be made to pass by in 
sensible res into the state of liquid, and subsequently 
into that o! 


These eace appear to open the way to most im- 
portant and fundamental one) ‘but it ie probable 
that in many other cases phenomena now as dis- 


crete apy ai shown to be differont degrees of the same 
began raham was of opinion that chemical affinit 
Pere in degree from the creer Er oo 
he erent particlesrof a toget le 
sulphuric acid. continued Fares ero mixed even 
with the fiftieth equivalent of water, so that there seemed 
to be no distinot limit to chemical affinity, He concludes, 
“There ig reason to believe ‘that chemical affinity passes 
in its lowest di into the attraction of aggregation.” * 
‘The atomic ory is well established, but its Limits are 
not marked out, As Grove points out, we may ee 
selecting sofas high multipliews express any combi- 
nation or mixture of clementa in terns of their equivalent 
weights? Sir W. Thomson has suggested that power 
which vegetable fibre, oatmeal, and other substances possess 
of attracting and condensing aqueous vapour is probably: 
continuous, or, in fat, identical with capillary attection, 
which is capable of interfering with the pressure of aqueous 
vapour and aiding its condensation! There are many cases 
of so-called gatalytic or surface action, euch as the extra~ 


1 Noture, vol i. p. 278. 
: Tournal of the Gheicat | Sovety, vol. ih. 
Caereation Pie 


1 avtophlod! Magerin, qth Sion vol Sale ge 
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The Law of Continuity. 


Under the title of the Law of Contim 


wo 
many applications of the general principle of reasoning, 
Shahwhaads tne ef ond, cans wil-be tr 


toa certain point in time or i 
ie of probability that it will continue to be 


: 
i 


» <i ‘ 
‘ Peete 6! nc nade 128, 





wo 


perfect powers of observation the smallest finite 
would include an infinity of information, which, 
principles of the inverse method of probabilities, 
enable us to infer with certainty to the next 


til 

Hi 
i 
SEE 

Hi 

e234 

Hi 
ag 


force can produce motion, except in « finite space of time. 
The amount of momentum communicated to a body is 
eliarom to the accelerating force multiplied by the time. 

uring which it acts uniformly, Thus «slight force pro- 
ee velocity only by long-continued action, In 
@ po shock, like that of a railway collision, the stroke 
of a hammer on an anvil, or the discharge of a gun, the 


1 Philosophical Transactions, 1861. Chemisal ant Physteat Re- 
searches, J. 598. 
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time is very short, and therefore the forces 





ee peata le of continuity. Galileo is held to 
Ter the fit pldlosopr eee or i 

principle in his arguments concerning the nature of motion, 
Tnd it is certain that ‘we ean never by mero exporicnco 
assure ourselves of the truth even of the first law of motion. 
A material particle, we are told, when not acted on by 
extraneous will continue in the same state of rest or 
motion, This may be true, but a8 we can find no body 
which is free from the action of extraneous causes, how are 
we to prove it? Only by observing that the less the 
amount of those forces the more nearly is the law found to 
be trie, A ball rolled slong rough ground is soon stopped ; 


along a emooth pavement it continues | ‘in movement, 
A delicately suspended pendulum is ulmost free from 
friction tite pe bat it is gradually stopped by 


the resistance of the air; place it in the vacuous receiver of 
ieee ai eae ‘and we find tha motion much prolonged. A 
t like Jupiter experiences almost infinitely less, 
tion in comparison to its vast momentum, than we can 
es lace experimentally, and we find in such a ease that 
ere is not the least evidence of the falsity of the law. 


Experience, then, informs us that we may aj te 
et toa uniform motion by sufficiently i 
dist forces, Tt is an act of inference which 


oat ‘ug to travel on beyond experience, and assert that, 
in the total absence of any extraneous force, motion would 
be absolutely uniform. “The state of rest, again, is a 
limiting casé in which motion is infinitely small or zero, 
to which we may attain, on the principle of came by 
successively considering cases of slower and slower motion, 
There are many classes of Deine inewicile by 
gradually passing from the apparent to the obscure, we can 
assure ourselves of the nature of phenomena which would 
otherwise be a matter of great doubt. Thus we can suf- 
ficiently prove in the manner of Galileo, that a musical 
sound consists of uniform pulses, by causing strokes 











jipes, or their partial tones, prodace a tremor and 
ir sree arranges peter teerrinperrpre=t 


hear; some ae oataeeiat sounds too ees 
ears, and as there is nothing in the nature of the 

to prevent the existence of undulations far more rapid than 
any of which we are conscious, we may infer, by the principle 
of continuity, that such undulations probably exist. 

‘There aro many habitual actions which wo perform wo 
know not how. rapidly are acts of minds accomplished 
that analysis seems impossible, We can only investi, 
them when in process of formation, observing that the 
formed habit is slowly and continuonsly acquited, and it is 
in the early stages thab we can perceive the rationale of 
the process. 

Let it be observed that this principle of continuity must 
be held of much Knap orp pas me ems laws, those: 
which doubtless repose ultimately upon the simple laws of 
motion. If we fearlesaly apply the principle to all kinds 

~ of phenomena, we may often be right in our inferences, bat 
aleooften wrong. Thus, before the development of spectrum: 
analysis, astronomers had observed that the more they 
increased the powers of their the more nebulae 
they could resolve into distinct stars. This result had 
‘been so often. found true that almost. irresistibly 
ope as mat rere would be. ae resolved by 
telescopes of sufficient power ; nggins has in recent 
years proved by the fee rte certain nebule are 
actually gaseous, and in a truly nebulous state, 

‘The principle of eontinuity: must have been 
employed in the inquiries of Galileo, Newton, and other 
experimental philosophers, but it appears to have beem 
distinctly formulated for the firat.time by Laibnite, He at 
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title “Sur & explication des 

Loia-de 1a Nature.”+ Ib has indeed been asserted that the 
of Bacon i 


doctrine of the datens processus of Francis involyes 
the principle of continuity, but I think that this doctrine, 
like that of the natwres of substances, is merly a vague 
statement of the principle of causation, 


Fecilure of the Law of Continuity. 


‘There are certain cautions which must be given as to the 
lication of the principle of continuity. In the first 
eoetere le really holds true, it may seem. to 
fail to our imperfect means of observation. Though 


abruptness, Tie neganmaie tien cold ige, the 
absorption af heat, the  Peapeae cy anf he) dilatation of 
the ice vary according to apparently simple Jaws until we 


cania to. the neva of tha Orctigrada ape is 
then changed; an enormous al ‘ef pl 

without any rise of temperature, and the i Pa of the ice 
decreases as it changes into water. In= 
vestigated, thia change appears to be ly abrupt; but 
accurate observation seems to show is a certain 
forewarning ; the ice does not turn into water all at once, 
but_ throug! a small fraction of a the change is 


qmadaal. All the phgnejanns, 4 sneeey if measured very 


exactly, would be tars angular lines, but 
continuous curves, pa Sexe eget and we may 
probably assert with rng joa 
of ten aaa ry sramlne iy seeinarth ey te 

Gus though almost infinitesimally small, of th the 
apparently abrupt changes wh which was to occur at a higher 
bet oa Tt also be pointed out that the im- 
portant and simple physical laws, auch a those 
of Boyle t rater and Gay-Lussac, &o., are 


spur. spoon Aes from the 
rewarnings of abrupt changes, which 
would dBiareiee reel law of continuity. 
1 Bife o iW. Hemaltom 
2 
On ie Milt!” rhiowobn, w 201 Novwm 
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Secondly, it must be remeinbered that mathematical laws 
of some complexity will probably present singular cases or 
negative results, which may bear the appearance of discon- 
tinuity, as when the law of refraction suddenly yields us 
with perfect abruptness the phenomenon of total internal 
reflection, In the undulatery theory, however, there is 
no real change of law between refraction aud reflection, 
Faraday in the earlier part of his career found so many 
substances possessing se foe power, that he ventured on 
4 great generalisation, and asserted oe all le eae 
in the magnetic property of iron Hie mi ct) 
afterwards inoorerot eoitad in overlooking the fact 
that though magnetic in a certain gene, some substances 
have negative magnetism, and are repelled instead of being 
attracted by the magnet. 

Thirdly, where we might ect to find @ uniform 
mathematical law prevailing, the law may undergo abrapt 
change at singular points, and actual discontinuity may 
arise. We may sometimes be in danger of treating under 
one law phonomena which really belong to different laws. 
For instance, a spherical shell of uniform matter attracts 
an external particle of matter with a force varying im 
48 the equare of the distance from the centre of the sphere, 
But this law only olds true so as the particle is 
external to the shell. Within the 4] the law is wholly 
different, and the aggregate gravity of the sphere becomes 
zero, the force in every direction being neutralised by 
an exactly equal opposite force. If an infinitely small 
particle be in the superficies of « sphere, the law is again 
different, and the attractive power of the shell is half what 
it would be with regard to particles infinitely close to the 
surface of the shell, Thus in approaching the centre of a 
shell from o distance, the force of gravity shows double 
discontinuity in passing through the shell? 

It may admit of question, too, whether discontinuity is 
really unknown in nature. We perpetually do meet with 
events which are real breaks upon the previous law, though 
the discontinuity may be a sign that some independent 
cause has come inte operation. If the ordinary course of 


AVhomaon and Tsit, Treatise ow Natural Philosophy, vol L pp. 
Mo—351. 
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the tides is interrupted by an enormous irrogular wave, we 

* attribute it to an earthquake, or some gigantic natural dis- 
turbanee. Ifa meteoric stone falls upona mand kills 
him, it is clearly a discontinuity in his of which he 
could have bad no anticipation, A sudden sound may pass 
through the air neither preceded nor followed by any con- 
tinuous effect, Although, thon, wo may regard the Law of 
Continuity as a principle of nature holding rigorously true 
in many of tho relations of natural forces, it seems to bea 
snatter of difficulty to assign tha limits within which the 
Jaw is verified, Much caution ia required in its applica. 
tion, 





Negative Arguments on the Principle of Continuity, 


Upon the principle of combine we may sometimes 
found arguments of great force which prove an hypothesis 
to be impossible, because it would involve a continual re- 
petition of a process ad infinitum, or elge a purely arbitrary 

rench at some point, Bonnet's famous theory of reproduc- 
tion represented every living creature as containing germs 
which were perfect roprosentatives of the next generation, 
so that on the same principle they necessarily included 
germs of the next generation, and so on indefinitely. The 
theory was sufficiently refuted when once clearly stated, 
asin the following poem called the Universe, by Henry 
Baker :— 


“Bach soe incindes a plants that plasty pan, 
Has other coeds, which other plauts contain : 
‘Thooe other plants have all their eceds, and those 
More plants again, successively inclows, 

“Thus, ev'ry single berry that we find, 

Hina really. in fast -wola forerts of” dnd, 
diem an one acorn me 

By fleets to sal a thousand ages hence, 


The general principle of inference, that what we know 
of one case must be true of similar cases, so far as they 
are similar, pravents our asserting anything which we can~ 
not apply time after time under the same circumstances. 


* Philosophical Transactions (1740), vol. xli- p. 4544 








tion of energy is really proved, or can ever be 
te akectalelpp iranian wr rectulilai:inar! beteacctals 


Tendency to Hasty Generatization. 


In spite of all the and ads of i 
oe require oo tneenenb yea eee 
too apt to draw hasty and ill-considered inferences, As 
Francis Bacon eaid, our intellects want not wings, bat 


ently deacribed this strong natural propensity to hasvy 
inference, and the fondness of the human mind for tracing 
resemblances real or fanciful. “ Our first inductions,” he 
says? “are always imperfect and inconclusive; we advance 
towands real evidence by succesaive approximations ; and 
accordingly we find false generalisation the ing error 
of most first attempts at scientific research. The fueulty 
to generalise accurately and philosophically requires large 
caution and long training, and is not fully attained, espe~ 
elally in referonce to more goncral views, even by some 
who may properly claim the title of very accurate scientific 
observers in a more limited field. It ia an intellectual 
habit which acquires immense and accumulating force 
from the contemplation of wider res = a 
Hasty superficial generalisations have always 
the bane vf science, and there would be no difficulty in 


* Nooum ‘ble, r Aphoni 
2The Unity of Worlds andy Nature itp 146, 
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one satellite could to Saturn, because, with those of 
Jupiter ond the Eorth, it completed the perfect number of 
six. A whole series of other superstit and fallactes 
attach to the numbers six and nine. 

It is by false generalisation, again, that the laws of 
nature have been su ‘to possess that perfection which 
we attribute to simple forms and relations, The heavenly 
bodies, it was held, must move in cfreles, for the circle was 
tho porfoct figure, Nowton seemed to adopt the question- 
able axiom that nature always proceeds in the lest 
way ; in stating his first rale of philosophising, he vi 
“To this purpose the Pe hers say, that nature does 
nothing in vain, when Tess servi; for mature is pleased 
with simplicity, and affects not the pomp of superfluous 
causes.” Keill lays down * as an axiom that “The causes 
of natural things are such, as are the most simple, and are 
euflicient to explain the phenomena: for nature always 

roceeds in the simplest and most expeditious method ; 
use by this manner of operating the Divine Wisdom 
displays itself the more” Tf this axiom had any clear 
unds of truth, it would not apply to proximate laws; 
for even when tho ultimate law is simple the results may 
be infinitely diverse, as in the various elliptic, hyperbolic, 
parabolic, or circular orbits of the heavenly bodies Sim- 
icity is naturally agreeable to a mind of limited powers, 
ut to an infinite mind all things are simple. 

Every great advance in science consists in a great gene- 
ralisation, pointing out deep and subtle resemblances. 
The Copernican system was a generalisation, in that it 
classed the earth among -the planets; it was, as Bishop 
‘Wilkins expressed it, “ the discovery of a new planet,” but 
it was opposed by a more shallow generalisation. Those 
who argued from the condition of things upon the earth's 
surface, thought that every object must be attached to 
and rest upon something else. Shall the earth, they said, 
alone be 7 Accustomed to certain special results of 
byes they could not conceive its action under widely 

ifferent circamstances.® No hasty thinker could seize 
the deep analogy pointed out by Horrocks between a pen- 


a 1 bk. ili, ad énitium, 
2 to Natural FI 


4 Jeresia Horrooel Opa Pochume (Era vp 25 27 
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CHAPTER XXVIIL 
ANALOGY, 


As we have seen in the previous chapter, generalisation 
passes insensibly into reasoning by analogy, and the diffe- 
rence is one of degree. We are said togeneralise when we 
view many objects as agreeing in a few properties, so that 
the resemblance is extensive rather than deep, When we 
have only a few objects of thought, but are able to discover 
many points of resemblance, we argue by analogy that the 
correspondence will be even deeper than appears, It 
may not be true that the words are always used in such 
distinct senses, and there is great vagueness in the employ- 
ment of these and many logical terms; but if any clear 
discrimination can be drawn between generalisation and 
analogy, it is as indicated above. 

It has been said, indeed, that analogy denotes not a 
resemblance between things, but between the relations of 
things. A pilot is a very different man from a prime 
minister, but he bears the same relation toa ship that the 
minister does to the state, so that we may eee 
describe the prime minister as the pilot of the state, 
man differs still more from o horse, nevertheless four men 
bear to three men the same relation as four horses bear to 
three horses. There is a real analogy between the tones of 
the Monochord, the Sages of Greece, and the Gates of 
‘Thebes, but it does not exteud beyond the fact that they 
were all seven in number. Between the most discrete 
notions, as, for instance, those of time and space, 
may exist, arising from the fact that the mathematical 
conditions of the ef ened fymotion along ine 

8s 
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are similar. There is no identity of nature between a word 
and the thing it signifies ; the substance irom is a heavy 
solid, the word iron is cither a mom: disturbance of 
the air, ora film of black pigment on white paper; but 
there ia between words and their significates. 
‘The substance iron is to the substance iron-carbonate, as 
‘the name iron is to the name iron-carbonate, when these 
names are used according to their scientific definitions. 
‘The whole structure of Ianguage and the whole utility of 
signs, matks, symbols, pictures, and representations of 
various kinds, rest upon analogy. T may hope porhaps 
to enter more fully upon this important subject at some 
future ime and to soate ave ae aio | of 
signs ey us to.ax) 7 ant our ta, 
Tt will be sufficient ercoeave here that the use of words 
constantly involves analogias of a subtle kind ; we should 
often be at a loge how to describe a notion, were we not 
at liberty to aw in a metaphorical sense the name of 
anything sufficiently resembling it. There would be no 
expression for the swoetness of a melody, or the brilliancy 
of an harangue, unless it were furnished by the taste of 
honey and the brightness of a torch, 

A cursory examinution of the way in which we 
larly uso the word analogy, shows that it includes all 
degrees of resemblance or similarity, The may 
consist only in similarity of number or ratio, or in Te 
lations of time and space. It may also consist in simple 
resemblance between physical propatios We should not 
be using the word inconsistently with custom, if we said 
that there was an analogy between iron, nickel, and 
cobalt, manifested in the strength of their magnetic 
powers. There is a still more perfect annlogy between 
iodine and chlorine ; not that every property of iodine is 
identical with the corresponding property of chlorine; 
for then they would be one and the same kind of sub- 
stance, and not two substances; but every property of 
iodine resembles in all but degree some pr of chlo- 
tine. For almost every substance in which i forms. 
& component, a corresponding substance bo dis- 
posted aren ly es chin, so thab we sapien 
infer from the compounds of tha one to the com 
of the other substance. Potassium iodide in 
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semblance. I shall only try to point out bt are how 
analogy between apparently diverse classes of phenomena 
often serves a3 a guide in discovery, We thus commonly 
gain the first insight into the nature of an apparently 
‘unique object, and thus, in the progress of a science, we 
often discover that we are treating over again, in anew 
form, phenomena which were well known to us in an 
form, 


Analogy as a Gwide in Discovery. 

‘There can be no doubt that discovery is most frequently 
accomplished by following up hints received from analogy, 
as Jeremy Bentham remarked.’ Whenever a phenomenon 
is perceived, the first, impulse of the mind is to connect it 
with the most nearly similar phenomenon, If we could 
ever meet a thing wholly sui generis, presenting no 
analogy to anything else, we should be incapable of 
investigating its nature, except by purely haphazard 
trial. probability of success by such a process is 
so slight, that it is preferable to follow up the faintest 
clue. As Ihave pointed out already (p. 418), the pos- 
sible experiments are almost infinite in number, and very 
numerous also are the hypotheses upon which we may 
proceed. Now it ix self-evident that, however slightly 
suporior the probability of success by one course of Fea 
dure may be over another, the most probable one should 
always be adopted first, 


. Bssay on Logic, Works, vol. viii, p. 276. 
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The chemist having discovered what he believes to ba a 
Sedov teadog-ent lavesdgaing M Hf in'eny of ts 
m treat any 
= the substance: ys arcsemblance to an aklalins 


metal, for instance, he wi she wi 

it possesses other properties of the De ahaisncssa mene! Even 

the sim) phenomenon 2S 80 many points for 

notice that we havé a ice from among many hypo- 
Tt would be difficult to find « more instructive instance 


of tho way in which the mind is guided by analogy than 
in the description by Sir John Herschel of the course of 


ht by which he was led to anticipnte in theory one 
of Faraday’s greatest discoveries. Herschel that 
a screw-like form, technically called helicoidal dissymmetry, 


induction led mo 
, and must turn up, 
electric current and pol it, and that the ene of 

larisation would be ected magneto-electricil 

sy this course of analogical bie a ea pret had pein 
Peaicns al gies ouste comet Ian ery of the 
inflaends of maguetis strain upou polarised light, Hie bad 
tried in 1822-25 to discover tl ep pes of electricity on 
light, by sending a ray of papeageeen light tarough a tase 
or near Ls Jong wire a Serer re se a A Such i. 

ee up wit 6 0 paces 
Seen et with his ecenieurtal Tesourees, cai 





Sgr eee 
joarta must 
@ strain during i: iat 5 


feo score sa ding yt 
+ Life of Faraday, by Bence Jones, vol. ii, p, 205 
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Analogy in the Mathematical Sciences, 


‘Whoever wishes to acquire a deep acquaintance with 
Nature must observe that there are analogies which con- 
nect whole branches of science in a parallel manner, 
and enable us to infer of one class of phenomena what, 
we know of another. It has thus happened on several 
oceasions that the discovery of an unsuspected analogy 
between two branches of knowledge has been the ‘ing- 
point for a rapid course of discovery. The traths ly 
observed in one may be of a different character from 
those witch peoennl themselves in the other, The analogy, 
once pointed out, leads us to discover regions of one 


take place, and at the same time the mind rises to a higher 
generalisation, and a more comprehensive view of nature. 
No two acionces might scom at first sight more different 
in their subject matter than geometry and algebra. The 
first deals with circles, squares, parallelograma, and other 
forms in space; the latter with mere symbols of number. 
Prior to the time of Descartes, the sciences were developed 
slowly and painfully in almost entire independence of éach 
other. The Greek philosophers indeed could not avoid 
mesg occasional analogies, az when Plato in the Thwe- 
tetus describes a square number as equally equal, and a 
number produced by multiplying two unequal factors 
as oblong. aaa teADy 7th ond Shs el of eS 
ments, continually uses expressions dis] a conaci 
ness of the rash palegaeal riper o number 
of two factors a plane number, drtredos dowOuds, and 
distinguishes a square number of which the two factors are 
equal as an equal-sided and plane number, ee 
wad éximedos Juds. He also calls the root of a cul 
number its , wAcupd. In tho Diophantine algebra 
many problems fe en character were solved by 
algebraic or numel processes ; but there was no general 
system, 50 that the solutions were of an isolated character. 
Ingeneral the ancients were far more advanced in geometric 
than symbolic methods ; thus Euclid in his 4th book gives 
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the means of dividing a circle by purely geometric means 


into 2, 3, 4, 5, 6, 8, 10, 12, 1 


20, 24, 30 parts, but he 


» 16, 

waa totally unacquainted with the theory of the roots of 
unity, ing to this division of the circle. 

During je ages, on the contrary, algebra ad- 
yanced beyond and modes of solving equations 
were gradually discovered by those who had no notion that 
at every stop they wore implicitly solving geometric prob- 
Jems. It is true that Regiomontanus, Tartaglia, Bombelli, 
and possibly other early algebraists, solved isolated geo- 
metrical problems by the aid of algebra, bub particular 
numbers were always used, and no consciousness of a 
general method was displayed. iota in some degree 


ae aoe the final discovery, and occasionally 
sent 


repre- 
the roots of an equation geometrically, but it was 


reserved for Descartes to show, in the most general manner, 
that every equation may be represented by a curve or 
figure in space, and that every bend, point, cuep, or other 
peculiarity in the curve indicates some peculiarity in the 
equation. It is impossible to deseribe in any adequate 
manner the importance of this discovery. The advantage 
was two-fold: algebra aided geometry, and Usenet 
rosiprocal aid to algebra, Curves such as the ‘well- 


equations ; and it was impossible to manipulate 


sections of the cone were found ta correspond to ree 
the equa- 


tions without discovering properties of those all-iny 
curves. The way was thus opened for the aieteats 
treatment of motions and forces, without which Newton's 
Principia could never have been worked out Newton 
indeed was posseased by a strong infatuation in favour of 
the ancient geometrical methods; but it is well known 
that he employed symbolic methods to discover his theo~ 
ems, and now and then, by some accidental use of 
algebraic expression, confessed its greater power and 
gonerality. 

Geometry, on the other hand, gave great assistance to 


a 
h 


gel, by affording concrete representations of relations 
wi 


ich would otherwise be too abstract for easy compre- 


ension. A carve of no great complexity may give the 


whole history of the variations of value of a troul 
mathematical expression. As soon as we know, too, that 
every regular geometrical curve represents some algebraic 
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uation, we are presented by observation of mechanical 
rele ergo eles cere 
of mathematical problems, Every particle of a 


uxional, that is, geometrical mode of stating the dif- 
ferential calculus, however much it subsequently retarded 
its #8 in England, facilitated its appre! ion at-first, 
She plncpenet Gnpalodua paansrialyees © toe 

nC) | as une I. 

We may socording]y ee this discowory of 
analogy, this happy ne, AS ut calls it? betwee 
geometry and algebra, as the chief source of discoveries 


united, they have lent each other mutual strength, and 
have marched together with a rapid step towards perfeo- 
tion.” 

Bee eile tor soolegyox hu scamne ant Stampede 
greatly ai logy. abstract and intal 
existence Like force demands much power of conception, 
but it has a perfect. concrete representative in a line, the 
end of which may denote the point of application, and the 
direction the line of action of the force, while the length 
can be made arbitrarily to denote the amount of the force. 
Nor does the analogy ond here; for the momont of the 
foree about any or its product into the perpan- 
dicular distance of ite line of action from the point, is 


‘Lacroix, Truité Elémenlaire de Caloul Différontict et de Cateut 
TT ire dor Meh opatigucs, va. Lp. 358: 





64 THE PRINCIPLES OF SCIENCE. [oar 





found to be represented by an roa, namely twice the area 
of the triangle contained 2 te yo ond the cls 
of the line representing the foree. Of lat 


that the Soph pg pty erie a 
geometrical addition. Nay, the triangle of lines, the tri- 
angle of velocities, the triangle of forces, the ile ot 


» and pr theorems, are 

‘by analogy to one simple thearem, which amounts to this, 
that there are two ways of getting from one lar point 
ofa triangle to another, which ways, thongh different in 
length, are identical in their final results? In the system 
of quaternions of the late Sir W. BR. Hamilton, these 
analogies are embodied und carried out in the most 
eneral manner, 20 that whatever problem involves the 
threefold dimensions of space, or relations analogous to 
those of space, is treated by a symbolic method of the 
most comprehensive simplicity. 

Tt ought to be added that to the discovery of analogy 
between the forms of mathematical and logical 
we owe the greatest advance im logical science. Boole 
based his extension of logical processes upon the notion 
that logic is an algebra of two quantities o and 1. His 
profound genius for symbolic investigation led him to per- 
ceive by analogy that thore must exist a general eyatem of 
logical joppansdes which the old logicians poe seized 
only a fragments. Mistaken as he was Placing 
algebra asa higher science than logic, no one can deny 
the development of the more complex and dependent 
science had advanced far beyond that of the simpler science, 
and that Boole, in dmwing attention to the connection, 
made one of the most important discoveries in the history 
of scionce. As Descartes had wedded algebra and geo- 


| Seo Goodwin, Cambridge Philosphical Transactions (1845), vol. 
vii. p. 269.” OBrion, “On Symbolical Station," Pali tet 
Magazine, 4th ad vol i, 1, &o, See alto Profuwor Clork 
Magweils delightful Manual’ af # ‘Seience, called Matier 
and Motion, published ty the Socisty for Promoting Christan 
Knowledge.’ Inthis admirable tel work ene of the most adeanoed 
results of mechanieal and physical science are explained according to 
the method of quitemions, but with hanlly any wie of i 
aymbols, 
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80 did Boole accomplish the of and 
cae 1p marriage of logie 


Analogy in the Theory of Undulations. 


There is no class of phenomena which more ily 
illustrates alike the power and weakness of soulcey tl 
Shetsorer be tee mater ough wisch they pan obey 
whatsoever be the matter whicl ey pass, ol 
the principlea of rhythmical serpteese motion, and the 
subject therefore presents a fine field for mathematical 
generalisation. Each kind of medium may allow of waves 
peculiar in their conditions, so that if is a beautiful exercise 
in analogical reasoning to decide how, in making inferences 
from one kind of um to another, we must make allow~ 
ance for difference of circumstances. The waves of the 
ocean are large and visible, and there are the aes greater 
tidal wayos which extend around the globe. oh 
palpable cases of rhythmical movement we pass to waves 
of sound, varying in uae from about 32 fect to a small 
fraction of an inch, We have but to imagine, if we can, 
the fortieth octave of the middle C of piano, and we 
reach the undulations of yellow light, the ultra-violet bemg 
about the forty-first. octave. Thus we pass from the 
palpable and evident to that which is obscure, if not in- 
comprehensible, Yet the same phenomena of reflection, 
interference, and refraction, which we find in some kinds of 
wayes, may be expected to ocour, mutatis mutandis, in 
other kinds. 

From the great to the small, from the evident to the 
obscure, is not only the natural order of inference, but itis 
the historical order of discovery, The physical science of 
the Greek philosophers must have remained incomplete, 
and their theories. groundless, because they did not under~ 
stand the nature of undulations, ‘Their systems were based 
upon the notion of movement of translation from place to 

nce: Modern science tends to the opposite notion that 
all motion is alternating or rhythmical, energy flowing on- 
apie but patisorsoelsengy eeniestieey Read ie position. 

iogenes Laertius indeed correctly compared 
tion of sound with the a ‘waves on the surlece 
of water when disturbed by a stone, and Vitruvius dis« 
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yed a more complete comprehension of the same ang 

is . It remained for Newton to create the theory of un- 
du motion in showing by mathematical deductive 
reasoning that the particles of an elastic fluid by vibrating 
back af and ee re orwaye moving 
from the source of disturbance, je the disturbed particles 
return to their place of rest, He was even able to make a 
first approximation by theoretleal caleulatian to the val 
of sound-waves in the atmosphere. His of 8 
formed a hardly less inn epoch in science his far 
more celebrated theory of gravitation. It opened the way to 
all the subsequent applications of mechanical principles to 
the insensible motion of molecules. He seems to have been, 
too, upon the brink of another application of the same 
principles which would have advanced science by a century 
‘of progress, and made him the undisputed founder of all the 
theories of matter. He expressed ees at various times 
ae light might be due to undulatory movements of « 
medium oocupying , and in one intensely beer 
sentence remarks that colours axe probably vibrations 
different lengths, “ much after the manner that, in the sense 
of hearing, nature makes use of aérial vibrations of several 
bignesses to generate sounds of divers tones, for the analogy 
‘of nature is to be observed.” He correctly foresaw that 
red and yellow light would consist of the longer undulations, 
and blue and violet of the shorter, while white light would 
be composed of an indiscriminate mixture of waves of 
various lengths. Newton almost overcame the strongest 
apparent difficulty of the undulatory theory of light, 
namely, the ee of light in straight lines. For he 
observed that though waves of sound’ bend round an ob- 
atacle to some extent, they do not do so in the ee 
as water-waves* He had but to extend the 4 
Barcealy to light-waves, and not only would 

lifficulty have vanished, but the true theory of diffraction 
would have been open to him. Unfortunately he had a 
preconceived theory that rays of light are bent from and 
not towards the shadow of a body, a theory which for once 
he did not sufficiently compare with observation to detect 

* Birch, His the Society, vol. iit voted. 
Young, Works, vo os hive! 1g Baia satel ie 

® Opticks, Query 28, 3rd edit. p, 337 
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its falsity. Tam not aware, too, that Newton has, in any 
of his works, Caine of the phenomena 
of interference without which his notion of waves muab 
have been imperfect. 

While the general principles of undulatory motion will 
‘be the same in whatever mediam the motion takes place, 
tho circumstances may be excessively different. Between 
light travelling 186000 miles second and sound 
travelling in air only about 1,100 feet in the same time, or 
almost 900,000 times as slowly, we cannot expect a close 
outward resemblance. ‘There are differences, too, in 
the character of the vibrations. seareely admit of 
transverse vibration, so that sound travelling in air is a 

tudinal wave, the particles of air moving backwards 
forwards in the same lino in whieh the wave moves on- 
wards. Light, on the other hand, appears to consist entirely 
in the movement of points of force transversely to the direc- 
tion of propagation of the ray. The light-wave is paaety 
analogous to the bending of a rod or of a atrotched 
tated at one end. Now this bending motion may take 
place in any one of an infinite number of planes, and waves 
of which the plancg are perpendicular to each other cannot 
interfere any more than two perpendicular forces can 
interfere, The complicated phenomena of ie Tight 
arise out of this transverse character of the luminous wave, 
and we must not expect to meet analogous phenomena in 
atmospheric sound-waves. It is conceivable that in solide 
we might produce transverse sound undulations, in which 
phenomena of polarisation might be reproduced. But {t 
would ibe that even between transverse sound and light 
waves analogy holds true rather of the principles of 





plane of polarisation in plane polarised light is 
dicular to Hnstend of nateg votes deal with the dirosticn of 


» Rankine, Philosophical Transactions (1856), vol. exlvi. p. 282. 
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Analogy in Paes 
‘We shall be much assisted in gaining a trae alieay joe 
‘tion of the value of analogy in its “recbles 
sidering how much it. bas contributed to ee progress of 
astronomical science, Our point of observation is so fixed 
with regard to the universe, and our means of examining 
distant bodies are so restricted, that we are ly 
guided by limited and reese feeble resemblances, In 
many cases the result has been confirmed by subsequent 
direct ovidence of the most forcible character, 
ile the scientific world was divided in opinion 
between the ppeense and Ptolemaic systems, it was 
analogy ished the most satisfactory. angen 
Galileo discovered, by the use of his new telescope, the 
four small satellites which circulate round Jupiter, and 
make a miniature plane! meet These four Medicenn 
Stars,.as they were re plainly seen to revolve 
round Jupiter in various oe but a bE in 
one plane, and astronomers irresistibly inferred that what 
anight happen on the smaller scale might also be found true 
of the greater planetary system. This discovery gave “the 
holding turn,” as Herichel expressed it, to the opinions of 
a scan antes Bacon, Ro) aed oa credit pee 
scientific ity, vi ly op] 
ae. views, now became eee ) saying “We affirm the 
eae of Venus and Mercury; since it has been found 
that Jupiter also hag attendants,” Nor did 
Hoysles think it superfluous to adopt the asa 
Liar ey Even in an pecncel ea stage 
astronomy, the Jovian system has not lost its 
interest ; for the mutual uurbations of the fe si 
pass through all their phases within a fow centuries, and 
thus enable us to verify in @ miniature case the se 
of stability, which Laplace established for tha plane- 
system. Oscillations or disturbances w! in the 
smotions of the planets appear to be secular, because their 
poriods extend over milli lions of years, can be watched, in 
the case of Jupiter's satellites, through complete revolutions 
within the historical period of astronomy,’ 
: Semis ee p16, - 
2 Laplace, System World, vol. ii. p, 316, 
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In obtaining a knowledge of the stellar universe we 
must sometimes depend upon precarious analogies We 
still hold upon th grant the opinion, emetalned ty 
Bruno ns long ago as 1591, that 
atlended by planets like our earth. This is the most 
probable first assumption, and it ia su} spectrum 
observations, which show the similarity of light derived 
from many stars with that of the sun. But at the same 
time wo learn by ‘Ri ey eset ere 
in conditions widely from anything known in our 
system. In the course of time the analogy may perhaps 
be restored to comparative ocr ieee by the discovery 
of suns in various stages lous cor Se ea The 

of the pan ese of our own world may be 
back in bodies less develo) oped or traced forwards in rae 
more advanced towards the dissipation of energy, and the 
extinction of life. As in agreat workshop, we Oa Dee 
see the material work of Creation as it hus progressed 
through thousands of millions of rege 

Tn_ speculations concerning physical condition of 
the planets and their satelite, wo depend upon analogies 
of a weak character, We may be said to know that the 
moon has mountains and valleys, plains and ridges, vol- 
canoes and streame of lava, and, in ‘epite of the absence of 
air and water, the rocky surface of the moon presents so 
many familiar apy ces that we do not hesitate to 
‘compare them with the features of our globe. We infer 
with high probability that Mars has snow and an 

hero absorbing blue rays like our own; Jupiter 
Seine oe asesses a cloudy atmosphere, bosib not 
unlike a magnified copy of that quroutaing earth, but, 
our tendency to adopt analogies receives a pi Seog correc 
tion in the recently discovered fact that the atmosphere of 
Uranus contains hydrogen. 
apne have not stopped at these comparatively 
inferences, have speculated on the existence of 
fae creatures in ae ae Se remarked 
that as we infer by dissected body of a 
dog to that of a Pee! or aS animal of the same 
general form, and as we expect to find the same viscera, 
the heart, stomach, lungs, intestines, &e., in corresponding 
positions, 90 when wo notice the similarity of the plancts 
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and analogy induces us to believe that his rays 
to have a similar effect elsewhere. Tt is not 
matter which is here 60 fruitful of life woul 


2 
ee 


Hl 


here in which he lives, and, so far as aj 
could not live upon the other plancte. But there 
he an’ infinity of nisations relative to the 
constitutions of the ies of the universe, 
active ss ee cannot form any idea of 
creatures, but their existence is not unlikely? 
‘We now know that many metals and other elements 
never found in organic structures are yet capable of form- 
ing compounds with substances of vegetable er animal 
igin. It is therefore just possible that at different tem- 
formed of different yet analogons eom~ 
pounds might exist, but it would soom indi that 
carbon should form the basis of organic structures We 


lie 





2 Spe of te Wer wl, 326, Hua Popham 87 
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inhabited, but the absence of any appreciable atmosphere 
renders the existence of inhabitants Ft ‘improbable, 
Speculations resting upon weak analogies ly belong 
to the scope of true science, and can only be tolerated wt 
an antidote to the far worse dogmas which assert that the 
thousand million of on earth, or rather a small 
fraction of them, are the sole objects of care of the Power 
which designed this limitless Universo. 





Failures of Analogy. 


So constant is the aid which we derive from the use of 
analogy in all attempts at discovery or explanation, that it 
is most important to observe in what cases it may lead us 
into difficulties, That which we expect by analogy to 
exist 
(t) May be found to exist; = 

(2) May seem not to exist, but nevertheless may really 
oxist ; 

(3) May actually be non-existent, 

Tn the second case the failure is only apparent, and 
arises from our obtuscness of p ion, the smallness of 
the phenomenon to be noticed, or the disguised character 
in which it appears. Ihave alrendy pointed out that the 
analogy of sound and light seems to fail because light does 
not apparently bend round a corner, the fact being that 
it does 80 bend in the phenomena of diffraction, which 
present the effect, however, in such an unexpected anil 
‘minute form, that even Newton was misled, and turned 
from the correct: hypothesis of undulations which he had 
partially entertained. 

In the third cluss of cases analogy fails us altogether, 
and we expect that to exist which really does not exist. 
Thus we fail to discover the phenomena of polarization in 
sound travelling through the atmosphere, since air is not 
capable of any appreciable transverse undulations, Those 
failures of analogy are of peculiar interest, becanee they 
make the mind aware of its superior powers, ‘There have 
been many philosophers who said that we can conceive 
nothing in the intellect which we have not previously 
received through the senses. This is trne in the sense 
that we cannot image them to the mind in the conerete 

77 
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of the solid, liquid, and gaseous states remove the basis 
of the speculation. 


From these and many other instances which might be 
adduced, we learn that analogical reasoning leads us to 
the conception of many things which, so far as we can 
ascertain, do not exist, In this way great perplexities 
have arisen in the use of language and mathematical 
symbols, All language depends upon analogy; for we 
join and arrange words so that they may represent the 
corresponding junctions or arrangements of things and 
their equalities. But in the use of language we are 
obviously capable of forming many ccimbinations of words 
to which no corresponding meaning apparently exists. 
The same difficulty arises in the use of mathematical 

and mathematicians have needlessly puzzled them- 
selves about the square root of a negative quantity, which 
is, in many applications of algebraic calealstion, simply a 
ee any analogous meaning, there being a failure 
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CHAPTER XXTX. 
EXCEPTIONAL PHENOMENA. 


Tr science consists in the detection of identity and the 
recognition of uniformity existing in many RS ae it 
follows that the press of science depends upon the study 
of exceptional phenomena. Such new phenomena are the 
raw material upon which we exert our faculties of obser~ 
vation and reasoning, in order to reduce the new facts 
beneath the sway of the laws of nature, either those laws 
already well known, or those to be discovered, Not only 
are strange and inexplicable facts those which are on the 
whole moat likely to lead us te some novel and important 
discovery, but they are also best fitted to arouse our 
attention. So long as events happen in accordance with 
our anticipations, and the routine of every-day observation 
ia unvaried, there is nothing to impress upon the mind the 
smallness of its knowledge, and the depth of mystery, which 
may be hidden in the commonest sights and objects, Tn 
easly times the myriads of stars which remained in appa- 
rently fixed relative positions upon the heavenly sphere, 
received less notice from astronomers than those few 
planets whose wandering and inexplicable motions formed 
a riddle, Hipparchus was induced’ to prepare the first 
catalogue of stare, because a single new star had been 
added to those nightly visible; and in the middle ages two 
brilliant but temporary stars caused more popular interest 
in astronomy than any other events, and to one of them we 
owe all the observations of Tycho Brahe, the medimval 
Hipparchus, 

m other sciences, as well as in that of the heavens, 
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645 
exceptional events are commonly the from which 
we start to explore new regions Hel frie ‘It has been 
deuutifully said that Wonder is the danghter of Ignorance, 





unlooked-for events which most often lead to 6 course of 
Lehre Tt is true, indeed, that it requires much 
philosophy to observe things which are too near to us, 

The high scientific importance attaching, then, to ex- 
ceptions, renders it desirable that we should carefully 
consider the various modes in which an exception may be 
disposed of; while some new facts will be found to confirm 
the very laws to which they seem at first sight clearly 
eens others will cause us to limit the generality of our 
previous statements, In some cases the exc 
proved to be no exception; occasionally it 
to our previous most confident speculations ; and there are 
some néw phenomena which, without really destroying any 
of our former theories, open tous wholly new fields of scien- 
tific investigation. ‘The study of this subject is especially 
interesting and important, because, as 1 have before said 
(p. 587), no important theory can be built up complete 
and perfect all at one, When unexplained phenomena 
present themselves as objections to the theory, it will often 
demand the utmost judgment and sagacity to assign to 
them their proper place and force. The acceptance or 
rejection of a theory will depend upon Sp a 
one insuperable contradictory fact from mé whi 
however singular and inexplicable at first i, Ay 
afterwards be shown to be results of different causes, or 

ibly the most striking results of the very law with 
which they stand in apparent conflict, 

I can enumerate at least eight classes or kinds of ex- 
ceptional phenomena, to one or other of which any 
supposed exception to the known lawa of nature can 
agually be referred; they may be briefly described as 
below, and will be sufficiently illustrated in the succeeding 
sections, 

(1) Imaginary, or false exeeptions, that is, facts, objects, 
or epee which are not ly what they are supposed 
to 





m may be 
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expand by heat,” if I know that water below 4° C. does 
not; I onght to say, “All liquids, except water below 4° C., 
falsify the statement until feed ei To speak of 
some lawe a8 being generally true, meaning not universal) 

but in the majority of cases, is a hurtful al of the 5 





Imaginary or False Baveptions. 


‘When a supposed exception to a law of natureis brouy 
to our notice, the first inquiry onght properly to a 
there any breach of the law at all? Tt be that the 
supposed exceptional fact is not a fact |, but a mere 
figment of the imagination, When oe Bg 
the Royal Society to investigate the fact that a live 
fish put into a bucket of water docs not inerease the weight 
of the bucket and its contents, the Royal Society wisely 
commenced their deliberations by yen whether the 
fact was so or not. Every statement, however false, must 
have some cause or prior condition, and the real question 
for the Royal Society to investigate was, how the King 
came to think that Uhe fact was so. Mental conditions, as 
we have sen, enter into all acts of observation, and are 


atone pare from the top of a high tower should be loft 
behind, and should appear to move towards the west, just 
as a.stone dropped from tho mast-head of a moving ship 
would fall behind, owing to the motion of the ship, The 
Copernicans attempted to meet this grave objection in every 
way but the true one, namely, showing by trial that the 
asserted facts are not correct, In the first place, if a stone 
had been dropped with suitable ations from the mast= 
head of a moving ship, it would have fallen close to the foot 
of the mast, because, by the first law of motion, it would 
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remain in the same state of horizontal motion commu- 
uicated to it by the mast. As the anti-Copernicans bad 
ussumed the contrary result as certain to ensue, their 
would of course have fallen through. Had the 
Copernicans next eded to teat with great care the other 
aasertion involved, they would have become still better 
convinced of the truth of their own force) men 
dropped from the top of a high tower, or into a deop 
wo acta. tot econ bes dadiacel from the vertical 
direction in the considerable required to agree with 
the supposed consequences of the Copernican views; but, 
with very accurate observuti i iscovered, 
as Benzenberg subsequentl: | & very 
towards the east, showing that the exstward velocity is 
ae atthe top than the bottom. Had the Copernicans 
en been able to detect and interpret the meuning of the 
stall divergence thus arising, they would have found in it 
corroboration of their own views. 

Maltitudes of cases might be cited in which laws of 
nature seem to be evidently broken, but in which the 
apparent breach arises from 8 misapprehension of the case, 
It is a general law, absolutely true of all crystals yet stib- 
mitted to examination, that no crystal haa a re-entrant 
ungle, thut is an angle which towards the wxis of Uhe exystall 
is greater than two right angles. Wherever the faces of & 
crystal meet they produce a projecting edge, and w! 
edges meet they produce a corner. Many erystals, however, 
when carelessly examined, present exceptions to this law, 
but closer observation always shows that the apy 
re-entrant angle really arises from the oblique union of two 
distinct crystals. Other crystals seem to possess faces 
contradicting all the principles of cxyetall grSpiy but 
careful examination shows that the supposed fhees are not 
true faces, but surfaces produced by the orderly junction 
of an immense nomber of distinct thin crystalline plates, 
each plate being in fact a ite crystal, in which the 
Jaws of crystallography are strictly observed. The rough- 
ness of the supposed face, the stric detected by the 
microscope, of inference by continuity from other specitnens 
where the true faces of the plates are clearly seen, prove the 
mistaken character of the supposed exceptions Again, four 
of the faces of a regular octahedron inay becotae #0 enlarged 
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in the crystallisation of iron pyrites and some other sub- 
peer the other four faces en pe iene and 


tetrahedron ap; uced, contrary to 
the awe of pier tpt meine Many other ery- 
stalline forms are similarly modified, #0 ns to produce a 
series of what are called hemikedral forms. 
Tn tracing eR! hic Mey is the elements, 
jexcity eau: mistaking one 
aes acters Tt was pointed out that though 
arsenic waa bly eae to Lelie with phosphorus, 
the wrseniate a form tint from 
that of ioosween aster g Pho beret Some chemists held 
this to be a fatal objection to the doctrine of isomorphism ; 
but it was afterwards pointed out by Clarke, that oe 
arseniate and phosphate in question were not 
ing compounds, ax they differed in ane to the ‘water 
of crystallisation! ‘Vanadium again appeared to be an 
exception to the laws of isomorphism, tat it was fos 
by Professor Roscoe, that what Berzelius ditt nacpel J 
metallic vanadium was really au oxide of ium? 


Apparent but Congruent Exceptions. 

Not unfroquently a law of nature will t results 
in certain circumstances which appear te be entirely in 
conflict with the law itself. Not only may the uction of 
the law be much corplicated and tised, but it may 
in various ways be reversed or inverted, so that careless 
observers ore misled, Ancient philosophers generally 
believed that while some bodies were heavy by nature, 
others, such as flame, smoke, bubbles, clouds, &c., were 
essentially light, or possessed a tendency te move upwands, 
So acute an inquirer as Aristotle failed to perceive the 
true nature of peoyaniys and the doctrine of intrinsic 
lightness, expounded in his works, became the accepted 
view for many centuries. Tt is true that Lucretius was 
aware why Hame tends to riso, holding that— 

“Tho flame han wel; ty Soong bly rare, 
‘Nor moante Lat wi os hearin sa 





?D: (beny's A tonto T) 
Baer ieaine Phlleephlat Tranwacions (1868, vol. evi 
pe 
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‘but when the media differ in refractive power, the Jess 
angle cannot eae as this would require 








aa ‘initing exception, ane a. law is shown to be in- 
Saeenis, beyond certain limits; but in the explanation 

the exception according to the undulatory theory, we 
find that thero is really no breach of the Jaw. 
Pies snmndGlelon sions sxobhde A ema 


surface, 
thre vaticled ror totter the resultant: mre infinite pol ser 


such spherical waves, and the bending of the my ie the 
common surface of two motia depends upon the o 

mative velocities of propagation of the undulations in those 
modia. But if a ray falls very obliquely tee eateert surface 
of a raver medium, the waves proceading 

points of the surface spread 40 saagiet ay never costae 
and no resultant wave will then be asp py We thus 
Restle that from similar mathematical conditions arise 

tinct apparent effects, 

There occur from time to time failures in our best 
grounded predictions. A comet, of which the orbit lns ten 
‘well determined, may fail, like Lexell’s Comet, to ap| 
the appointed time and place in the heavens. ihe 
present day we should not allow such an exception to our 
eee predictions to weigh against our belief in the 

of gravitation, but should assume that some unknown 
fer through the action of gravitation deflocted the 
comet. As Clairaut remarked, in publishing mpi 
concerning the expected reappearance of 's 
ba ba which passes into regions so Fa peeee and which s 
hidden from our view during such long periods, might be 
exposed to the influence of forces totally unknown to us, 
such as the attraction of other comets, or of planets too far 
removed from the aun to. be ever perceived by us. In the 
case of Lexell’s Comet it was afterwards shown, curiously 
spon, that its appearance was not one of a Serer series 
of Terioionl teeumin wuneath of ‘ion, bub a 
single exceptional visit never to peated, and probably 
due to the perturbing maoccadt a0 Ta iter. This solitary 
visit became a strong confirm tan lawcct tewviin 
with which it seemed is be inomntick 














(4 THE PRINCIPLES OF SCIENCE. fomars 





In astronomy singular exceptions cersions anise occur, and in an 
Alec elena ‘o may point to the 
Haga of Satu Saturn as objects which, though det es 
ing the law of gravity, rep einar ees as our obser~ 
vation of the universe has gone. rly erie 
the other bodies of the planctary system. 
their snovements, which sey eg a the mean 
position, There seems to be little doubt 
are Saeee of swarms of small meteoric: 
they were: rocaghtohasaldconiianinsttgs tatetenias 
ticians proved that if 90 constitutod an entirely 
event might have happened under certain circ 
‘Had the rings boen exactly uniform all round, and with @ 
centre of gravity coinciding for a moment with that of 
Saturn, a piogalas case of paula equilibrium would have 
arizen, necessaril “or regulting in the sudden collapse of the 
dl 


rings, and the their debris: oe surface of the 
planet, Thus in onosingle cae the wvity would, 
give a result wholly nae anything wo in the 
mechanism of the heave 


_ Ibis possible that we aight meet with singular exceptions: 
in cry: fal phy. Tha coetabot the second or dimetric 
system, in which tho third axis is usually unequal to either 
ee two, happened to have the three axes equal, it 
might be mistaken for a erystal of the cubie system, but 
Thu inayat, pole lsc dane crystals in whi 
ere is, a ic inwi 
two axos are at right angles and the third axis inclined to 
the other two, This class is chiefly remarkable for its 
non-existence, since no crystals have yet been proved chem 
such axea, It seems likely that the class would constitute 
only a singular case of the more triclinic system, im 
which all three axes aro inclined to ench other at various 
og. Now if the diclinie form were merely accidental, 
not produced by any general law of molecular consti- 
tution, its actual occurrence would be infinitely improbable, 
just as it is infinitely improbable that any star should indie 
cate the North Pole ‘vith perfoct exactness, 

In theless the relation between the tem- 
erature and pressure of water there is, as shown by 
rofessor J, Thomson, one very remarkable point. entirely 

unique, at which alone water can remain in the three 
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conditions of gas, liquid, and solid in the same veasol, It is 
the je point at which three lines meet, namely (r) the 
steam line, which shows at what temperatures and pressures 
water is just upon the point of becoming gaseous; (2) the 
ice line, showing when ice is just about to melt; and (3) the 
hoar-frost line, which similarly indicates the pressures and 
temperatures at which ice is capable of passing directly 
into the state of gaseous vapour. 
Divergent Kaceptions, 

Closely analogous to singular exceptions are those diver- 
gent exceptions, in which a phenomenon manifests itself in 
‘unusual jitude or character, without becoming subject 
to peculiar laws, ‘Thus in throwing ten coins, it hi 
in four cases out of 2,048 throws, that all the coins fell with 
heads uppermost (p, 208) ; these would opeally ba 
a8 very singular events, and, according to the theory of 
probabilities, they would be rare; yet they proceed only 
from an unusual conjunction of accidental events, and from 
no really exceptional causes. In all classes of natural 
phenomena we may expect to mect with similar divergencies 
from the average, sometimes due merely to the principles 
of probability, sometimes to deeper reasons, Among every 
large collection of persons, we shall Erobably some 
persons who are remarkably large or remarkably small, 

jants or dwarfs, whether in bodily or mental conformation. 
juch cases ap} to be not meré /usus natures, since they 
occur with a frequency closely accordant with the law of 
error or divergenwe from an average, ax shown by Quetelet, 
and Mr, Galton The rise of genius, and the occurrence of 
linary musical or mathematical faculties, are attri- 

buted by Mr. Galton to the same principle of divengence. 

‘When several distinct forces happen to concur together, 
we may haye surprising or alarming results. Great storms, 
floods, droughts, and other extreme deviations from the 
a per of the atmosphere thus arise, 
must be expected to happen from time to time, and will 
yet be very infrequent coupared with minor disturbances, 


» Maxwett's feat (81) p15, 
* Galt the OP Boys, Journal 
Anthropalopced Tnatlate eal Wal te 
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They are not anomalous but only extreme events, 
tts preston fate aa of any eae 
ous in the min many persons, 
the theory of probabilities necessitates uniformity in the 
ing of events, so thet in the same of time there 
= acid nearly the same number of milway accidents 
and Buckle has superficially remarked upon the 
constancy of such events as ascertained by Quetelet, and 
some of his readers acquire the fulee notion that there is a 
mysterious inexorable Jaw producing uniformity in human 
affairs. But nothing can be more opposed to the ae 
ofthe theory of probability, which always contemplates 
occurrence of unusual rina of Inck. ‘That theory shows 
the great improbability that the number of railway accidents 
per month should be always equal, or nearly 50, The 
public attention is strongly attracted to any unneual con- 
Junction of events, and there is a fallacious tendency to 
suppose that such conjunction must be due to a peculiar 
new cause coming into operation, Unless it can be clearly 
shown that such unusual conjunetions secur more frequently 
than they should do according to the theory of probal 
we should regard them as merely divergent exceptions, _ 
Kelipses and remarkable conjunctions of the heavenly 
bodies may also be regarded as resulta of ordinary laws 
which nevertheless appear to break the regular course of 
nature, and novor fail to excite surpril Such events 
sreatly in frequency. One or other of the satellites of 
Fapiter is eclipsed almost avery day, but the simultaneous 
eclipse of three satellites can only take place, according to 
the calenlations of Wargentin, after the lapse of 1,317,900 
years, The relations of the four satellites are 80 
that it is actually impossible, necording to the theory of 
gevity, that they should all suffer eclipse simultaneously. 
jut it may happen that while some of the satellites are 
really eclipsed by entering Jupiter's shadow, the others sre 
either ocoulted or rendered invisible by passing over his 
disk. ‘Thus on four occasions, in 1681, 1802, 1826, and 
1843, Jupiter has been witnessed in the singular condition 
of being apparently deprived of sutellites. A close con- 
junction of two planets always excites admiration, though 
such conjunctions must occur at intervals in the ordinary 


course of their motions. We cannot wonder that 
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the year 2446 BO. was ad by the Chinese Emperor, 
Chuan Hio, as a new ¢ for the chronology of his 
Empire, though there is some doubt whether the conjune- 
tion was really observed, or was calculated from the supposed 
laws of motion of the planotsa, It is certain that on the 
1ith November, 1524, the planets Venus, Jupiter, Mars, 
and Saturn were seen very close together, while Mercury: 
was only distant by about 16° or thirty apparent diameters 
of the sun, this conjunction being probably the most. re- 
markable which has oceurred in historical times. 


happened to exist, it would suffer o tively immense 
disturbance in the elements of its orbit. Now between 
Mars and Jupiter there do occur the minor planets, the 
orbits of which are in many cases exceptionally divergent. 
Under divergent exceptions we might plice all or neurly 
all the instances of substances possessin, ical 
perties in a very high or low degree, ore oe) descrtbed 
in the chapter on Generalisation (p. 607). Quicksilver is 


It is worthy of notice that even in such a subject as 
formal logic, divergent sosepelony seem to occur, not of 
course due to chance, but sper) in an unusual degree 
a phenomenon which is more or less manifested in all 
other cases. 1 pointed out in p, 141 that, pupae of 
the general type A= BO + be are capable of as 
in six equivalent logical forms, so that they manifest in a 
higher degree than any othor proposition yet discovered 
the phenomenon of logical equivalence, 

' Grant's History of Phywical Astronomy, p. 116, 
uu 


Ai 











Tt may be a phenomenon which cavnot occur but under 
the condition of the law in question, yet there has been 
euch interference that there is an apparent failure of 
science, There is, for instance, no subject in which more 
rigorous and invariable laws have been established than in 
crystallography. As a Ce role, cach chemical sub- 
stance 
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some circumstances a substance, having assumed its 

crystalline form, may afterwards undergo chemical 4 
a new ingredient may be added, a former one removed, or 
one element may be substituted for another. In caleiam 


steatite, hematite, are other mincrala sabject to these curious 
transmutations, Sometimes a crystal embedded in a matrix 
is entirely dissolved away, and a now mineral ie eubse- 
quently deposited in the cavity aa in a mould. Quartz is 
found cast in many forms wholly unnatural to it. A 

still more perplexing case sometimes occurs, Calcium 
carbonate is expable of assuming two distinct forms of 
lisation, in which it bears respectively the names of 

ite und aragonite. Now armgonite, while retaining its 
outward form unchanged, may undergo an internal mole- 
a change into calcite, as indicated i the altered 
leavage. Thus we may come across Is apparently 
et axragontas which cers to break a wa of eryetallo- 


hy, by ing the of a different of 
graphy: by possessing cleavage of a system 


ait 
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Some of the most invariable laws of nature are disguised 
by interference of unlooked-for causes. While the baro- 
meter was yet a new and curious etc ytsees ion, 
its theory, us stated by Torricelli and Pascal, to be 
contradicted by the fact that in a well-constructed in- 
strament the mi would often stand far above 31 inches 
in height, eae wed! that mercury could be made 
to stand as high as 75 inches in a perfectly cleansed tube, 
or about two and # half times as high as could be due to 
the pressure of the atmosphere. y theories about 
the ure of imaginary fluids were in consequence put 
forth* and the are was involved in much 
until the adhesive or cohesive force between gloss and 
mercury, when brought into perfect contact, was pointed 
out as the real interfering cause, It soems to mo, how- 
ever, that the phenomenon is not thoroughly understood 


18 Pea 

ay-Lusaac observed that the temperature of boiling 
water was very different in some kinds of vessels from 
what it was in others, It is only when in contact with 
metallic surfeces or sharply ‘broken edges that the tem- 

ture is fixed at 100". The suspended freezing of 
iquids is another case where the action of a law of nature 
appears to be interrupted. Spheroidal ebullition was at 
first. sight a most anomalous phenomenon; it was almost 
incredible that water should not boil in red-hot vessel, or 
that ice could actually be produced in a red-hot crucible. 
These paradoxical results are now fully explained as due to 
the interposition of a non-conducting film between 
the globule of liquid and the sides of the vessel. The foata 
of conjurors who handle liquid metals are accounted for in 
the same manner, At one time tho paanive slate of stool 
was regarded as entirely anomalous. It may be assumed 
asa general Jaw that when pieces of electro-negative and 
electro-positive metal are placed in nitric acid, and made to 
touch each other, the electro-negative metal will undergo: 
rapid golution. But when iron 1s the electronegative and 
platinum the clectro-positive, the solution of the iron 
entirely and abruptly ceases. Faraday ingeniously proved 


1 Discourse to the ath May, 1684. 
+ Bobert Hookw's Werks, . 365, 3 
vu 
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Accidental Exceptions. 

‘The third and largest class of exceptions contains those 
which arise from the casual interference of extraneous 
causes. A law may be in operation, and, if so, must be 
perfectly fulfilled ; but, while we conceive that we are 

ite results, we may have before us the offecta 

of a different cause, possessing no connexion with the 
subject of our inquiry. The law is not really broken, but 
at the eame time the supposed exception ia not illusory. 
It may be a phenomenon which cannot occur but under 
the condition of the law in question, yet there has been 
such interference that there is an apparent failure of 
science. There is, for instance, no subject in which more 
rigorous and invariable laws have been established than in 
erystallography. As a general rule, each chemical sub- 
stance possezees ite own definite form, by which it can be 
infallibly recognised ; but the mineralogist has to be on te 
guard against what are called pseudomorphic 
some circumstances a substance, having assum Tepe 

Hine form, may afterwards undergo chemical change; 
a new ingrediont may be added, a forrner one removed, or 
one element may be substituted for another. Tn calcium 
carbonate the carbonic acid is sometimes replaced by 
sulphuric acid, so that we find gypsum in the form oe 
calcite; other casos are known where the change is inverted 
snd calcite is found in the form of gypsum. Mica, tale, 
steatite, hematite, are other minerals subject to these carious 
transmutations, Sometimes a crystal embedded in amatrix 
is entirely dissolved away, and a new mineral is subse- 

Coco h depecited in the cavity aa ina mould. Quartz is 

thas found cast in many forms wholly unnatural to it. A 
still more perplexing case sometimes occura Calcium 
carbonate ia capable of assuming two distinct forms of 

isation, in which it bears respectively the names of 
and arragonite. Now arragonite, while retaining its 
outward form un id, may undergo an internal mole- 
cular change into calcite, as indicated by the altered 

cleavage. Thus we may come across ls a) 

of arragonite, which fom to break all pate slaw esl 
he prong harsh lh am system of 
cry: 
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‘Some of the most invariable laws of nature are disguised 
Dy interference of unlooked-for causes. While the baro~ 
meter was yet a new and Srinirpberpecweviaet Genes 
its theory, as stated by Torricelli and Pascal, to be 
contradicted by the fact that in a well-constructed in~ 
strument the mer would often stand far above 31 inches: 
in height, Boyle showed? that mercury could be made 
to stand as high as 75 inches in a perfectly cleansed tube, 
or about two and a half times as high as could be duc to 
the pressure of the atmosphere, any theories sbout 
‘the preasure of imagi fluids were in consequence pub 
forth? and the subjech was involved in much con! 
until the adhesive or cohesive force between glass and 
mercury, when brought into perfect contact, was pointed 
out as the real interfering cause. It seems to mo, how= 
ever, that the phenomenon is not thoroughly understood 
us yet, 
jay-Lussac observed that the temperature of boiling 
water was very different in some kinds of vessels from 
what it was in others, It is only when in contact with 
metallic surfaces or sharpl; broken edges that the tem- 

wwe is fixed at soo". The suspended freezing of 
iquids is another case where the action of a law of nature 
appears to be interrupted. Spheroidal ebullition was at 
first sight @ most anomalous phenomenon ; it was almost 
incredible that water should not boil in a red-hot vessel, or 
that ice could actually be produced in a red-hot crucible. 
cove eeadinalineniasrenc eye lained a3 due to 
Une interposition of a non-conducting film of vapour between 
the globule of liquid and the sides of the-vessel. The feate 
of conjurors who handle liquid metals are accounted for in 
the same manner. At one timo the passive state of steel 
was regarded ag entirely anomalous. It may be assumed 
asa general law that when pieces of electro-negative and 
electro-positive metal aro placed in nitric acid, and made to 
touch each other, the ae ae metal will undergo 
rapid ont er when iron ane nie phe bat 
platinum the electro-positive, the solution 
entirely and abruptly ceases. Faraday ingeniously proved 


1 Discourse to the ie 8th 
» Robert Hooke’s Payor 
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that this effect is due toa thin film of oxide of iron, which 
ee ee eee ee a neat rotects it.! 

ww of gravity is so simple, and disconnected from 

the other laws of nature, that it never suffers any inert 

ance, and is in no way disguised, ey ee ion. 

secondary 





of its own effets. It is otherwise with those 
laws of the planetary system which have only an em- 
pirical basis. The fact that all the long known planets 
and satellites have a similar motion from west to east is 
not necessitated by any principles of mechanics, but 
points to some common condition existing in the nebulous 
maes from which our system has been evolved. The 
retrograde motions of the satellites of Uranus constituted 
a distinct breach in this law of uniform direction, which 
became all the more interesting when the single satellite of 
Ne e was also found to be retrograde. Tt now became 
probable, as Baden Powell well observed, that the anomaly 
would cease to be singular, and become a case of another 
Jaw, pointing to some general interference which has taken 
‘yom on the bounds of the pater system. Not ay 

ave the satellites suffered from this perturbance, but 
Uranus is also anomalous in having an axis of rotation 
lying nearly in the ecliptic; and Neptune constitutes a 

exception to the empirical law of Bode concerning 

the distances of the planets, which circumstance may 
possibly be due to the apache ice. 

Geology is @ science in which accidental exceptions | a 
likely to occur. Only when we find strata in their origin! 
relative positions can we surely infer that the pi -4 
succession is the order of time. But it not 

ns that strata are inverted the bending 

doubling action of extreme idly 
one body of rock Into proximity with an unrelated ered 
and produce results apparently inexplicable* Floods, 
streams, icebergs, and other casual is, may lodge 
remains in places where they would be wholly unexpected. 
Though such interfering causes have been sometimes 
wrongly supposed to explain important discoveries, the 
geologist must bear the possibility of interference in mind. 


' Experimental Researches in Blectricity, vol. ii. pp. 240~245- 
 Murekinon’s Giberian Syetem, VOL i. 733) See 


le 
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Scarcely mora than a century ago it was held that fossils 
were wt aeape tS, yeaa mere forms into 
which minerals had been shaped by no peculiar cause. 
Voltaire appears not to have such an explanation ; 
but fearing that the occurrence of fossil fishes on the 
would support the Mosaic account of the deluge, he 

not hesitate to attribute thera to the remains of fishes 
accidentally brought there by pilgrims. In archeological 
investigations the greatest caution is requisite in allowing 
for secondary burials in ancient tombs and tumuli, for 
imitations, forgeries, casual coincidences, disturbance by 
subsequent races or by other archwologists, In common 
life extraordinary events will happen from time to time, 
as when a shepherdess in France was astonished at an iron 
chain falling out of the sky close to her, the fact = that 
Gay-Lussac had thrown it out of his balloon, which was 
passing over her head at the time. 


Nowel and Unexplained Exceptions, 


When a law of nature appears to fail because some other 
Jaw has interfored with its action, two cases may present 
themselves ;—the interfering law may be a known one, or 
it may have been previously undetected. In the first case, 
which we have sufficiently considered in the preceding 
section, we have nothing to do but ealoulate as exactly as 
possible the amount of interference, and make allowance 
for it; the apparent failure of the Jaw under examination 
should then disappear, But in the second case the results 
may be much more important, A phenomenon which 
cannot be explained by any known laws may indicate the 
interference of undiscovered natural forces, The ancients 
could not help perceiving that the general tendency of 
bodies Mawar failed in the case of the loadstone, nor 
would the doctrine of essential lightness explain the excep- 
tion, since the substance drawn upwards ly the loadstone 
is a heavy metal. We now sce that thero was no in 
the perfect generality of the law of gravity, but that a new 
form of energy manifested itself in the loadstone for the first 
time, 

Other sciences show us that laws of nature, rigorously 
true and exact, may be developed by those who ae 
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pater ate ae complex ere involved. oe their 
n redlh tras Henri geometrical optics 
was sufficient to explain all the seen! tefractions and 
reflections of light. The simple’ laws of the bending of 
mays apply to all rays, whatever the character of the 
undulations composing them. Newton a the 
existence of other classes of phenomena when he spoke of 
rays as having sides; bub it remained for later experi- 
mentalists to show that light is a transverse undulation, 
like the bending of a tod or cord. 

Dalton's atomic theory is doubtless true of all chemical 
compounds, and the essence of it ia that the same com- 
aa will always be found to contain the same elements 
in the same definite proportions Pure caleiam carbonate 
contains 48 parts ela of we hfe to 4o of calcium 
and 12 of carbon. Bub when careful von were nade 
of a great many minerals, this law appeared to fail. What 
‘waa unquestionably the eame minoral, judging by ite 
crystalline form and physical properties, would give varying 
proportions of its components, and would eometimes contain 
unusual elements which yet could not be set down as 
mere impurities. Dolomite, for instance, is a compound of 
the carbonates of magnesin and lime, bub specimens from 
different places do not exhibit any fixed ratio between the 
lime and magnesia. Such facts could be reconciled with 
the laws of Dalton only by supposing the interference of a 
new law, that of Isomorphism. 

It is now established that certain elements are related to. 
each other, so that thoy can, as it were, step into each other's 
places without apparently altering the shapes of the: patie 
which they constitute. ‘The carbonates of iron, calcium, 
and magnesium, are nearly identical in their crystalline 
forma, hence they may crystallise together in harmony, 
producing mixed minerals of considerable complexity, 
which nevertholess perfectly verify the laws of equi 

ations, This ae of isomorphism once esta- 
blished, not only explains what was formerly a stumbling- 
blocks, but gives valuable aid to chemists in deciding upon 
the constitution of new salts, since compounds of isomor 
phous clements which have identical crystalline forms 
must possess corresponding chemical formule. 

We may expect that from time to time extraordinary 
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vel 
and electricity. The allotropic changes which sulphur, 


curious substance ozone has perplexed many chemists, and 
Andrews and Tait, thought oe it afforded evidence of oe 
decomposition of oxy by the electric discharge. 
SeanauAc Sir B,C. Srodie negative this notion, and afford 
evidence of the real cunstitation of the sabstance,? which 
still, however, remains exceptional in its properties and . 
relations, and affords a hope of important discoveries in 
chemical theory. 

Limiting Exceptions. 

‘We pass to cases where exceptional nomena are 

actually irreconcilable with a law of pe reviously 

ied as true, Error must now be allowed to have been 
committed, but the error re be more or Jess extensive, 
It may happen that a law holding rigorously true of the 
facts actually under notice had been extended by generaliaa- 
tion to other series of facts then unexamined. Subsequent 
investigation may show the falsity of this generalisation, 
and the result must be to limit the law for tho future to 
those objects of which it is really true. The contradiction 
to our previous opinions is partial and not total. 

Newton laid down asa result of experiment that every 
ray of homogeneous light has u definite refmngibility, which 
it preserves throughout its course until extinguishes, ‘This 
is one case of the general principle of undulatory movement, 
which Herschel stated under the title “ Principle of Forced 
Vibrations" (p. 451), and asserted to be absolutely without 
exception. But Herschel himself described in Pheito- 
sophical Z'ransuctions for 1845 4 curious appearance in a 


1 Philosophical Traneactions (1872), vol. clxile No. 23. 
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solution of quinine; as viewed by transmitted light the 
solution appeared colourless, but in certain aspects it oxhi- 
bited a beautiful celestial blue tint. ly enough the 
colour is seen only in the first portion of liquid which the 
light enters, Similar phenomena in fluor-spar had been 
described by Brewster in 1838. Professor Stokes, having 
minutely investigated the phenomena, discovered that they 
‘were more or less ey in almost all vegetable infusions, 
and in a number of mineral substances. He came to the 
conclusion that this phenomenon, called by him Fluores~ 
cence, could pie explained by an alteration in the 
refrangibility of the rays of light; he asserts that light-rays 
of very short length of vibration in falling upon cortain 
atoms excite undulations of greater length, in opposition to 
the principle of forced vibrations, No complete explana- 
+ tion of the mode of change is yet possible, because it depends 
upon the intimate constitution of the atoms of the sub= 
stances concerned ; but Professor Stokes believes that the 
principle of forced vibrations is true only so long as the 
exourgions of an atom are very small compared with the 
‘itude of the complex molecules. 
it is well known that in Calorescence the refangibility 
of rays is increased and the wavd-length diminished, Rays 
of obscure heat and low refrangibility may be concentrated 
40 a5 to heat @ solid substance, and make it give out rays 
belonging to any t of the spectrum, and it seems pro- 
table that this atect arises Hon impact of distinct but 
conflicting atoms. Nor is it in light only that we discover 
limiting exceptions to the law of forced Me ore bs for if 
‘we notice gentle waves lapping upon the stones at the edge 
of a lake we shall see tha pant ease wave in breaking 
upon a stone gives rise to a series of smaller waves. Thus 
there is constantly in progress a degradation in the magni- 
tude of wuter-waves. ‘The principle of forced vibrations 
seems then to be too potent tis stated by Herschel, but it 
must be a difficult question of mechanical theory to dis- 
criminate the circumstances in which it does and does not 
hold trae, 

We sometimes foresee the possible existence of exceptions 
yot unknown by experience, and limit the statement of our 
discoveries accordingly. Ixtensive inquiries have shown 

* Philosophical Traneactions (1852), vol. cxlii. pp. 465, 548, Ke. 








magnetic or di etic. The magnetic aro 
shown by Sie W. omson to depend upon the specific 


prev! 
could not place the substance under either of the present 
Tecognised classes, 

So many gnses have been reduced to the liquid state, and 
so many solids fused, that scientific men rather hastily 
adopted the gencralisation that all substances could exiet 
in all three states. A certain number of gases, such as 
oxygen, hydrogen, and nitrogen, have resisted all efforte to 
liquefy them, and it now seems probable from the i 
ments of Dr. Andrews that they are limiting exceptions. 
Ho finds that above 31° ©. carbonic acid cannot be liquefied 
hy any pressure he could apply, whereas below this tem- 

rature liquefaction is always possible By ree 

comes probable that even hydrogen might be liq if 
cooled to a very low temperature. We must modify our 
previous views, and either nssert that below a certain oritical 
temperature ow may be liquefied, or else we must 
aa that eth ily condensed gas esprit the 
critical temperature, undistinguishable from a liquid. At 
the same ‘time we have an explanation of a remarkable 
exception presented by liquid carbonic acid to the general 
rule that gases expand more by heat than liquids. Liquid 
earbonie acid was found by Thilorier in £835 to expand 
more than four times as much as air; bat by the light of 
Andrews’ iments we learn to regard the liquid as 
rather a highly condensed gas than an ordinary liquid, and 
it is actually possible to reduce the gas to the apparently 
liquid condition without any abrupt condensation. 


' Philosophical Mayaxine, 4th Sovies, vol. i, p. 182. 
2 Maced, Thayefied pias 
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- sot Zoology, Gi bag tee hich 
iopcoeest eo) wi 
‘a mee lore Gimeno the confident 
belief ol pt aa aap oe Earle otic 
observation of a ling one. Aristotle confidently 
held that all swans are white,’ and the proposition seemed 
trae until nob a hundred years ago black swans were dis 
covered in Westorn Australia. In zoology and pl 
we may éxpect # fundamental identity bo exist in the vital 
jes, but continual discoveries show that there is no 
limit to the apparently anomalous expedienta by which 
life is reproduced, Alternate generation, fertilisation for 
several successive generations, ermaphroditism, are op 
to all we should expect from induction founded 
nm the higher animals, But such phenomena are only 
limiting exceptions showing that what is trae of one 
class is not true of another. In certain of the cephal~ 
opoda we mect the extraordinary fact that an arm of the 
male is cast off and lives independently until it encounters 
the female, 


Real Exceptions to Supposed Laws. 


The exceptions which wo have lastly to consider are 
the most important of all, since they lead to the entire 
rejection of a law or theory before accepted, No law of 
nature can fail; there are no such things as real exoep- 
tions to real lawe, Where contradiction exists it must be 
in the mind of the experimentalist, Either the law is 
imaginary or the phenomena which conflict with it 
then, by our senses we satialy ourselves ef the actual 
occurrence of the phenomena, the law must be 
as illusory. The followers of Aristotle held that nature 
abhors a vacuum, and thus accounted for the rise of water 
in a pump. When Torricelli pointed out the visible fact 
that water would not rise more than 33 feet in a ie 
nor mereury more than about 30 inches in a 
thoy attempted to represent these facts ms lini 
tions, saying that nature abhorred a Yacuum to 0 oer! 
extent and no further. But the Academicians wn gal 





2 Prior Anaiytics ii 2, 8, and elsewhere. 






. 
completed their discomfiture Leh eis remove 
Se epee alr, in pcorerita a 


lecrense 
finally diseppear ther. Even Aristotelian doctrines 
eould not stand veh tien contradiction. 

Lavoisior’s ideas concerning the constitution of acids 
received complete refutation. He named oxygen the acid 
generator, because he believed that all acids were com- 
Nerd of oxygen, a generalisation based on insufficient 

ta. Berthollet, as early as 1789, proved by analysis that 





perhaps have been interproted as a limiting exception, 
when a0 powerful an acid as hydrogen ‘thiorite Tinurtatie 
acid) was found to contain no ox: the theory hnd to be 
relinquished. Berselius’ theory of the dual formation of 
chemical compounds met a similar fate, 

It is obvious that all conclusive experimenta erucis con- 
stitute real exceptions to the supposed laws of the theory 
which is overthrown, Newton's corpuscular theory of light 
was not rejected on account of its absurdity or incon- 
ceivability, for in these respects it is, as we have seen, far 
superior to the undulatory theory. It was rejected because 
certain small fringes of colour did not appear in the exact 
place and of the exact size in which caleulation showed 
that ought to appear according to the theory (pp. §16- 
521). 16 single fact sels irreconcilable with a theory 
involves ita rejection. In the groater number of cases, 
what appears to be a fatal exception may be afterwards 
explained away as a singular or disguised resale of the 
laws with which it seems to conflict, or as duc to the inter- 
ference of extraneous causes ; but if we fail thus to reduce 
tho fuct to congruity, it remains more powerful than any 
theories or any dogmas. 


ogists have been rudely destro: It was the general 
Velie that human aulaits Wace Dee found only in those 


extinct mammals was sufficient to explode such a doctrine. 
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Similarly, the opinions of goologists have been ultared 


eee gh Sapper err ikppr y reembanicpr yy oo 
system. As examination of the strata of the globe 
becomes more complete, our views of the origin and sue~ 
cession of life upon the globe must undergo many changes, 


Unelassed Exceptions. 

At every period of scientific progress there will exist a 
multitade of unexplained phenomena which we know not 
how to regard. They are the outstanding facts upon 
which the labours of tors must be exerted,the 
ore from which the gold of future discovery is to be ex- 
tracted. It might be thought that, as our knowledge of 
the laws of nature increases, the number of such i 
should decrease; but, on the contrary, the more we 
the more there is yet to explain, This arises from several 
reasons ; in the first place, the principal laws and forces in 
nature are numerous, 60 that he who bears in mind the 
wonderfully large numbers developed in the doctrine of 
combinations, will anticipate the existance of imm 
numerous relations of one law to another, i When we are 
once in possession of a law, we are potentially in possession 
of all ita consequences ; but it ns not follow that the 
mind of man, so limited in ita powers and capacities, can 
actually work them all out in detail. Just as the aberra. 
tion of light was discovered empirically, though it should 
have been foreseen, xo there are multitudes of unexplained 
facte, the connexion of which with laws of nature already 
known to us, we should perceive, were we not hindered by 
the imperfection of our deductive powers. But, in the 
second place, as will be mores fully pointed out, it is not to 
be supposed that we have approximated to an’ exhaustive 
micas of nature's powera. The moat familiar facts 
may teem with indications of forces, now secrets hidden 
from us, because we have not mind-directed eyes to 
discriminate them. The progress of science will consist 
in the discovery from time to time of new exceptional 
phenomena, and their assignment by degrees to one or 
other of the heads already described: When a new fact 
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proves to be merely a false, eine singular, di it, 
Biieleeta seapticnrcra ee a more minute and ac- 
urate acquaintance with the effects of laws already known 
toexist. We have indeed no addition to what was im- 
per in our possession, but there is much difference 

tween knowing the laws of nature and perceivin; eet 
their complicated effects. Should a new fact prove to be a 
limiting or real exception, wa have to alter, in part or in 
whole, our views of nature, and are saved from errors into 
which we had fallen. Lastly, the new fact may come 
under the sixth class, and may eventually prove to be a 
novel phenomenon, indicating the existence of new laws 
and forces, complicating but not otherwise interfering with 
the effects of laws and forces previously known. 

‘The best instance which I can tind of an unresolved 
exceptional phenomenon, consists in the anomalous vapour- 
donsities of phosphorus, arsenic, mercury, and cadmium. 
It ig one of the most important laws of chemistry, dis- 
covered by Gay-Lussuo, that equal volumes of gases exactly 
eae to equivalent weights of the substances. Never- 
theless phosphorus and arsenic give vapours exactly twice 
as dense as they should do by analogy, and mercury and 
cadmium diverge in the other direction, giving vapours 
half as dense as we should expect. We cannot treat these 
anomalies as limiting exceptions, and say that the law 
Ge true of sae but Teer ob = 
the properties of gases 601), usually admit 
widest generalisations. Besites the preciseness of the 

vergence points to the real observance of the law 
in a modified manner, We might endeavour to reduce the 
exceptions by doubling the atomic weights of phosphorus 
and arsenic, and halving those of meroury ‘ium, 
But this step has been maturely considered by chemists, 
and is found to conflict with all the other analogies of the 
substances and with the principle of isomorphism. One 
of the most probable explanations is, that phosphorus and 
arsenic produce vapour in an penta a Goat 
might penees by intense heat be resolved into a simpler 
gas of half the density ; but facts are wanting to nee iy 
Dis by pot tie. sat ae a lied to CE EES 
exceptions without supposing ib gases vapours: 
generally are capable of reyolution into something simpler. 
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Tn short, chemists can at present make nothing of these 
anomalies. As Hofinann says, " Their philosophical inter 
| Sy fag serene cram Meta may turn out to 

typical jails, round which many others of the like kind 
may come hereafter to Tay prove to 
te allied with epecial oer at dependast oo paar 
icted,” 


ith ‘ain Second core ora 


epee ens se at a higher tem 
Both sulphur and “elo be wot ome 
curious states, which chornists ee dispose of by 
ealling them allotropie, 2 term. free! whea they are 
puzzled to know what has ‘The chemical and 
eel history of iron, agnin, is full of anomalies; not 
does it undergo inexplicable changes of hardness and 
texture in its alloys with carbon and other elements, but 
it is almost the only substance which conveys sound with 
greater velocity ata higher than at a lower temperature, 
the velocity increasing from 20° to 100° G, and then de- 
eee Silver also is anomalous in regard ree sound, 
ese are instances of inexplicable isi ee 
of which must be suoeveninad in 
acieace, 
When the discovery of new and peculiar 
conflicting witn our theories of the constitution of nature 
is reported to us, it becomes no easy task to steer a philo- 
geptically, correct course between crodulity and scepticism 
‘e are not to assume, on the one hand, that there ia any 
limitr to the wonders which nature can present to us. 
Seape except the contradictory is nein aes inpsbiea and 
ings which we now regard as eo 
patie ag little short of the ‘imaulonss hen ist 


) Hofmann’s' Introduction to Chemistry, pr 1! 
4 Blewart's Blementary Tveolise on Eso 


all 
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perceived. The electric telegraph was a visionary dream 
Deana sakdieaval wiiyaicusla See has hardly yet coasod to 
excite our wonder; to our descendants centuries hence 
it will probabl; ia inferior im ingenuity to some 
inventions which they will possess, Now every Lee 
phenomenon may be a secret spring which, if rightly 
touched, will open the door to new chambers in the palace 
of nature. To refuse to believe = the occurrence aah 
thing ‘strange would be to neglect the most precious 088 
of discovery. Wemay eae Hooke, that “ the believing 
strange things posaible may perhaps be an occasion of taking 
notice of such things as another would pass by without 
regard as useless” We are not, therefore, to shut our ears 
avon to such apparently abeurd stories us those concerning 
second-sight, clairvoyance, animal magnetism, ode force, 
table-tumning, or any of the popular delusions which from 
tims to time are current. The facts recorded concerning 
these matters are facts in some sense or other, and they 
demand explanation, either as new natural phenomena, or 
as the results of credulity and imposture, Most of the 
supposed phenomena referred to have been, or Br sarees 
investigation would doubtless be, referred to Jatter 
head, and the absence of scientific ability in many of 
those who describe them is sufficient to cast a doubt upon 
their value. 

It is to be remembered that according to the principle 
of the inverse method of probability, the probability 
of any hypothetical explanation is affected by the pro- 
bability of each other possible explanation. If no other 
reasonable explanation could }y ted, we should be 
forced to look upon spiritualist manifestations as indicati 
mysterious causes. But as soon as ib is shown that frau 
has been cornmitted in several important eases, and that in 
other cases persona in a credulous and excited state of mind 
have deceived themselves, the probability becomes very con 
siderable that similar explanations may apply to most like 
manifestations. The performances of conjurors sufficiently 
prove that it requires no very great skill to perform tricks 
the modus operandi of which shall entirely escape the 

4 Jevona, Proceed: ‘thesManchester Téterary and PI 
seit Mey 1) asp Rn re 
A. Axon’ note same subject, ibid. p. 166. 
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notice of spectators, It is on these grounds of proba- 
bility that we should reject the so-called spiritualiat 
stories, and not simply because they are strange, 

Certainly in the obscure phenomena of mind, those 
relating to memory, dreams, somnambulism, and other 
eculiar states of the nervous system, there are many 
fi icable and almost incredible facts, and it is equally 
unphilosophical to believe or to disbelieve without clear 
evidence, There are many facts, too, concerning the 
instincts of animals, and the mode in which they find 
their way from ae to place, which are at present quite 
inexplicable. No doubt there ave many strange things 
not dreamt of in our philosophy, but this is no reason 
why we should believe in every strange thing which is 
reported to have happened. 





CHAPTER XXX, 
CLASSIFICATION, 


‘Tu extensive subject of Classification has been deferred 
to a late part of this treatise, because it involyes questions 
of difficulty, and did not seem naturally to fall into an 
earlier place, But it must not be supposed that, in now 
formally taking up the subject, we are for tho first time 
entertaining the notion of classification, All logical in~ 
ference involves classification, which is indeed the necessary 
accompaniment of the action of judgment, It is impossible 
to detect similarity between objects without thereby joining 
them together in thought, and forming an incipient class. 
Nor can we bestow a common name upon objects without 
implying the existence of a class. Every common name is 
the name of a class, and every name of a class is acommon 
name. It is evideut also that to speak of a general notion 
orconcept is but another way of speaking of a class, Usage 
leads us to employ the word classification in some cases 
and not in others. We are said to form the notion 
parellelogoes when we regard an infinite namber of possible 
four-sided rectilinear figures as resembling each other in 
the common property of possessin; el sides. We 
should be said to form a class, Trilobite, when we place 
together in 4 museura a number of gpecimens resemblii 
each other in certain defined churacters, But the logic 
nature of the operation is the same in both cases, We 
form a class of called parallelogram and we form 
a gensral notion of trilobites. 

Science, it wae said at the outect, is the detection of 
identity, and classification is the placing together, eithex in 

xX 
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thought or in actual proximity of space, those objects he- 
tween which identity has been detected. Accordingly, the 
value of classification is co-extensive with the value of 
science and general Ragone ‘Whenever we form a class 
we reduce multiplicity to unity, and detect, as Plato said, 
the one in the many. The result of such classification is 
to yield generalised knowledge, as distinguished from the 
direct und sensuous knowledge of particular facta, Of 
every class, so far as it is correctly formed, the principle 
of substitution is true, and whatever we know of one object 
in a class we know of tho other objects, eo far as identity 
has been detected between them. The fucilitation and 
abbreviation of mental labour is at the bottom of all mental 
P s. The reasoning faculties of Newton were not 
different in nature from those of a ploughman; the dif- 
ference lay in the extent to which they were exerted, and 
the number of facta which could be treated, Every think- 
ing being generalises more or lees, but it is the depth and 
extent of his generalisations which distinguish the philo- 
sopher. Now it is the exertion of the classifying and 
yeneralising powers which enables the intellect of man to 
cope in some degree with the intinite number of natural 
phenomena. In the chapters upon combinations and 
permutations it was made evident, that from 4 few element- 
ary differences immense numbers of combinations can be 
produced. The process of classification enables us to resolve 
these combinations, and refer each one to ita place accordin; 
to one or other of the elementary circumstances out of whi 
it; was produced, We restore nature to the simple condi 
tione out of which ita endless variety was developed. As 
Professor Bowen has said,* “The first necessity which is 
iny ‘upon us by the constitution of the mind itself, is 
to break up the infinite wealth of Nature into proupe and 
classes of things, with reference to their resemb! and 
affinities, and thus to enlarge the p of our mental 
fuoulties, even at the expense of sacrificing the minutencss 
of information which can be acquired only by studying 
objects in detail. The first efforts in the pursuit of know- 
Jedge, then, must be directed to the business of classification. 
1 A Treatiee on Logic, o7, the Laws of Pure Francis 
Dintn, Prise af Mofal Philouphy tw Barvand College, ase 
bridge, United States, 1866, p 315. 
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Perhaps it will be found in the sequel, that classification 
is not only the beginning, bat the culmination and the end, 
of human knowledge.” 


Classification Involving Induction, 


‘The purpose of classification is the detection of the laws 
of nature, However much the process may in some eases 
be disguised, classification is not really distinct from the 
process of perfect induction, whereby we endeavour tw 
ascertain the connexions existing betwoon properties of the 
objects under treatment. There can be no use in placing 
an object in a clas unless something more than tl 
of being in the class is implied. If we arbitrarily formed 
a class of metals and placed therein a selection from the 
list of known metals made by ballot, we should have no 
reason to expect that the metals in question would resembln 
each other in any points except that they are motals, aud 
have been selected by the ballot. But when chemists 
select from the list the five metals, potassium, sodium, 
cwsinm, rubidium, and lithium and them the Alkaline 
metals, a great deal is implied in this classification, On 
comparing the qualitics of these substances they are all 
found to combine very energetically with oxygen, to decom- 
pose water at all temperatures, and to form strongly basio 
oxides, which are highly soluble in water, yielding power- 
fully caustic and alkaline hydrates from which water cannot 
be expelled by hent. Their carbonates are also soluble in 
water, and each metal forms only one chloride. Tt may also 
beexpectod that exch salt of one of the metals will correspond 
to a salt of each other metal, there being a general analogy 
between the compounds of these metals and their properties. 

Now in forming this class of alkaline metals, we have 
done more than merely select a convenient order of 
statement. We have arrived at a discovery of certain 
empirical laws of nature, the probability being very con~ 
siderable that a metal which exhibits some of the proporties 
of alkaline motals will also possess the others. If we 
discovered another metal whose carbonate was soluble in 
water, and which onergetically combined with water at all 
temperatures, producing a strongly basic oxide, we should 
infor that it would form only a single aida that 
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generally speaking, it would enter into 
metals, The fornaton of the cls 


ier i ihe pemtier of roe ers ‘avean 

An excellent instance 8 to what classification can do, ia 
found in Mr. Lockyer's researches on the sun* Wanting 
some ani as to what more elements to look for in the 


most part those forming stable compounds with oxygen. 
met alent inferred that other elements tele stable 
ies in the sun, and he was 
Celie ie discovery of five such metals, Here 
we have empirical and tentative classification leading to 
the detection of the correlation between existence in the 
a aes the Lait of forming eine meee oxides sod then 
imperfect induction 1 discov mors 

coincidences between these be 
_ Professor Huxley has defined Sr of classifica 


treats under classification. He is full sno tata 
correlations, or in other terms deep uniformities or laws of 
nature, will be disclosed “A any well chosen and 

system of classification, I should therefore propose to 
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the above atatement, as follows :—* By the classifica~ 
any series of objects, is meant the actual or ideal 
arrangement ES like ies 
tion tion oF those which are unlike, the purpose of this arran; 
ment being, primarily, to disclose the correlations orlayare of 
union of propertics and circumstances, and, secondarily, to 
facilitate the operations of the mind in clearly conceiving 
and retaining in the memory the characters of the objects 
in question.” 


Multiplicity of Modes of Classification, 


In approuching the question how any given ip 
of objects may be best classified, Jet it be seni ta 
there must generally be an onlimited nom 

of een a o grep of objects. Misled, as we onan #00, 
by of classification in the natural sciences, 
Le pees seer to think that in each subject there 
must be one essentially natural system of classification 
which is to be selected, to the exclusion of all others 
‘This erroneous notion probably arisos also in part from the 
limited powers of thought and the inconvenient mechani- 
cal conditions under which we labour, If we arrange the 
books in a library catalogue, we must arrange them in 
some one order; if we compose’ a treative on mineralogy, 
the minerals must bo successively described in somo ono 
armogement ; if we treat such simple things as geometrical 
figures, they nmst be taken in some fixed order, We shall 
naturally select that arrangement which @ to be moat 
convenient, and instructive for our fant ts purpose. But 
it doesnot follow that this method of arrangement possesses 
any exclusive excellence, and there will rig usually many 
other possible arrangements, each valuable in its own way. 
A perfect intellect would not confine itself to one order of 
thonght, but would aera eget & group of 
objects nv classified in all the way which they are 
capable. Thus the elements may, be classified according 
to their atomicity into the lee ‘of monads, dyads, triads, 
tetrads, pentads, and hexads, and this is probably the most 
instructive apart but it does not prevent us from 
aleo classifying th sm according as they are metallic or non- 
metallic, solid, Tiquid ‘or gaseous at ordinary temperatures, 
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useful or uscless, abundant or scarce, ferromagnetic or 
diamagnetic, and so on, 

Mineralogists have spent a great deal of labour in trying 
to discover the supposed natural system of classification for 
minerals They have constantly encountered the difficul 
that the chemical composition doce not run together wil 
the erystallographic form, and the various physical pro- 
perties of the mineral. Substances identical in the forms 
of their crystals, especially those belonging to the first or 
cubical system of erystals, are often found to have no 
resemblance in chemical composition, The same gub- 
stance, again, is occasionally found crystallised in two 
essentially different crystallographic forms ; calcium ear- 
bonate, for instance, appearing aa cale-spar and aragonite, 
The simple truth is that if we are unuble to discaver any 
correspondence, or, as we may call it, any correlation between 
the properties of minerals, weeannot make any one arranges 
ment which will enable us to treat all these Lis ioe ina 
single system of classification. We must classify minerals 
in as many different ways og there are different groupe of 
unrelated peopertion of sufficient importance, Even if, for 
the purpose of describing minerals meee ey in a treatise, 
we select ono chief aystem, that, for instance, haying regard 
to chemical composition, we onght mentally to regurd the 
minerals ag classified in all other vsoful modes, 

Exactly the same may be said of the classification of 
lants, An itamense number of different modes of clissi- 
ying plants have been proposed at one time or other, an 

exhaustive account of which will be found in the article on 
classification in Rees’ “Cyclopmdia," or in the introduc- 
tion to Lindley’s “ Vegetable Kingdom,” There have been 
the Fructists, such as Cssalpinus, Morison, Hermann, 
Boerhaave or Gaertner, who arranged plants according to 
the form of the fruit, The Corollists, Rivinus, Ludwig, 
and Tournefort, paid attention chiefly to the number and 
arrangement of the parts of the corolla. Magnol selected 
the calyx as the critical part, while Sauvage arranged plants 
according to their leaves; nor are these instances more than 
a small selection from the actual variety of modes of classi< 
fication which have been tried. Of such attempts it may 
be said that every system will probably yield some infor+ 
mation concerning the relations of plants, and it is only 
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after trying many modes that it is possible to approximate 
rap 


Natwrat and Artificial Systems of Classijivation, 


Tt has been usualto distinguish systems of classifica- 
tion a3 natural and artificial, thoso being called natural 
which seemed to express the order of existing things as 
determinod by nature, Artificial methods of classification, 
on the other hand, included those formed for the mere 
Sonyenanee of men in remembering or treating natural 
objects, 

"The difference, as it is commonly has been well 
described by Ampére,! as follows: “We can distinguish 
two kinds of classifications, the natural and the artificial. 
In the latter kind, some characters, arbitrarily chosen, 
serve to determine the place of each object; we abstract 
all other characters, and the objects are thus found w be 
brought near to or to be separated from each other, often 
in the most bizarre manner. Tn natural systems of classi- 
fiestion, on the coutrary, we employ concurrently all the 
characters essential to the objects with which we aré 
occupied, discussing the importance of each of thom; and 
the results of this labour are not adopted unless the 
objects which it the clasest analogy are brought 
most near together, and the groups of the several orders 
which are formed from them are also approximated in pro- 
portion as they offer more similar characters, In this way 
3b arises that there is always a kind of connexion, more or 
Jess marked, between each group and the group which 
follows it 

There is much, however, that is vague and logically 
false in this and other definitions which havo been pro- 
posed by naturalists to express their notion of a natural 
system. We are not informed how the importance of « 
resemblance ia to be determined, nor what is the measure 
of the closeness of analogy, Until all the words employed 
in 6 definition are made clear in meaning, the definition 
itself is worse than useless, Now if the views concerning 
classification here upheld are true, there can ba no sharp 


| Beni sur la Philosophie des Sciences, p. 9. 
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and precise distinction between natural and artificial 
systems, All ments which serve A purpose at 
all must be more or less natural, because, if closely enough 
serutinised, sexe will involve more resemblances than 
those whereby the class was defined. 

Tt is true that in the biologicul sciences there would be 
one arrangement of plants or animals which would be 
conspicuously instructive, and in a certain sense natural, 
if it could be attained, and it is that after which natural- 
ists have been in reality striving for nearly two centuries, 
namely, that arrangement which would display on genen~ 
logical descent of every form from the original li gern. 
Those morphological resemblances upon wich the classi- 
fication of living beings is almost always based are in- 
herited resemblances, and it is evident that descendants 
will usually resemble their parents and each other in a 
great many points, 

I have said that a natural is distinguished from an 
arbitrary or artificial om only in degree. It will be 
found almost impossitile to arrange objects according to 
any circumstance without finding that some correlation of 
other circumstances is thus made apparent. No arrangement 
could seem more arbitrary than the common alphabetical 
arrangement according to the initial letter of the name. 
Bat we cannot scrutinise a list of names of persons without 
Usa 3 predominance of Evans's and Jones's, under the 
letters E and J, and of names beginning with Mac under 
the letter M. The predominance is so great that we could 
not attribute it to chance, and inquiry would of course 
show that it arose from important fasts concerning the 
nationality of the persons, It would appear that the 
Evans's and Jones's were of Welsh descent, and those 
whose names bear the prefix Mac of Keltic descent. 
With the nationality would bo more or less strictly 
correlated many peculiarities of physical constitution, 
language, habits, or mental character, In other cases I 
have been interested in noticing the empirical inferences 
which are displayed in the most arbitrary arrangements 
If a large register of the nates of ships be examined it 
will often be fonnd that a number of ships bearing the same 
name were built about the same time, a correlation due to 
the occurrence of some striking incident shortly previous 
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to the building of the ships. The of shipa or other 
structures is usual cortearid with their aa form, 
nature of materials, &c, so that ships of the same name will 
often resemble each other in many points. 

Tt is impossible to examine the details of some of the 
so-called artificial systems of classification of plants, 
without finding that many of the classes are natural in 
character. Thus in Tournefort's arrangement, dependin; 
almost entirely on the formation of the corolla, we fin 
the natural orders of the Labiatw, Cruciferse, Rosaceas, 
Umbelliferm, Liliacem, and Papilionaces, recognised in his 
qth, 5th, 6th, 7th, oth, and roth classes, Many of the 
classes in Linnwus’ celebrated sexual system also approxi- 
mate to natural classes, 


Correlation of Propertics, 


Habits and usages of Ianguage are apt to lead us into 
the error of imagining that when we employ different 
words we always mean different things. In introducing the 
subject of classification nominally I was careful to draw 
‘the reader's attention to the fact that all reasoning and all 
operations of scientific method really involve classification, 
though we are accustomed to use tle name in some cnses 
and notin others, The name correlation requires to be 
used with the same qualification. Things are correlated 
(con, velata) when they are so related or bound to each 
‘other that where one is the other is, and where one is not the 
other is not. Throughout this work wo have then been 
dealing with correlations, In geometry the occurrence 
of three Ged angles in a triangle is correlated with the 
existence of three equal sides; in physics gravity is corre~ 
lated with inertia; in botany exogenous growth is correlated 
with the possession of two cotyledons, or the production 
of flowers with that of spiral vessels. Wherever a propo- 
sition of the form A = B is true there correlation exists. 
But it is in the classificatory sciences especially that 
the word correlation has been employed. 

‘We find it stated that in the class Mammalia the 
possession of two eet ee condyles, with a well-ossified 
basi-oceipital, is correlated with se tower ibs of man- 
dibles, cach ramus of which is comp: of @ single piece 








nucleated red Blea socgutas Professor Huxley remarks + 
ol 


that this statement of the character of the class mammalia 
js aomet more than an arbitrary definition; it is a 
statement of a law of correlation or co-existence of animal 
structures, from which most important conclusions ure 
deduciblo, It involves a generalisation to tho effect that 
in nature the structures mentioned are. always found 
ussociuted together. This mmounts to saying that the 
formation of the class mammalis involves an act of induc- 
tive discovery, and results in the establishment of certain 
empirical laws of nature, Professor Huxley has excellent 
expressed the mode in which discoveries of this kind enable 
naturalists to make deductions or predictions with con~ 
siderable confidence, but he has also pointed out that such 
inferences are likely from time to time to prove mistaken. 
I will quote his own words: 

“If a fragmentary fossil be discovered, consisting of no 
more than a ramus of a mandible, and that part of the 
skull with which it articulated, a knowledge of this law 
may cnuble the palmontologist to affirm, with great con- 
fidence, that the animal of which it fi a part 
suckled its young, and had non-nucleated red blood-cor- 
puscles ; and to predict that should the back part of that 
skull be discovered, it will exhibit two occipital condyles 
and a well-ossified basi-oceipital bone, 

“Deductions of this kind, such as that, made by Cuvier 
in the famous case of the fossil opossum of Montmartre, 
have often been verified, and are well caloulated to im- 
press the vulgar imagination; so that they have taken 
rank ag the triumpha of the anatomist, But it should 
carefully be borne in mind, that, like all merely empirical 
Jaws, which rest upon a comparatively narrow observa~ 
tional basia, the reasoning from them may at any time 
break down. If Cuvier, for example, had had to do with a 
fossil Thylacinus instead of 9. fossil Opossum, he 
not-have found the marsypial bones, though the inflected 
angle of the jaw would have been obvious enough. And 


' Lectures om the Elemente of Comparatice Anatomy, q 
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80, though, practically, any one who moet with a character- 
istically mammalian fetisn be justified in expecting 
to find the characteristically mammalian peaipa A1880~ 
ciated with it; yet, be we be a bold man i |, who 
should strictly assert the belief which is implied in this 
expectation, viz, that at no period of the world’s history 
did animals exist which combined a mammalian occiput 
with a eraues jaw, or vice vers.” 

One of the most distinct and remarkable instances of 
correlation in the animal world is that which occurs in 
rominating animale, and which could not be better stated 
Ce in the following extract from the classical work of 
Cuvler:* 

“TI doubt if any one would have divined, if untaught 
by observation, that all ruminants have the foot cleft, 
and that they alone have it, 1 doubt if any ono would 
have divined that there are frontal horns only in this 
class: that those among them which haye sharp canines 
for the most. part lack horns, 

“ However, since these relations are constant, they must 
have some suflicient cause; but since we are ignorant of 
it, we must. make good the defect of the theory by means 
of observation; it enables us to establish empirical laws 
which become almost as certain as rational Jaws when 
they rest on sufliciently repeated observationa; 80 that 
now whoso secs merely the print of a cleft foot may con- 
elude that the animal which left this impression rumi- 
nated, and this conclusion is as certain as any other in 
physics or morals, This footprint alone then, yields, to 
him who observes it, the form of the teeth, the form of 
the jaws, the form of the vertebra, the form of all the 
hones of the legs, of the thighs, of the shoulders, and of 
the pelvis of the animal which has passed by: it ie a 
surer mark than all those of Zadig.” 

‘We meet with a good instance of the purely empirical 
correlation of circumstances when we classify the ae 
according to their densities and periods of axial rotation. 
If we examine a table specifying the usual astronomical 
elements of the solar system, we find Ukat four planets 

' Onemene Fossiles, 4th cit. vol. & p, 164 Quoted by Hualey, 
Lectures, 5 Pa 

? Chambers, Beserigtive Astronomy, tat edit, p. 23. 








janie! nevis the diferente ofthe mars 

first ia eats id group is well 

patio ofthe it Ig a let dol and the densities 
five times those of the second, that the coincidence 


cannot be attribated to accident, The reader will also 
notice that the first consists 


‘a 


ieee reese. haa Realtime feu. —. 


ju ht into the solar system by the attractive of 

opie, ‘Uranus, or other <i Tho Tho anastbeaton of 

mile as commenced by the two Herschels, and continued 
Magazine, xxxix. 

posgirl pte, Bt Prey, Ppa at am, 

ber 1874, p 350 


oA 


xxx.) CLASSIFICATION, 685 


by Lord Rosse, Mr, Huggins, and others, will probably lead 
é some future time to the discovery of ciooeaniemriia! 
laws concerning the constitution of the universe, The 
minute examination and classitication of meteorites, as 





ting them. It is a signifleant fact, for instance, that 
Bo greater number of variable stars are of a reddish 
colour. Not all variable stars are red, nor all red stars 
variable; but considering that only a small fraction of the 
observed stars are known to be variable, and only a small 
fraction are red, the number which full into both classes is 
too great sate ype It ia also remarkable that the 
greater number of stars possessing great proper motion ere 
double stars, the star 61 Cygni being especially noticeable 
in this respect The correlation in these cases is nob 
without exception, but the preponderance is so great ag 
to point to some natural connexion, the exact nature of 
which must be a matter for future investigation, Herschel 
remarked that the two double stars 61 Cygniand a Centauri 
of which the orbits were well ascertained, evidently be- 
longed to the same family or genus.” 


Classification in Crystallography, 


Perhaps the most perfect and instructive instance of 

" ce hina re can oer a See the science 
ol 133). e system of arrangement 
haw Geizallny Adopted fecomnicieuaee natural, and is even 
mathematically perfect. A crystal consists in every part 
of similar molecules similarly related to the adjoining 
molecules, and connected with them by forces the nature 
of which we can only learn by their apparent effects. But 
these forces are exerted in space of three dimensions, 20 
that thore isa limited number of suppositions which can 
be entertained as to the relations of forces. Tn one 


} Humboldt, Cuomce (Bohn), vol. i, p 234. 


2 Baily, British Association Catalos 2B. 
2 Ouiline of Anonomy, § 350, 488 ait. 578, 
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ease each molecule will be similarly related to all thord 
which are next to it; in a second case, it will be simi 
related to those ina certain plane, but differently related 
to those notin that plane, In the simpler cases the arrange- 
‘ment of molecules is rectangular; in the remaining cuses 
oblique either in one or two planes, 

In order to simplify the explanation and conception of 
the complicated phenomena which crystals exhibit, an 
hypothesis has been invented which is an excellent instance 

the Descriptive Hypotheses before mentioned (p. 522). 

raphers imagine that there are within edel 

crystal certain axes, or lines of direction, by the ve 
length and the mutual inclination of which the nature of 
the crystal is determined. In ane class of crystals there 
are three such axes lying in one plane, and a fourth 
dicular to that plane; Lut in all the other classes thats od 
imagined to be only three axes. Now these axes con be 
varied in three ways as rege length’: they may be (1) alt 
et or (2) two equal and one unequal, or (3) all unequal. 

ey may also be varied in four ways as regards direction = 
(1) they may be all at right angles to each other; (2) two 
axes muy be oblique to each other and af right angles’ to 
the third 5 (3) ‘two axoe may be at right Sete to a | other 
and the third oblique to both; (4) the three axes may be 
all oblique. Now, if all the variations as regards 
were combined with those regarding direction, it would 
seem to be possible to have twelve classes of crystals in all, 
the enumeration being then logically aad geometrically 
complete, But as a matter of empirical observation, many 
of these clagses are not found to oceur, oblique axes bein, 
seldom or never equal. There remain seven i 
classes of crystals, but even of these one class is not posi+ 
tively known to be represented in nature, 

The first class of crystals is defined by ing three 
equal rectangular axes, and equal elasticity in all directions. 
The primary or simple form of the is the cube, but 
by the removal of the corners of the cube by planes vari- 
ously inclined to the axes, we have the regular ostohedron, 
the dodecahedron, and various combinations of these forms. 
Now it is a law of this class of crystals that ag each axis is 
exactly like cach other axis, very modification of any 
corner of a crystal must be mpeated symmetrically with 
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&e. No correlution then is a] at between the 
crystallisation and the chemical composition. But what 
we have to notice is that the physical properties of the 
crystallised substances with regard to light, heat, electricity, 
&c,, are closely similar, | Light and heat undulations,wher- 
ever they enter a crystal of the regular aysiem, spread with 
‘equal LY in all directions, just a8 they would in a Eo 
form fla Crystals of the ar ace ly 
not in any aan ectibee the eed oc arabs taricioe 
‘unless by mechanical compression we alter the conditions 
of elasticity. These crystals, again, expand equally in all 
directions when heated, and if we cut a suflicientl 
large plate from a cubical crystal, and examine the soum 
vibrations of which it ia capable, we should find that they 
indicated an equal elasticity in every direction. ‘Thus we 
see that'a great number of important properties are carne 
lated with that of crystallisation in the regular system, and 
as soon as we know that the primary form of a substance 
is the cube, we alae ‘to infer with apr : s serety 
that it possesses: c3é properties, class of regular 
crystals is then an eminently natural class, one diselosin, 


Rie fieal 
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Nearly the same statement the 
third eee pera a etn pt 

which there are three axes lying in ono and meoting 

at angles of Go°, while the fourth axis is licular to 


the other three, The hexagonal een rhombohedron 

are the Goraceonestiiorng soem rcoyetalacttsieeabone 
and in ice, quartz, and calc-spar, wo, have abundance of 
beautiful apecimons of the various ghapes produced by the 
modification of the primitive form, Calc-spar alone is anid 
to crystalliae in at least 700 varieties of form. Now of all 
the crystals belonging ath to this and the dimetric class, 
we know that a maj et lane passing in the direction of the 


axis wil iy a5 ina 
the ea aystem ; ae in every slag oh direction he tght 
will suffer double refraction tio being meee oie es 
one of which obeys the o1 law of refraction, but 
other a much more com) Jaw. The other physical 
properties vary in an analogous manner, Thus 
expands by heat in the direction of the 1 axis, 
contracts a little in directions eandianier oy my So 
closely are the physical properties correlated cee 
cherlich, Lari pte the law of aes 
spar, was enabled to predict that the ing 
power of the substance would be decreased 
ecuseze, as was proved by pass ete to be the 


oi the fourth pee felled she inal cate ane 
cee eens stem, are three axes, at 
but all unequal vi length, It may be sate goed 
torms that the mechanical properties vary in 
in every direction, and fete prponda.ay MebhNekaataeet 
surface is an ellipsoid with three Saeeape axes, 

Tn the remaining three clas: led the monoclinic, 
Le and triclinic, the axes are more or Jess oblique, 
and at the same time unequal The com of 

henomeng is thorefore greutly increased, und it need only 
te stated that thens are always two directions in which 4 
ray is singly refracted, but that in all other 
double refraction takes ‘place. ‘The conduction of heat is 
‘unequal in all directions, the isothermal surface being aa 
ellipsoid of three unequal axes. The relations of such 
erystaly to other phonoiuena are often very com 





jamagnetic, Further 
opply pressure to crystals.) Thus doubly 
one 


the simple hypothesis that ‘the elasticity and approximation 
of the particles vary in tho dircotions of the crystalline 


‘The whole of the phenomena are gradually being proved 


to be consistent with this hy, is, so that wo have in 
this subject of crystallogray a beautiful instance of 
successful ification, connected with a nearly perfoct 


experimentally as regards the mechanical vibrations of 
sound by Savart, who found that the vibrations in plate 
of biaxial crystal indicated the existence of varying 
elasticity in varying directions, 


Classification an Inverse and Tontative Operation, 


Tf attempts at so-called natural classification are really 
attempts at perfect induction, it follows that they are 
subject to the remarks which were, made upon the inverse 
character of the inductive process, and upon the difficulty 
of every inverse operation. LU, 12, 122, &e.), There 
will be no royal road to the dis of the best, 

Y¥ 
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and it will even be impossitile to lay down rules of pro- 
Salers to belt Uieatiiy wa naeeeiltal seated 








by chemists in six principal groups as monad, dyad, trind, 
&c., elements, the numbers in the classes petri bea 


roe The rule of exhaustive arrangement, then, is 


trial santas a general roe give useful result. If 
‘we were to write it 

upon sixty-three cards, throw them into a ballot-box, and 
draw them out haphazard in six handfuls time after time, 
the probability is excessively small that we should take 
them out in a specified order, that for instance at present 
adopted by chemiste, 

The usual mode in which an investigator 
form a classification of a new group of objects seems to 
consist in tentative a them according to their 
most obvious si jes, tw objects which it 
a close resemblance to each other will be joined and 
into the rudiment of a class, the definition of which will 
at first include all tho apparent points of resemblance, 
‘Other objects as they come to our notice will be gradually 
assigned to those groups with which they present the 
greatest number of points of resemblance, and the defi- 
nition of a class will often have to be altered in onder to 
admit them, The carly chemists could hardly avoid 
classing together the common metals, gold, silver, 

Jead, and iron, which present such conspicuous points of 
similarity as regards density, metallic h 


= 


i 


i 
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&o, With the progreas of discovery, however, erat 
‘began to ere Peete in such a grouping. 
mony, bismuth, and distinct]; 
regards lustre, ey sone chemical pooper tee 
are wanting in ly 
tellurium presents eo ‘ifficulties, for it has ae of 
the physical properties of metal, and yet all its ehemical 
properties are analogous to those of sulphur and selenium, 
eh have never ‘been regarded a3 m: Great chemical 
differences again are discovered by degrees between the five 
metals mentioned; and the ibe if it is to bave A che- 
mical validity, must be made to include other elementa, 
having none of the original properties on which the clase 
uunded. Ty is a transparent colourless 
ttalogis iso chal, Speer ES fray? in 1836, 
analogies it is a as ‘at 1838, 
and almost proved by Graham; it must be sf placed a4 
the same class.aa silver, In this ‘or Homes that 
almost every classification which is proposed in the ear! 
‘stages of a science will be found to break down as the 
decper similarities of the objects come to be detected. The 
most obvious points of difference ey a to be Tec and 
Chlorine is a gas, bromine 4 liquid, 
at first sight pe te mba Pench circum- 
stances to overlook ; but in chemical analogy ae substances 
are closely united, The progress of chemistry, 
again, rae yielded wholly new ideas of t similaritieg of 
compounds, Who, for instance, would recognise without 
extensive research a close similarity between glycerine and 
alcohol, or between fatty substances and ey ‘The class 
of paraffins contains three substances gaseous at ordinary 
temperatures, several liquids, and some a opwtaliie solids. 
it to detect the analogy which oxista 








ae aes! of chemistry now depends to a it extent 


fessor G, ¢ Foster in Watts Dating Chemist: 
brad system of chemical classi: dae was cf 


1 ele a Blo. 


Chemical and 
f, by Young and Angus Sin wee 
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reached ‘until Fea ecta falue systems had 
been long entertained. And he ig much reason 
to believe that the present mode of classification sect 
to atomicity is ae arn Mar errors may yet be 
discovered in the details of the grouping, 


Symbolic Statement of the Theory of Classifieation. 

Tho theory of classification en bo explainod in the moat 
complete and manner, by reverting for a vant wo 
the use of tho taal Alphabet, which was found to be of 
supreme importance in Formal Logic. That form expresses 
the necessary classification of all objects and iléasas depend 
ing on the ed of thought, aud there § is no point concerning 
the purpose and methods of classification which m: Saibe 


stated by the we of letter combinations, 
incavenins tg the abstract form in which the sities 
is thus represented, sist 
a epay ogee. oe to three qualities in w’ 
may resemble each bier, namely, the Se Seetite ne 
thor are according to tha lawa of tho 
classes of elnecie, shown in the fou ae of in 
Logical Alphabet 94). 94). If there exist objects belong! 
to all here eight cl it follows that the qualities A, 
©, are subject to no coneitfons except the prunary laws of 
thought and things (p. i Thore is then no special law of 
nature to discover, and, if we arrange the objects in any 
one order rather than another, it must, be for the purpose of 
showing that the combinations are logically complete. 
Suppose, however, that there are tnt four kinds of objects 
possessing the qualities A, B, C, and that these kinds aro 
represented by the combinations ABC, AUC, aBe, abc. 
‘The order of ane on will now be of importance ; for if 
we place them in the order 0 





abe 
plating the Be fat and those which are 6's last, we shall 
un overlook the law of correlation af properties in- 
es But if ee arrange the satiate as follows 


AbO 
it becomes apparent at once that when: re ix, and only 
whora A is, tho property C is to bo found, B being 
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indiffes resent and absent, The second ent 
then roa ee called a nutural one, as Sontag ren 
Ts iotiee tt ae tes eocese tele 

30 ce, let.us suppose that | objec 
are presented to us for eldasification, which nee combi- 
nations of the Bye properties, A, B, O, D, ¥, in the follow- 
ing a ae, 





CdE aBCal 
ABede a 
A’CDE abODE 


AdcDe 
‘They are now classified, so that thoge containing A stand 
first, and those devoid of A second, but no other property 
seams to be correlated with A, Let us alter this arrange- 
ment and group the combinations. thus >— 
ABCAE 


ALCDE. 
ABede AbcDe 
abOdE, abODE 
Bede 


a abcDe 
Tt requires little examination to discover that in the first 
group B is always present and D absent, whereas in the 
second group, B is always absent and D een This ia 
the result which follows from a law of the form B=d@ 
(p. 136), so that in this mode of arrangement, we readily 
hie correlation between two letters. Altering the 


roups again as follows -— 

soaps MABCAE ABole 
oBCdE, abede 
ABCDE AbcDe 


abcDe, 

wo discover another evident correlation between C and KE. 
Between A and the other letters, or between the two pairs 
of letters B, D and C, ¥, there is no logical conuexion. 

This example may seem tedious, but it will be found 
instructive in this way, We are clussifying only Led 
objects or combinations, in each of which only five qualities 
are considered. ‘There are only two laws of correlation 
between four of those five qualities, and those aws are 
of the simplest logical character, Yot the reader would 
hardly discover what those laws are, and confidently assign 
them by rapid contemplation of the combinations, as given 
in the frst group. Several tentative classifications must 
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‘be made before we can resolye the 


eee aaa ee 
principles 2 ical it. Each 

dlaeg shonld bo &ivated Tate toro infor toscana: 
guished by the possession and non-possession of a single 


ivisible by any other quality whatever which can 
suggested, and thus every classification logically consists 
of an infinitely ext series of subaltern genera and 

ies. The classifications which we form are in Heed 

very small fragments of those which would cor 
fully represent the relations of existing things. But if we 
take more than four or five qualities into account, the 
number of subdivisions grows impracticably large. 
finite minds are unable to treat any complex group ex- 
haustively, and we are obliged to simplify and 
scientific problems, often at the risk of overlooking 
particular conditions and exceptions. 

Seth a sae ey ed in the manner of the 
Logical habet ay be bifurcate, because every 
class branches out at each atep into two minor classes, 


existent or imaginary. Jt would be a great mistake to 


regard this it i 
special methods ft is act only « natural tad pea 


2 

















following hiftreate one — re 


AB Ab 


Aw Abe = 

lf, iene ay divide ite, genus A into three mace AB, 
AG, AD, we are either logically in error, or else we must 
be understood to imply that, as regards the other letters, 
there exist only three combinations containing A, namely 
ABed, AbCd, and AbeD, 

The logical necessity of bifureate classification has been 
¢ ine and correctly stated in the Outline of a New System 

LM George Bentham, the eminent botanist, a worl 

ah Jogical value hus been quite overlooked until 
lately. Mr. Bentham points out, in p. 113, that every 
classification must be essentially bifurcate, and takes, as 
an example, the division of vertebrate animals into four 
sub-classes, as follows :— 

Mammifera—endowed with mamme and lungs. 

Birds without marmm but with lungs and wings, 

Fish deprived of lungs. 

Reptiles deprived of mamma and wings bub with 


We have, (akeas Mr Bentham says, three bifid divi- 
sions, thus represented :— 


Yes irag 
Endowed with lungs dprived of Iumgy 
Endowed with doprived of 
shauna 
= Mammifers 
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Ais nite evident that according to the laws of tho 
this amapgenen incomplete ite eodesse 
ctrimepet wings or be deprived of them ; we 
moust either subdi this class, or assume that none of 
ealenearsels ary AF ay bet aioe aamaten eee 
case, the a of bate nob bei ae meaning 
of the aes aa applied to binds, Fish, again, ought to’ be 
considered with regard to be cession of mammm and 
wings ; and in leaving them undivided we really imply that 
Se never haye mamma ere , the wings of the flying- 
Beh, seal, bel no exce] ft we resort to the use of 
our letters and colgaptreees 
Syeda 
= having lungs, 
= having meta, 
D = having wings, 
then there ate four existont classes of vertebrate which 
appear to be thus described — 
: a - ABD ABed z 
jut in reality the combinations aro implied to 
mifera, 








and we impl; Spink mame tno hah to cha fo 
ceivable combinations containing B, ©, or D, namely ABCD, 
AbCD, AbCd, and AbcD, do not oxiat in nature. 

Mr. Bentham points out? that it is really this method of 
classification which was employed by Lamarck and De Can- 
dolle in their so-called analytical ent of the French 
Flora. He gives as an example a table of the principal 
classes of De Candolle’s aystem, as also a bifurcate arrange 
ment of animals after the method proposed by Duméril in 
his Zoologie Analytique, this naturalist being “Tistinguished 
by his clear eption of the logical importance of the 
method. A bifareate classification’ a of the animal kingdom 
may aleo be found in Professor Reay Greene's Manual of 
the Clenterata, p. 18. 

The bifurcate form of classification seems to be needless 
when the quality according to which we classify any group 

ae aur ia Nomenclature et la Classification, Paris, 1823, pp. 
307, 1086 
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of ebige anie of numerical discrimination. It would 
seem to arrange things according as they have one 
degree of the quality or not one degree, two degrees or not 
two degrees, and 50 on. The elements are clagsified aseord- 
ing as the atom of each saturates one, two, three, or more 
ators of a monad element, such as chlorine, and they are 
called accordingly monad, dyad, triad, tetrad elements, and 
#0 on. It would be nseless to apply the bifid arrangement, 
thus :— 


Element 
mang pe pe 
poten 2nd alt 
Triad pore 
fT) 
Totrad not-Tetrad. 


‘The reason of this is that, Py the nature of number (p. i 7) 
roy ee ig logically diseriminated from every 
number, There can thus be no logical confusion in a nume= 
tical arrangement, and the series of numbers indefinit 
extended is also exhaustive, Lvery fais admitting of a 
quality expressible in numbers must find its place some= 
whore in the series of numbers, ‘Tho chords in music 
correspond to the simpler numerical ratios and must admit 
of complete exhaustive classification in respect to the 
complexity of the ratios forming them, Plane rectilinear 
figures inay be classified according to the numbers of their 
sides, as triangles, quadrilateral figures, pentagons, hexagons, 
heptagons, &. The bifurcate arrangement is not false when 
applied to such series of objects; it is even necessarily 
involved in the arrangement which we do apply, so that 
its formal statement is needless and tedious, The same 
muy be said of the division of portions of . Reid 
and Kames ballet ‘to cast te on J oe 
arringement' ing to classify the parts of Engle 
into Middlesex et pha is not eee dividing the 
latter again into Kent and what is not Kent, Sussex and 


4 George Bentham, Outline of a’ New System of Logie, p. 115. 
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what is not Sussex; and so on, et tat tcc 
from being an absurd proceedin, it it is requisite to 
assure U8 we ave zai en ex Hnuaiive tna tastestonset 
the parts of England, 


The Five Predicables. 


science is always instructive as giving icstaxioas: af Sie 

‘oem But at the same 
time we ought curefully to disencumber the statement of 
the science itself of all names and other vestiges of antiquity 
which are not actually useful at the present day, 

Among the ancient expressions which may well be 
excepted from such considerations and eyainea in use, are 
the “Five Words” or “ive Predicables” which were 
described by. Peeplinny. in his introduction to Aistaags 
Organum. ‘Two of them, Genus and Species, are 
venerable names in philosophy, having probably sce tat 
employed in their present logical meanings by Socrates, 
In peat: resent day it requires some im effort, as 
Saaitked Grote, to see Nee epee important in the 
invention of notions now so familiar as those of Genus and 
Species. But im reality the eae of such terms 
showed the rise of the first germs of logic and scientific 
method; it showed that ie were beginning to analyse 
their processes of thou 

The Five Predi: are Genus, Species, Difference, 
Property, and Accident, or in the original Greek, eee 
‘bon adapt; aon, stwBesnese, OF these 
be taken to fhean any class of objects which i is ee qd 
broken up into two minor classes, which form §} 

‘The genus is defined by a certain number of Laos or 
cireumstances which belong to all objects included in the 
class, and which are sufficient to mark out these objects 
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from all others which we do not intend to include. Inter- 
preted as regards por oma so sd of 
Carer Uo those ini If pettel welt 
objects another 
payee: ty some of the 
Glference which vides othiraytiis “uallty becomes a 
ference which divides the genus into two species’ We 
may interpret the species cither in intension or extension ; 
in the former respect it is more than the genus as containing 
one more Dh aerepatde teat tin! aol 
Jess than the  pexoeti ciated setunly Diet 
constituting the genus, We may say, With ‘Aristotle, 
that in one sense the genus is in the species, namely in 
intension, and in another sonse tho species is in the genus, 
namely i in extension. The difference, it is evident, can be 
int in intension only, 

A is a quality which belongs to the whole of 
class, but does not enter into the definition of that class. 
A generic property bsg, i 
contained in the genus. It is ® property of the genus 
parallelogram that the opposite rg ks ual, we 
regard a rectangle as a speci eo ram, the 
difference being that one ape isa rg angle, it follows 
as a specific property that all the angles aro right = 
Though property in the strict logical sense must belong 
to each of the objects included in tho class of which it is a 
property, it may or may not belong to other objecta. The 
property of pig i the r Crnae angles equal may belong 
to many figures besides parallelograms, for pera 
regular hexagons It i i a property of the circle that all 
triangles constructed upon the bese} with the aie 
upon the circumference are right-angled triangles, und 
vice versd, all eurves of which this is rs must be cirolos. 
A property which thus belongs to the whole of a class and 
only to that class, corresponds to the iéov of Aristotle and 
promeitas a conveniently call it a peouliur property. 

San eee to make a statement in the 
ped fe 97). ‘Thus we know it to ba 
i peonichpepeeresn ie that for a given length of 
perimeter it encloses a greater area than any other possible 
curve ; hence we may say— 

of equal curvature = curve of greatest area. 





in which it is grouped with other crystals ; these, then, are 
accidents as regards a crystallographie classification, With 
respect to the chemical composition of a cobetanass apts 


or groups of qualities, and on examining the combinations 
fa which A, B, O, D, 2 ocour let them as follows == 
ABCDE 
ABODe ACde. 


Here we see that wherever A is we algo find C, so that 
C is a generic property; D occurs always with B, so that it 
constitutes a specific property, while: I is indil tly 
a and absent, so a8 not, to be related to any other 
etter ; it represents, therefore, an accident. It will new be 
scen that the Logical Alphabet represents an interminable 
series of subordinate genera and epecies; it ia but a concise 
symbolic statement of what was involved in the ancient 
doctrine of the Predicables, 
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Summum Genus and Injlma Species, 


As a genus means any class whatever which is reganded 
a8 Comy ‘of minor classes or species, it follows that the 
mme will be a 5 in one point of view and a 
species in another. Metal is « germs as regards alkaline 
metal, a species as regard clement, and any extensive 

m of ete Li rite ea a es Ne as 
they are technically e , genera species. 
The question, however, arises, whether such a chain of 
classes has a definite termination at either end The 
doctrine of the old logicions was to the effect that it termi- 
nated upwards in a genus generalixsimum or summum genus, 
which was not/a ies of any wider class, Somo very 
general notion, such as substance, object, or thing, was 
supposed to be so comprehensive as to inchide all thinkable 
objects, and for all ‘tical purposes thia might be so, 
But us T have already explained (p. 74), we cannot reall: 
think of any object or class without therel Peparating it 
from What is not that object or class. linking is 
relative, and eel discrimination, so that every 
and every logical notion must have its negative “If so, 
there is no such thing as a simmium genus for we eannot 
frame the requisite notion of @ class forming it without 
implying the existence of another class discriminated from 
it; add this new negative class to the supposed mmm 
genus, and we form a still higher genus, which is absurd. 

Although there is no absolute summum genus, neverthe- 
Joss relatively to any branch of knowledge or an’ Receaulee 
argument, thee is always some class or notion which hounds 
our horizon as it were, The chemist restricts his view to 
material substances and the forces manifested in them; 
the mathematician extends his view so’ as to comprehend 
all notions capable of numerical discrimination. The biolo- 
gist, on the other hind, has a narrower sphere containing 
only organised bodies, and of these the it and the 
zoologist take parts, In other subjects there may be a 
still narrower summum genus, ag when the Iawyer regards 
only reasoning beings of his own country together with 


their jesse 
In the deseription of the a ter Alphabet it was pointed 
ont (p. 93) that every series of combinations is really the 
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development of a single class, denoted by X, which letter 
was in the first column of the table on 
p- 94 This is the formal acknowledgment of the principle 
clearly stated by De Morgan, that all reasoning 
within an aseumed summum genus. But at the same time 
the fact that X as a logical term must have its negative 
a, shows that it cannot be an absolute summum genus. 
‘There arises, again, the quostion whether there bay 
such thing as an infima species, which cannot be divi 
into minor species, The ancient logicians were of opinion 
that there always was some assignable class which could 
only be divided into individuals, but this doctrine scpen 
to bo snunonetinallsOOETEOD: as Mr, George 
long ago stated We may put an arbitrary limit to the 
subdivision of our classes at any point convenient to our 
purpose. The crystallographer would not generally treat 
as different species crystalline forms which differ only 
in the degree of development of the faces, The naturaliet 
overlooks innumerable slight differences between animals 
which he refers to the same species, But in a atrictly 
logical point of view classification might be carried on as 
long as there is a difference, however minute, between 
two sheets and we might thus go on until we arrive at 
individual objects which are numerically distinct in the 
logical sense attributed to that expreasionin the chapter 
upon Number, Lither, then, we must call the individual 
the infima species or allow that there is no such thing at all, 


The Tree of Porphyry. 


Both Aristotle and Plato were acquainted with the value 
of bifureate classification, which they occasionally employed 
in an explicit manner. It is impossible too that Anistotle 
should state the nws of thought, and employ the predicables 
without implicitly Teoogalsing the logical Resch of that 
method, It is, however, in Porphyry's remarkable and in 
many respects excellent Introduction to the Categories of 
Aristolle that we find the most distinct account of it. 
Porphyry not only fully and accurately describes the 

icables, but incidentally introduces an example for 





# Outline of @ New System of Logie, 1827, p. 117. 
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iMustrating those licables, which constitutes a 
ting preci good 


of bifuroate ‘his words? 
Heanor erate acu elaoaiaite eee 
be divided, eee Seay EM TY GF PORES 


Joly, Lesonial Body, Animal, Rational Animal, and 
again, come Socrates, Plato, and other parti- 
cular men, Now of these notions Substance is the a 
es. 





Animal is a 
rational Bt 
but isa ies merely and not a genus, ants 
cia vl a ee a 
ry atsome em exan)] 
in further Hiustration of the predicables, We do not 
find in Porphyzy's own work any scheme or diagram 
exhibiting this curious specimen of classification, but some 
of the earlier commentators and Sasa writers drow what 


insisted 

much upon the value of Dichotomy. With the exception 
of Jeremy Bentham? and George Bentham, epee Ge 
modern logicians have shown an appreciation of the value 
ten ibj t, both in his Oude of Seton of la 

1¢ subject, in Hine of a New me 
(pp. 105-1 38) a ane in his earlier vans entitled Best sur la 
Demandatucs des Principales Branches 
Pant Soae tren 1823), which consists of a free 
translation or improved version of his uncle's Essay on 
Classification in the Ohrestomathia, Some interest attaches 
to the history of the Tree of Porphyry and Ramus, because it 
is the Prototype of the aaa Loaieal abet which lies at the 
basis of logical method. Jeremy Bentham speaks truly 

+ Porphyrii Teagoge, Meat it S hogie 


2 Sev, Blomanary Lowen 
einai’ erinhaed eae ae 





i Thal a proowed 
Bente cur net tral tak ae a 
pean pr Ret see a eaaty 
arrangements, bik 


‘that ee eee 
extensive and unwieldy, (2) that they are unecono- 
tical. Tn his day the recorded namber of dit = 
of plants was 40,000, and he leaves the reader to 
pa ratte pe ritnedireevoobol ret pers 


he recyrendids alse te inl bo Sta ae placed 
finiteness of our mental and manual powers, 


Does Abstraction imply Gencralisation ? 


ar te, te the, To abstract is (p. 27), 
to overlook or withdmw our meee ete Aree 
difference, ere tent pipe i feria 


circumstance ‘increases tho number of objects poner] 
under a class according to the law of the inverse relation 
of the quantities of extension and intension (p. 26). 
Bwelling-house is a wider term than. brick-dwellit 

House is more general than dwelling-house. the 


_ 
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question before ua is, whether abstraction always increases 
the number of ahjects included in a class, which amounts to 
asking whether the law of the inverse relation of } 
quantities is ahoays true. The interest of the question 
partly arises from the fact, that so high » philosophical 
authority as Mr. Herbert Spencer has ‘lene that gene- 
talisation is implied in abstraction,! making this doctrine 
the ground for rejecting previous methods of classifying 
the sciences, and for forming an ingenious but 

method of his own, The question is also a phar se 
one of the highest logical importance, nnd involves sul 
difficulties which have made me long hesitate in forming 
a decisive opinion. 

‘Let us attempt to answer the question by examination of 
afew examples. Compare the two classes gun and éron 
gun, At ia certain that there are many which are not 
made of icon, 80 that abstraction of the circumstance “made 
of iron” increases the extent of the notion. Next compare 
gun and metallic gua, All guns made at the present day 
consist of motal, so that the two notions seem to be co» 
extensive; but gans were at first made of pieces of wood 
bound together like a tub, and as the logieal term gun 
takes no account of time, it must include all guns that 
have ever existed, Here agnin extension increases as in~ 
tension decreases. Compare once more “ steam-locomotive 
engine ” and “ locomotive engine.” In the present day, as 
far as I am aware, all locomotives are worked by steam, 80 
that the omission of that qualification might eeem not to 
widen the term ; but it is quite possible that in some future 
age a different motive power may be used in locomotives ; 
and a there is no limitation of time in the use of logical 
terms, we must certainly assume that there is a class of 
locomotives not worked by steam, as woll as a class that is 
worked by steam. When the natural class of Euphorbiaces 
was originally formed, all the plants known to belong to it 
were devoid of corollas; it would have seemed therofore 
tht the two classes“ Euphorbiacew,” and " Eaphorbiaces 
devoid of Corollas,” were of equal extent. Sul jontly a 
number of plants plainly ing to the same class were 
found in tropical countries, they possessed bright 

1 The Classification of the Sciences, Ge,, 3rd edit. pp. Eesaye + 
etsatie Poldunhs and Specetaions to do go Se 
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coloured corollas. Naturalists believe with the utmost con~ 
fidence that “Ruminants” and “Ruminants with cleft feet ” 
are identical terms, because no ruminant has yet been dis~ 
covered without cleft feet. But we can see no impossibility 
in the conjunction of rumination with uncleft feet, and 4 
would be too great an assumption to say that we are 
certain that an example of it will never be met with. 
Instances can be quoted, without end, of objects being 
ultimately discovered combining properties which had never 
before been soon together, In the animal kingdom the 
Black Swan, the Omithorhynchus Paradoxus, and more 
recently the singular fish called Ceratodus Forsteri, all 
discovered in Australia, have united characters never 
previously known to coexist. At the present time deep- 
sea dredging is bringing to light many animals of anun- 
precedented nature. Singular exceptional discoveries may 
certainly occur in other branches of science. When Davy 
first discovered metallic potassium, it was a well established 
empirical law that all metallic substances possessed a high 
specific gravity, the least dense of the motals then known 
being zine, of which the specific gravity is 7:1, Yet to 
the surprise of cheriste, potaesium was found to be an 
undoubted metal of Jess density than water, its specific 
gravity being 0'865. 

It is hardly requisite to prove by farther examples that 
our knowledge of nature is incomplete, so that we cannot 
ET arene the non-existence of beeline 
Logically speaking, we ought to leave a place open for 
animals which ruminate but are without cleft feet, and 
for «very possible intermediate form of animal, plant, or 
mineral. A purely logical classification must take account 
not only of what certainly does exist, but of what may in 
after ages be found to exist. 

I will go a step further, and say that we must have 
places in our scientific classifications for purely imaginary 
existences. A large proportion of the mathematieal funo- 
tions which are conceivable have no application to the oir 
cumstances of this world, Physicists certainly do investi- 
gate the nature and consequences of forces which nowhere 
exist, Newton's Principia is full of such investigations, 
In one chapter of his Mécanique Celeste Laplace indulges 
in a remarkable speculation as to what the laws of motion 





‘existence 
such that a perpetual motion would be i 
Law of Conservation of Energy would not 


Ge 

Thought is not bound down to the limits of what is 
materially existent, but is circumscribed only by those 
Fundamental Laws of Identity, Contradiction and Duality, 
which were laid down at the outset, This is the point at 
which I should differ from Mr, Spencer. He appears to 
suppose that a classification is complete if it has a 
for @ existing object, and this may perhaps seem to he 
practically sufficient; bub it is subject to two profound 
objections. Firstly, we do not know all that existe, and 
therefore in limiting our classes we are erroneously Sen 
multitudes of objects of unknown form and nature whi 
may exist cither on this earth or in other parts of space, 
Secondly, as I have explained, the powers of thought are 
not limited by material ee We mays a pis 

ses, must imagine obj which not 
ielot and if we imagine thu wa ought to fed placer oe 
them in the classifications of acience, 

‘The chief difliculty of this subject, however, consists in 
the fact that mathematical or other cortain laws may 
entirely forbid the existence of some combinations. The 
circle may be defined ass plane curve of equal curvarure, 
and it is a property of the circle that ib contains the greatest 
area within the least possible perimeter, May we then 
contemplate mentally a circle not # figure of greatest 
sible area? Or, w taken sill simpler xampe a para 
gram possesses the property of having the opposite ea 
equal. May we then mentally divide pi nits 
two classes according as they do or de not have theiroppo- 
site angles equal? 1t might seem absurd to do so, because 
we know that one of the two species of parallelogram 
would be non-existent, But, then, unless the student had 
previously conan the existence of both species as 
possible, what is the meaning of the thirty-fourth proposi- 
tion of Euclid’s first book? We cannot fea or Neuse 
the existence of a certain combination without thereby in 

“22 
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ry ewe way recognising that combination as an object of 
thought, 

The conclusion at which I arrive is in opposition to 
that of Mr. Spencer. I think that whenever we abstract 
a quality or circumstance we do ee or widen the 
notion from which we abstract, Whatever the terms A, 
B, and C may be, I hold that in strict logic AB is mentally 
a wider term than ABO, because AB includes the two 
species ABC and ABe. The term A is wider still, for it 
includes the four species ABO, ABe, AUC, Abe. The Logi- 
cal Alphabet, in short, is the only limit of the classes of 
objects which we must contemplate in a purely logical 
point of view, Whatever notions be brought before us, 
we must mentally combine them in all the ways sanc- 
tioned by the laws of thought and exhibited in the Logical 
Alphabet, and it is a matter for after consideration to 
determine how many of these combinatioris exist in out- 
ward nature, or how many are actually forbidden 
conditions of space. A clussificution is essentially a 
mental, not @ material thing. 


Discovery of Marks or Oharacteristics. 


Although the chief purpose of classification ix to diselose 
tho deepest and most gencral resemblances of the objects 
classified, yet the practical value of a system will depend 
partly upon the ease with which wo can refer an object to 
its proper class, and thus infer concerning it all that is 
known generally of that class, ‘This operation of discover- 
ing to which clase of  syetem a certain'epecimen or case be- 
Tonga is generally called Diagnosis,a technical term familiarly 
used by Ue eevee who constantly require to diagnose or 
determine the nature of the disease from which a patient is 
suffering, Now every class is defined by certain specified 
qualities or circumstances, the whole of which are present 
in every object contained in the class, and not all present in 
any object excluded from it, These defining circumstances 
ought to consist of the deepest and most important circum- 
stances, by which we v: ly mean those probably forming 
the conditions with which the minor circumstances are 
correlated. But it will often happen that the so-called 
important points of an object are not those which can 
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most readily Diners Thus the two great Lerececle 
lunts are defined respectively tl 
malen ct te cotyledons or seed-leaves, and one coty~ 
ledon. But when a plant comes to our notice and we 
want to refer it to the right class, it will often beppen 
that we have no seed at all to examine, in order to dis- 
cover whether there be one seed-leaf or two in the germ. 
Even if we have a seed it will often be small, and a careful 
dissection under the microscope will be requisite to ascer- 
tain the numberof cotyledons. Ovcasionally the examina- 
tion of the germ would mislead us, for the cotyledons may: 
be obsolete, as in Cuseuta, or united together, as in Clin= 
tonia, Botanists therefore seldom actually refer to the 
seed for such information. Certain other characters of a 
plant are correlated with the number of seed-leaves ; thus 
monocotyledonous plants almost always possess leaves with 
parallel veins like those of grass, while dicotyledonous 
plants have leaves with reticulated veins like those of an 
oak leaf. In monocotyledonous plants, too, the parts of the 
flower are most often three or some multiple of three in 
nuniber, while in dicotyledonous plants the numbers four 
and five and their multiples prevail. Botanists, therefore, 
by a glance at the leaves and flowers can almost certainly 
vefer a plant to its right class, and can infer not only the 
number of cotyledons which would be found in the seed or 
young plant, but also the stracture of the stem and other 
general characters, 
Any conspicuous and easily discriminated 
which we thus select for the purpose of deciding to which 
class an object belongs, may be called a characteristic, The 
eee conditions of a characteristic oe tee very 
simple, namely, that its be oat objects 
entering anki certain class, and by none abe Tos 
characteristic should enable us to assert a simple identity ; 
if A is a charactorietic, and B, viewed intensively, the class 
of objects of which it is the mark, then A = B ought to be 
true The chamecteristic esa consist. either eh a single 
quality or circumstance, or of a group of such, provi 
that er all be constant and easily detected, Thus in the 
classification of mammals the teeth are of the greatest 
assistance, not because a slight variation in the number 
and form of the teeth is of importance in the general 
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economy of the animal, but because such varistions are 
proved by empirical observation to coincide with most im- 
portant differences in the general affinities. It is found 
that the minor classes era of mammals can be 
discriminated accuratel their tecth, i the 
foremost molars and neyo canner be 
indeed, are occasionally missing, 80 that zoologists prefer to 
trust to those characteristic teeth which are most constant, 
and to infer from them not only the oy of the 
other teeth, but the whole conformation of the animal, 

It isa very diffienlt matter to mark out # boundary-line 
between the animal and able ‘kingdoms, and it may 
even be doubted whether a boundary can be estab- 
lished. The most fundamental and Pape difference of 
a vegetable as compared with an animal substance probably 
consists in the absence of nitrogen from the constituent 
membranes. Supposing this to be the case, the-difficulty 
arises that in examining minute organisms we cannot agcer- 
tain directly whether they contain nitrogen or not. Some 
minor but easily detected circumstance is therefore needed 
to discriminate between animals and sieve and this is 
furnished to some extent by the fact that the production 
of starch granules is restricted to the vegetable kingdom, 
Thus the Desmidiaces may be safely assigned to the vege- 
table kingdom, because they contain starch, But we 
must not sone ne characteriatic negatively ; the Diato- 
iy = probably vegetables, though they do not pro- 

Ince starch. ° 


Diagnostic Systema of Classification, 


We have seen that dinguosis is the process of discover- 
ing the place in any systom of classes, to which an object 
has been referred by some previous investigation, the 
object being to avail curselves of the information relating 
to such an object which haa been accumulated and re- 
corded. Tt is obvious that this is a matter of great im) 
tance, for, unless we can ise, from time to time, 
objects or substances which have been investigated, recorded 
diseaveries would lose their value. Even a single investi- 

* Owen, Enay on the Classification and Geographical Distribution 
of the Mammalia, p. 20, 








eee eet ea poetry 
definition mast have been laid down, stating the non 
Poe peepee Had tae cane 
intended to be included in the class, and not: 
completely by any other objects. Diagnosis, therefore, 
consists in comparing the qualities stiches a coriain, object 
with the definitions of a eeries of classea; the absonce 

in the object of any one quality stated in ‘the definition 
excludes it from the class thus defined; whereas, if we 


ality may be chosen fi divides the wi aH group of 
ahjects into two distinct parts, and each part may be sub= 
divided successively by any prominent and well-marked 
circumstance which is present in a large part of the genus 
and not in the other. To refer an object to whether 
place in such an arrangement we have only to note whe! 
EA ik ea 
Dana devised a classification of this kind’ by which to refer 
a crystal to its place in the series of six or scven classes 
already described. If a crystal has all its edges modified 
alike or the angles replaced by threo or six similar plancs, 


1 Danw’s Mineralogy, vol. i. ps 123 3 quoted in Watts’ Dictionary 
of Calanioy: OL Foe ee 
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it belongs to the monometric system ; if not, we observe 
whethor the number of similar planes ab the extremit 

the crystal is three or somo multiple of three, in whi 
case it is a crystal of the hexagonal eystem; and so we 
proceed with further successive discriminations. To asver- 
tain the name of a mineral by examination with the blow= 
pipe, an arrangement more or less evidently on the bifureate 
plan, has been Jaid down by Von Kobell." Minerals 
are divided according as they possess or do not possess 
metallic lustre; as they are fusible or not fusible, accord- 
ing as they do or do not on charcoal give a metallic head, 
and 0 on. 

Perhaps the best example to be found of an arrange 
ment devised simply for the purpose of diagnosis, is 
Mr. George Bentham’s Analytion’ Key to the Natural 
Orders Anomalous Genera of the British Flora, given 
in his Handbook of the British Flora* In this 
the great composite family of plants, together with the 
closely approximate genus Jasione, are first 
from all other flowering plants by the compound character 
of their flowers. The remaining plants are sub-divided 
according as the perianth is double or single. Since no 
plants are yet known in which the perianth can be said 
to have three or more distinct rings, this division becomes 
practically the game as one into double and not-double. 
Flowers with a double perianth are next discriminated 
according as the corolla does or does not consist of one 
piece; according aa the ovary is free or not free ; as it is 
simple or not simple; as the corolla is regular or irregular; 
and 80 on. On looking over this semngenent it wil 
be found that numerical discriminations occur, the 
numbers of petals, stamens, capsules, or other parts being 
the criteria, in which cases, as already explained (p. 697), 
the actual exhibition of the bifid division would be tedious, 

Linnawus appears to have been perfectly acquainted 
with the nature and uses of diagnostic classification, which 
he describes under the name of Synopsis, saying:*— 


by Simple Chem 
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“ Synopsis tradit Divisiones arbitrarias, longiores aut brevi- 
ores, plures aut’ panciores: a Botanicis in genere non 
agnoscends. Synopsis est dichotomia arbitraria, qua 
instar vim ad Botanicem ducit, Limites autem non de- 


The rules and tables drawn out by chemists to facilitate 
the discovery of the nature of a substance in qualitative 
analysis are usually arranged on the bifurcate method, 
and form excellent examples of diagnostic classification, 
the qualities of the substances produced in testing being 
in most cases merely chanwteristic properties of little im- 
portance in other reapecta. The chemist does not detect 
potussium by melucing it to the state of metallic potas- 
ium, and then observing whether it has all the principal 

ualities belonging to potassium, He selects from among 
the whole number of compounds of potassium that salt, 
namely the compound platinum tetra-chloride, and 
potassimtn chloride, which Tas the most distinetive: ap- 
pearance, a8 it is comparatively inzoluble and produces 
a peculiar yellow and highly crystalline precipitate, Ac- 
cordingly, potassium is present whenever this precipitate 
can be uced by adding platinum chloride too solu- 
tion. The fine purple or violet colour which potassium 
salts communicate the blowpipe flame, had Jong been 
used as a characteristic mark. Some other elements were 
readily detected. by the colouring of the blowpipe flame, 
barium giving a pale galas green, and salts of stron- 
tium a bright red. pate use of the epectroscope the 
coloured light given off by an incandescent yapour is made 
to give perfectly characteristic marke of the elements con- 
tained in the vapour. 

Diagnosis seerns to be identical with the process termed 
Wy the ancient logicians abscissio infiniti, the cutting off 
of the infinite or negative part of a genus when we dis 
cover by observation that an object possesses a particular 
difference. At every step in a bifureate division, some 
objects possessing the difference will fall into the affirma- 
tive purt or species ; all the remaining objects in the world 
fall into the negative part, which will be infinite in extent. 
Dingnosis consists in the aucceasive rejection from further 
notice of those infinite classes with which the specimen, in 
question does not agree, 
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Under classification we may include all arrangements of 
objects or names, which we make for saving labour in the 
discovery of an object. Even alphabetical mdices are real 
classifications. No such arrangement can be of use unless 
it involves some correlation of circumstances, go that 
knowing one thing we learn another. If we merely 
a lattera in the pigeon-holes of a secretaire we 
cotati a correlation, for all letters in the first hole will 
be written by persons, for instance, whose names begin 
with A, and so on. Knowing then the initial letter of 
the writer's name, we know also eae the letter, and 
the labour of search is thus red to one twenty-sixth 
part of what it would be without arrangement, 

‘Now the purpose of a catalogue is to discover the place 
in which an Se: is to be found ; but the art of catalogui 
involves logical considerations of some importance. We 
want to establish a correlation between the place of an 
object and some circumstance about the object which 
shall enable us readily to refer to it; this circumstance 
therefors ehould be that which will most readily dwell in 
the memory of the searcher. A piece of poetry will be 
‘best remembered by the firat line of the pices, and the 
name of the author will be the next most definite ciroum- 
stance ; a catalogue of poetry should therefore be arranged 
alphabetically according to the first word of the picce, or 
the name of the author, or, still better, in both ways, It 
would be impossible to arrange poems according to their 
subjects, so vague and mixed are these found to be when 
the attempt is made. s 

Tt is matter of considerable literary importance to 
decide upon the best mode of cataloguing books, so that 
any required book in a libmry shall be most readily 
found. Books may be classified in a t number of 
ways, according to subject, guage, date, or place of 
publication, sizo, the initial words of the text or title 
or colophon, the author's name, the publisher's name, 
printer's namo, the character of the typa,andsoon, Every 
one of these modes of arrangement may be useful, for we 
may happen to remember one cireumstance about a book 
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when we have forgotten all others ; butas we cannot usually 
fo to the expense of forming more than two or three 
Indices, we must select those circumstances which will 
lead to the discovery of a book most frequently. Many 
of the criteria mentioned are evidently inapplicable, 

‘The language in which a book is written is definite 
enough, provided that the whole book is written in the 
same language; but it is obvious that language gives no 
means for the subdivision and arrangement of the literature 
of any one people. Classification by subjecta would be an 
exceedingly useful method if it were practicable, but ex- 

ience shows it to be a logical absurdity, It is a very 

ifficult matter to classify the sciences, so complicated 
art the relations between them, Bat with books the 
complication is vastly greater, since tho same book 
may treat of different sciences, or it may discuss a 
problem involving many branches of knowledge. A 
good account of the steam-engine will be antiq 
far as it traces out the earliest efforts at discovery ; purely 
scientific, as regards the principles of thermodynamics in- 
volved; technical, as regards the mechanical means of apply= 
ing those principles; economical, as regards the industrial 
results of the invention; biographical, as regards the lives: 
of the inventors, A history of Westminster Abbey might 
bead either to the history of architecture, the history of 
the Church, or the history of England. Tf we abandon the 
attempt to carry out an arrangement according to the 
natural classification of the seiences, and form comprehen 
sive practical groups, we shall be continually perplexed 
the occurrence of intermediate cases, and opinions wi 
differ ad infinitum as to the details. If, to avoid the dif- 
ficulty about Westminster Abbey, we form a class of books 
devoted to the History of Buildings, the question will then 
arise whether Stonehenge is a building, and if so, whether 
crowlechs, mounds, and monoliths ara 40. We shall be 
uncertain whether to include lighthouses, monuments, 
bridges, &c, In regard to literary works, rigorous classifi- 
cation is still less possible. The same work may partake 
of the nature of J A hy, hi » phi hy, or 
if oe fans coupaleealensbie st Beles inana palee 
can say exactly what does or does not come under the 
term. 


i 
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own experience entirely bears out the opinion of De 
li flat clasefication ssoonting, to the nasns ttt 


usually dwells it 
of the book than anything else, In an alphabetical 
arrangement we have an exhaustive classification, in- 
eluding @ place for te name, The ing remarks? 
of De M seera 
“From much, slmoat daily use, of catalogues for many 
yours, I am. perfectly satishie a 
more diffieult to use than to make, Tt is one man’s 
of the subdivision of knowledge, and the chances are 
against its suiting any other man. Even if all doubtful 
works wore entered under several different heads, the 
frontier of the dubious region would itself be a mere matter 
aici cos wiles a ecing ef lit nd ee 
ical one without a feeling of ief an ity. 
With the Inter Loan always, by taking proper pains, make 
a library yield its utmost ; with the former I can never 
bo sntisfied that I have taken proper pains, until T have 
made it, in fret, as many different es as there are 
different headings, with separate trouble for each. Those 
to whom bibliographical research is familiar, know that 
they have much more frequently to hunt an anthor than 
a subject; they know also that in searching for a suliject, 
it is never eafe to taka another person's view, however 
good, of palais of that subject with reference to their 
own particular purposes.” 

Tt is often deiable, however, that a name catalogue 
should be accompanied by a subordinate a catalogue, 
but in this case no gt should be made to devise a 
theoretically complete ification, Every principal 
subject treated in a book should be entered in 
on alphabetical list, under the name most likely to occur 


* Philowmphical Magastne, 3rel Series (848), vol. xxvi. p. $22. See 
also De Monjan’s evidtace Welore The eat Cotenator ae hea 
Moswoin in Report W350), Questions, s7ag*—5815%, 6481— 
6513.. This evidence should he studied by every person who wishes 
to understand the elements of Bibliography, 
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Catalogue of the Menchester Free ees Campfield, 
drawn up ee the Stachel He 3 a ee 
latter being the most perfect model of a printe: 
with wh I am acquainted, The Catalogue of the 
London Library is also in the right form, and has a useful 
index of subjects, though it is too much condensed and 
abbreviated. The public catalogue of the British Museum 
is arranged as far ag possible according to the alphabetical 
order of the authors’ names, but in writing the titles for 
this catal several copies are simultaneously produced 
by a manifold writer, so that a catalogue according to the 
onder of the books on the shelves, and another according 
to the first words of the title-page, are created by a mere 
rearrangement of the spare copies In the Dnglish Oyclo~ 
6 81 ved that twenty copies of the book titles 
mhight readily have been utilised in ft additional 
entulogues, arranged according to the place of publication, 
the lan; of the book, the general nature of the subject, 
and so forth’ An excellent suggestion has also been made 
to the offect that each book when published should have a 
fly-leaf containing half a dozen printed copies of the title, 
drawn up in a form suitable for insertion in catalogues, 
Every owner of a library could then easily make accurate 
printed catalogues to suit his own purposes, by merel 
cutting ont these titles and pasting them in Tooke in i 
desirable onder, 

It will hardly be a di ion to point out the enormous 
saving of labour, or, what comes to the same thing, the 
enormous increase in our available knowledge, both literary 
and scientific, which arises from the formation of extensive 
indices, The “ State Papers,” containing the whele history 
of the nation, were pructically sealed to literary co 
until the Government undertook the task of calendaring 
and indexing them. The British Museum Catalogue is 
onother national work, of which the importance in 
advancing knowledge cannot be overrated. The Royal 


* Engliah Oyclopedia, Arte and Sciences, vol. ¥. pe 233. 
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chao that the mate of bis er otal 
is in bi all ay in mii in 
chemistry, on oem is logical principles which 
underlie all classification are of course the same in natural 
history as in the sciences of lifeless matter, but the special 
resemblances which arise from the relation of parent and 
veer will not be found to prevail between different 
kinds of crystals or mineral bodies. 

‘The ‘ical view of the relations of animals and 
planta leads us to discard all notions of « regular progression 
of living forms, or as to their symmotrical 
calito Tt was creatine @ question whether the 
ultimate scheme of natural classification would lead to 
arrangement in a simple line, or a circle, or a combination 
of circles. Mucleay’s once celebrated system was a circular 
one, and each claas-cirele was composed of five order- 
circles, each of which was composed again of five tribe- 
circles, and so on, the subdivision being at each step into 
iungdam’ thew re five mibingions—tin. Varebds, 

mn there are five su! 8 Vertel by 
Annulesa, Radiata, Acrita, and Mollusca, Kach of these 
was again divided into five—the Vertebrata, consisting of 
Mammatia, Reptilia, Pisces, Amphibia, and Aves) It is 
evident that in such a symmetrical system the animals 
were made to suit themselves to the clusses instead of the 
classes being suited to the animals. 

We now perceive that the ultimate system will have the 
form of an immensely extended genealogical treo, which 
will be ‘capable of representation by on a plans 
surface of sufficient extent, Strictly speaking, this genen- 
lagen tree ought to represent the descent of each indi- 
vidual living form now existing or which has existed, It 
should be as personal and minute in its detail of relations, 
as the Stemma of the Kings of England, We must not 
assume that any two forms are exactly alike, and in any 
cue they are numerically distinct, Every pee then 
must be represented at the apex of a series of divergent 
lines, representing the ae pay of so many children. 
ee system of classification must regard indivi 
as the infime species, But as in the lower races of animals 


1 Swainson, “Treatise on the Geography and Clusifieation of 
Animals," Cabinet Cyeloperdéa, yp, 201. mY 
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and plants the differences between individuals are slight 
and eeprarany unimportant, while the nmbers of such 
indi are immensely great, beyond all possibility of 
separate Creatment, scientific men have always stopped: at 
some convenient but arbitrary point, and have assumed 
that forms so closely resembling each other as to present 
no constant. difference were all of ono kind. They have, 
in short, fixed their attention entirely upon the main 
features of family difference. In the genealogical tree 
which they have been unconeciouely Pens wo 

diverging lines meant races diverging in character, 

the purpose of all efforts at so-ealled natural classification 
wns to trace out the descents between existing groups of 
plants or animals, 

Now it is evident that hereditary descent may have in 
different cases produced very different results as — 
the problem of classification. In some cases the 
entiation of characters may have been very frequent, 
specimens of all the characters produced may 
been transmitted to the present time. A living 
will then have, as it were, an almost infinite number of 
cousins of various and there will be an immense 
number of forms finely graduated in their resemblances, 
Exact and distinct classification will then be almost 
impossible, and the wisest course will be not to attempt 
arbitrarily to distinguish forms closely related in nature, 

oe that there exist transitional forme of every 
degree, to mark out if possible the extreme limits of the 
family relationship, and perhaps to select the moat 
generalised form, or that which its the greatest 
number of close resemblances to others of the family, as 
the type of the whol. 

‘Mr. Darwin, in his most interesting work upon Orchids, 

its out that the tribe of Malaxes: are distinguished from 

idendres: by the absence of a caudicle to inia ; 
Dut as some of the Malaxea: have a minute candicle, 
division really breaks down in the most easential point. 
“rad is a misfortune,” he remarks? “which every natu- 
ist encounters in attempting to classify a largely 
developed or so-called natural group, in which, relatively 


' Darwin, Fertilisation of Orchids, p. 159 
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to other groups, there has been little extinction, In order 
that the naturalist may be enabled to give precise and 
clear definitions of his divisions, whole ranks of inter- 
mediate or gradational forms must have been utterly swept 
away: if here and there a member of the intermediate 
ranks has escaped annihilation, it puts an effectual bar to 
any absolutely distinct definition,” 
nother cases a particular plant or animal may perhaps 
have transmitted its form from generation to generation 
almost unchanged, or, what comes to the same result, those 
forms which diverged in character from the parent stock 
may have pa unsuitable to their cireumstances, and 
perished. ‘fe shall then find a particular form standing 
apart from all others, and marked by many distinct 
aracters, Occasionally we may mect with specimens of 
a tace which was formerly far more: common but is now 
undergoing extinction, and is nearly the Inst of its kind, 
Thus we explain the occurrence of exceptional forms such 
a6 are found in the Amphioxua, The Equisetacem perplox 
botanists by their want of affinity to other orders of Acro- 
nous plants, This doubtless indicates that their genen- 
logical connection with other plants must be sought for in 
the most: distant ages of geological development. 
Constancy of character, 03 Mr. Darwin has said,! is 
what is chiefly valned and sought after by naturalists; 
that is to say, natunilists wish to find somedistinct family 
mark, or group of characters, by which they may clearly 
* recognise the relationship of descent between a large 
group of living forms. It is accordingly # great relief to 
the mind of the naturalist when he comes npon a defi- 
nitely marked group, such as the Diatormacem, which are 
clearly separated from their nearest neighbours the Des- 
midiaces by their siliceous framework and the absence of 
chlorophyll. But we must no longer think that because 
we fi detecting constancy of character the fault is 
in our claasificatory aciences. Where gradation of charac- 
tor really exists, we must devote oursolves to defining and 
registering the degrees and limits of that lation, Tho 
ultimate natural arrangement will often be devoid of strong 
lines of demarcation. 





* Descent of Man, vol. i. p. 214. 
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possess all these properties, naturalists select a typical 
PcdeanasTkanl Cie Got around it all other specimens 
which resemble this more than any other selected 
tyre "The type of ench gewus,” we are told,! “should be 
at, species in which the characters of its group are 
best exhibited and most evenly balanced.” It would 
‘usually consist of those descendants of a form which had 
undergone little alteration, while other descendants had 
suffered slight differentiation in various directions. 

It would be a great mistake to suppose that this classi- 
fication by types is a logically distinct method. It is 
cither not a real Saar ite Pie ication wt all, cana! 
merely an abbreviated mode of representing a compli 
Sretite of arrangement. A class must be defined by the 
invariable presence of certain common properties If, 
then, we include an individual in which one of these 
properties does not appear, we either fall into logical con- 
m, or else we form a new clus with a new 
jon. Even a single exception constitutes a now 
class by itself, and by calling it an exception we merely 
imply that this new class closely resembles that from 
which it diverges in one or two points only. Thus in the 
definition of the natural order of Rosacew, we find that 
the eceds are one or two in each carpel, but that in the 
genus Spirwa there ure three or four; this must mean 
either that the number of seeds is not a part of the fixed 
definition of the class, or else that Spinma does not belong 
to that class, though it may closely approximate to it, 
Naturalists continually find themselves between two horns 
of a dilemma; if they restrict the number of marks 
specified in m definition so that every form intended to 
come within the class shall possess all those marks, it will 
then be usually found to include too many forms; if the 
definition be made more particular, the result is to produce 
so-called anomalous gener, which, while they are held to 
belong to the class, do not in all respects conform to its 
definition. The practice has hence arisen of allowing con- 
siderable latitude in the definition of natural orders, The 
family of Cruciferw, for inetance, formsan exceedingly well~ 
marked natural order, and among its characters we find it 
+ Waterhouse, quated hy Woodwant in hik Rudimestary Treatise 
‘Recent and Fossil Shalis, p. 61. 
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specitied that the frait is a pod, divided into two cells by 
a thin partition, from which the valves generally separate 
at maturity ; but we are also informed that, in a few genera, 
the Sg is one-celled, or indehiscent, or separates trans- 
‘versely into several joints Now this must cither mean 
that the formation of the pod is not an essential point in 
tho definition of tho family, or that there are se closely 
associated families, 


Tho same holds trae of typical classification, Tho type 
itself is an individual, not a class, aud no other object can 
be exactly like the type. But as soon as we abstract the 
individual peculiarities of the type and thus specify a 
finite number of qualities in which other objects may 
resemble the typo, we immodiately constitute a class. If 
some objects resemble the type in some points, and others 
in other points,then each definite collection of points of 
resemblance constitutes intensively a separate class, 
very otion of classification Wr types is in fact erroneous: 
in a logical point of view. The naturalist is constantly 
occupied in endeavouring to mark ont definite groups 
of living forms, where the forms themselves do not in 
many cases admit.of such rigorous lines of demarcation. 
A certain laxity of logical method is thus apt to creep in, 
the only remedy for which will be the frank recognition of 
the fact, that, according to the theory of hereditary descent, 
gradation of characters ia probably the rule, and precise 
demarcation between groups the exception. 


Natural Genera ana Species 


‘One important result of the establishment of the theory 
of evolution is to explode all notions about natural groups 
constituting separate creations, Naturalists long held that 
every plant belongs to some species, marked oub by in~ 
variable characters, which do not change by difference of 
soil, climate, cross-breeding, or other cireumstances. 
were unable to deny the existence of such things as sub- 
apecies, varieties, and hybrids, so that a species of 
wos often subdivided and classified within itself But 
then the differences upon which this sub-classification 





p Handbook of the British Flora (1366), p 25. 
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depended were supposed to be variable, and thus dis- 
‘tinguished from the snvariable characters imposed upon the 
whole species at its creation. Similarly a genus 
‘was a group of species, and was marked out from other 
genera by eternal differences of still greater importance, 

We now, however, perceive that the existence of any 
such groups as genera and dies is_an arbitrary creation 
of the naturalist’s mind. All resemblances of plants are 
natural so far as they express hereditary affinities ; but this 
applies as well to the variations within the species as to 
the species itself, or to the larger groups. All is a matter 
of degree. The deeper differences between plants have 
been produced by the differentiating action of cireum- 
stances during millions of yeara, so that it would naturally 
require millions of years to undo this result, and prove 
experimentally that the forms can be approximated again, 
Bibgpeden may sometimes have arisen within historical 
times, and varieties spect to sub-species may often 
be produced by the horticulturist in a fow years, Such 
varieties can easily be brought back to their original forms, 
or, if placed in the original circumstances, will themselves 
revert to those forms; but according to Darwin's views 
all forms are capable of unlimited change, and it might 
possibly be, unlimited reversion if suitable circumstances 
and sufficient time be granted. 

Many fruitless attompts have been made to establish a 
rigorous criterion of specific and generic difference, so that 
these classes might have a definite value and rank in all 
branches of biology, Linnwus adopted the view that the 
species was to be defined as a distinct crention, saying 
“ Spocies tot numoeramus, quot divers forme in principio 
sunt create ;” or agnin, “Species tot sunt, quot diversas 
formas ab initio produxit Infinitum Ens; que forme, 
secundum generationis inditas leges, produxere plures, at 
sibi semper similes.” Of genera he also says? “Genus 
omne est naturale, in primordio tale ereatum.” Jt was a 
common doctrine added to and essential to that of distinct 
creation that these species could not produce intermediate 
and variable forms, 40 that we find Linnmns obliged by the 
ascertained existence of hybrids to take a different view 

» Philosophia Botanica (1770), § 157, P> 9 
4 Tid. § 159, p. 100. 





ven 
that we could assent to the en certs a 
of distinct crentional acta, this notion would not help ns in 
the theory of classification. ‘Naturalists have never 
out any mothod of deciding what are the reanlts of dit 
creations, and what ars not, As Darwin says? “the ja 
Salton must not inelude an ¢lemont which cannot possibly 
such as an act of creation.” It is, in 
er investigation of forms and classification that: we shoul 
ascertain what were distinct creations and what were not ; 
this information would be a result and not a means of 
classification. 
Agassiz seemed to consider that he had discovered an im- 
poceniaciadl principle, to the effect that general plan or stracture 
the for the discrimination of the clases 
of animals, which may be called branches of the animal 
‘Akingdom.* = also thought that genera aro definite aud 
tar poe “ Genera,” he says “are most closely 
cesta ome differing neither in form, nor in 
cmp [cee of structure, but simply in the ultimate struc~ 
peculiarities of some of their parts; und this is, T be- 
teva, the best definition which can be given of genem.” 
Fe em inaruih eeae less both: 
of structural anaes and of complication of structure. 
It is impossible to define the amount of pecu- 
wae which constitutes the genus as distinguished from 


species. 

‘The form which any classification of plants or animals 
tends to take is that of an unlimited series of subaltern 
classes, Originally botanists confined themselves for the 
most part, ia a small number of such classes, Lianseus 
adopted Clasa, Order, Genus, Species, and Variety, and even 
seemed to think that there was something essentially nata- 
ral in a five-fold arrangement of groups.* 


1 Amanitates Academiow (1744), vol. L p. 72 Quoted im Bdiine 
Review, October 1868, vol. cxxviiis pp. g16, 417. 
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With the of botany intermediate and additional 
rue bao gray teen introduced, According to the 
of Botanical Nomenclature adopted by the Inter 

national Botanical Congress, held at Paris in Augast 
1867, no less than twenty-one names of clases are re- 
coguised—namely, Kingdom, Division, Sub-division, Class, 
Sub-class, Cohort, Sub-cohort, Order, Sub-order, Tribe, Sub- 
tribe, Genus, Sub-genus, Section, Sub-section, Species, Sub- 
species, Variety, Sub-variety, Variation, Sub-variation. Ib 
is allowed by the authors of this scheme, that the rank or 
degree of importance to be attributed to any of these divi- 
sions may vary in a cortain according to individual 
opinion. The only point on which botanists are nob allowed 
discretion is as to the order of the successive sub-divisions ; 
any inversion of the arrangement, such as division of a 
genus into tribes, or of a tribe into orders, is quite inad- - 
missible. There is no reagon to suppose that even the 
above list is complete and inextensible. The Botanical 
Congress itself recognised the distinction between variations 
according as they are Seedlings, Half-breeds, or Lusus 
Nature. The complication of the inferior classes is ine 
creased again by the existence of Aybrids, arising from the 
fertilisation of one species by another deemed a distinct 
species, nor can wo place any limit to the minutenoss of 
discrimination of i ip of breeding short of au actual 
pedigree of individuals, 

It will be evident to the reader that in the remarks 
upon classificution ax applied to the Natural Sciences, 
Mew in thie and the preceding eections, I have not in the 
least attempted to treat the subject in a manner adequate 
to its extent and importance. A volume would be insut- 
ficiont for tracing out the principles of scientific method 
Specially applicable to these branches of science. What 
more IT may be ablo to say upon the subject will be better 
said, if ever, when I am able to take up the closely- 
connected subjects of Scientific Nomenclature, Terminology, 
and Descriptive Representation. In the meantime, I have 
wished to show, in a negative point of view, that natural 
clazsification in the animal and vogotable kingdtms is 
a special problem, and that the particular mel and 

* Laws of Botanical Nomenclature, by Al, Decandoile, tranae 
lated fromthe French, 1868 p. 1g. tra ptoae nee 
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be produced without the agency of living beings. Thas 
the distinction between the organic and the it 1io 
kingdoms seems to be breaking down, but our wonder at 
the peculiar powers of carbon must increase at the same 
time. 


Tn considering generalisation, the law of continuity was 
applied chiefly ah physical ‘ties capable of mathe- 
matical treatment. But in the ee also, 
the same important principlo is often beautifully ex- 
emplified. Many objects or events seem to be entirely 
exceptional and abnormal, and im regard to degree or 
magnitude they tnay be so termed; but it is often easy to 
show that they are connected by intermediate links with 
ordinary cases. In the organic kingdome there is a common 
groundwork of similarity running through all classes, 
but particular actions and processes it themeelves 
conspicuously in particular families and classes, it 
of life is most marked in the Rotifera, and some other 
kinds of microscopic organisms, which can be dried and 
oiled without loss of life. Reptiles are distinguished 
by fae and the length of time they ean live without 
food, Birds, on the contrary, exhibit ceaseless activity and 
high muscular power. The ant is a8 conspicuous for 
intelligence and size of brain among insects as the quad- 
romana and man among vertebrata. Among plants the 
Leguminose are distinguished by a tendency to sleep, 
folding their leaves at the Sesh of night. In the 
Genus Mimosa, especially the Mimosa pudica, commonly 
called the sensitive plant, the same tendency ia magnified 
into an extreme irritability, almost resembling voluntary 
motion, Moro or less of the samo irritability. probably 
belongs to vegetable forms of every kind, but it is of 
course to be investigated with special ease in such an 
extreme case, In the Gymnotus and Torpedo, we find that 
organic structures can net like gulvanie batteries Are we 
to suppose that such animals sre entirely anomalous ex- 
ceptions ; or may we not justly expect to find less intense 
manifestations of electric action in all animals ? 

Some extraordinary differences between the modes of re 
production of animals have been shown to be fur Jess than 
was at first sight a) it, The lower animals seem to 
differ entirely from the higher ones in the power of repro- 
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grow again, There are mvultitades of smaller animals 
‘pint, Hed the Eigen, sony bo-cut in taro ead yee live sal 
develop into new complete individuals. No i 
animal can reproduce 


a limb, and in ay there is no 
analogy. But it was by Blamenbach that the 
healing of a wound in the animals represents 


in a lower degree the powor of reproducing a limb, That 
this is true may bo shown by adducing a multtado of ine 


the other. Darwin Molde moreover, that any such re 
storation of parts is closely connected with that perpetual 
replacement of the particles which causes every organised 
body to be after a time entirely new as its con- 
stituent substance, If short, we ay to & great 
generalisation under which all the phenomena of growths, 
restoration, and maintenance of organs are effects of one 
and the same power? It is perhaps still more sur 
prising to find that the complicated process of ie- 
tion in the higher animals may be gradually traced down 
to a simpler and simpler form, which at last becomes un- 
distinguishable from the budding ont of one plaut from the 
stem of another. By a great generalisation we may 

all the modes of reproduction of organic life as alike in tl 
nature, and varying only in complexity of development* 


Limits of Classification, 

Selence can extend oid so fay as the power of accurate 
classification extends, If we eannot detect resemblances, 
and assign their exact character and amount, we cannot 
have that generalised knowledge which constitutes gcisnce; 
we cannot infer from case to case. Classification is the 
opposite process to discrimination. If we feel that two 
tastes differ, the tastes of two kinds of wine for instance, 
the mere fact of difference existing prevents inferenea 
The detection of the difference saves us, indeed, from fales 

) Darwin, The Variation of Animats and Plants, vol. il. pp. 203, 
35p Kes quoting Paget, Lettures on Pathology, 1853, pp. 152, 165 

Ibid vol, ii p, 372. 





inference, because so far as difference exists, inference is 
impossible. But classification consiata in detecting resem- 
blances of all of generality, and ascertaining 
exactly how far such resemblances extend, while assignit 
precisely the points at which differonce begins. It enables 
us, then, to generalise, and make inferences where it is 
Sere ond it saves us at the same time from going too 
jar. A full classification constitutes a complete record of 
all our knowledge of the objects or events classified, and 
the limits of exact knowledge are identical with the limits 
of classification. 

It must no means be supposed that ev 
cfistalnral: chjectas willbe). foot onepabla or erigutaa 
classification, Thero may be substances which vary by 
insensible degrees, consisting, for instance, in varying 
mixtures of simpler substances. Granite is a mixture 
of quartz, felspar, and mica, bat there are hardly two 
specimens in which the proportions of these three con- 
atituents are alike, and it would be impossible to lay 
down definitions of distinct species of granite without 
finding an infinite variety of intermediate gaa The 
only true classification of granites, then, would be founded 
on the proportions of the constituents present, and a 
chemical or microscopic analysis would be requisite, in 
order that we might assign a specimen to its true position 
in the sories. Granites vary, again, by insensible i, 
3 regards the magnitude of the eryatals of felspar and 
mica. Precisely similar remarks might be made concern 
ing the classification of other platonic rocks, such as 
syenite, basalt, pamice-stone, lava, 

The nature of a ray of homogeneous light is strictly 
defined, either by its place in the spectram or by the cor- 

ing wave-length, but a ray of mixed light admits 
of no simple classification; any of the infinitely numerous 
rays of the continuous spectrum may be present or absent, 
or present in various intensities, so that we can only class 
and define a mixed colour by defining the intensity and 
rere of each ray of homogeneous light which is 
reat in it, Complete spoctroscopic analysis and the 

ination of the intensity of every part of the spec- 


trom a mixed ray is requisite for ite accurate 
pt forvoenat Somer ince le ae Repo 


) 
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sounds. A eal sound undulation, if we could meet 


with such « would admit of precise and exhaustive 
classification as regurds pitch, the length of wave, or the 
number of waves sreit the ear per second being a suf 
ficient criterion. But almost all ordinary even, 
those of musical instruments, consist of complex aggregates 
of undulations of different pitches, and in order to classify 
the sound we should have to measure the intensities of 
each of the constitnent sounds, a work which has been 
partially accomplished by Helmholtz, as regards the vowel 
sounds, The different tones of voice distinctive of different 
individuals mest also be due to the intermixture of minute 
waves of various pitch, which are yet quite beyond the 
range of experimental investigation. We cannot, then, ab 
een attempt to classify the different kinds or timénres of 


soun 

‘The difficulties of classification are still greater when a 
varying phenomenon cannot be shown to be a mixture of 
simpler phenomena, If we attempt to classify tastes, we 
may rudely group them according as they ans aweet, bitter, 
saline, alkaline, acid, ee or fiery; but it is evident. 
that these groups ave bounded by no. lines of defini- 
tion, Tastes of mixed or intermediate chamicter may exist 
almost ad infinitum, and what is still more troublesome, 
the tastes clearly united within one class may differ more 
or less from each other, without our being able to aman 
them in subordinate genera and species, ‘fhe same renal 
may be madi: Hee the classification of odours, which 
may be roughly grouped according to the arrangement of 
Linnieus as, aromatic, fragrant, ambrosing, alliaccous, fetid, 
virulent, nauseous, Within each of these vague classes, 
however, there would be infinite shades of variety, and 
cach class would graduate into other classes. ‘The odours 
which can be discriminated by an aeute nose are infinite 5 
every rock, stone, plant, or animal has some slight smell, 
and it is well known that dogs, or even. blind men, can 
diserimiante perions by a slight distinctive odour which 
‘usually passes unnoticed. 

Similar remarks may bo made concerning the fe 
of the buman mind, called emotions. We know what 13 
anger, grief, fear, hatred, love; and many systems for 
classifying these feelings have been proposed, They may 
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thetic, uctive or passive, and possibly in many other ways; 
but each mode of arrangement will be indefinite and un- 
sntisfuctory when followed into details, As a general rule, 
the emotional state of the mind at any moment will be 
neither pure anger nor pure fear, nor any one pure feeling, 
but on mdefinite and complex aggregate of feelings. Tt 
may be that the state of mind is really a sum of several 
distinct modes of agitation, just as a mixed colour is the 
sum of the several rays of the spectrum. In this case 
there may be mors hope of sore method of analysis being 
successfully applied at a future time, But it may be 
found that states of mind really graduate into each other 
80 that rigorous classification would ‘be hopeless, 

A little reflection will show that there are whole worlds 
of existences which in like manner are incapable of logical 
analysis and classification. One ‘friend may be able to 
single out and identify another friend by his countenance 
among a million other countenances. Faces are capable of 
infinite discrimination, but who shall classify and define 
them, or say by what particular shades of feature he does 
judge? There are of course certain distinet types of face, 
but each type is connected with each other type by in- 
finite intermediate specimens, Wo may classify melodies 
according to the major or minor key, the character of the 
time, and some other distinct points; but every melody 
has, independently of such circumstances, its own distinctive 
character and effect upon the mind. We can detect differ- 
ences between the styles of litemry, musical, or artistic 
compositions We can even in some eases assign a picture 
to its painter, or a symphony to its composer, by a subtle 
feeling of resemblances or differences which may be felt, 
‘but cannot be described, 

Finally, it is apparent that in human character there is 
unfathomable and inexhanatible diversity. Every mind is 
more or less like every other mind ; there is always a basis 
of similarity, but there is a superstructure of feelings, 
impulses, and motives which is distinctive for each person. 
We can sometimes predict the general character of tho 
feelings and actions which will be produced by a given 
external event in an individuel well known to us; but 
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we also know that we are often inexplicably at fault in 
our inferences. No one can safely generalise upon the 
subtle variations of temper and emotion which may arise 
even in @ person of ordinary character. As human know- 
ledge and civilisetion progress, these characteristic differ- 
ences tend to develop and multiply themselves, rather than 
decrease. Character growa more many-sided. Two well 
educated Englishmen are far better distinguished from 
each other than two common labourers, and these are 
better distinguished than two Australian aborigines. The 
complexities of sribting phenociens probably develop them- 
selves more rapidly tl scientific method can overtake 
them. In spite of all the boasted powers of science, we 
cannot really apply scientific method to our own minds 
and characters, which are more important to us than all 
the stars and nebula, 


BOOK VI, 


CHAPTER XXXI. 


REFLECTIONS ON TUE RESULTS AND LIMITS OF 
SCIENTIFIC METHOD, 


Brrore concluding a work on the Principles of Science, 
it, will not be inappropriate to add some remarks upon 
the limits and ultimate bearings of the knowledge which 
we may acquire by the employment of scientific method. 
All science consists, it has severa) times been stated, in the 
detection of identities in the action of natural agents. The 
Purpose of inductive inquiry is to ascertain the apparent 
existence of necessary connection between causes and 
effects, expressed in the form of natural laws, Now so far 
as we thus learn the invariable course of nature, the future 
becomes the necessary sequel of the present, and we are 
brought beneath the sway of powers with which nothing 
can interfere, 

By degrees it is found, too, that the chemistry of 
organised substances is not entirely separated from, but is 
continuous with, that of earth and stones. Life seams to 
be nothing but a special form of energy which is mani- 
fested in heat and electricity and mechanical force. The 
time may come, it almost scoms, when the tender me- 
chanism of the brain will be traced out, and every thought 
reduead to the expenditure of a determinate woight of 


vs. 
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Sa No appent Knit xi to the 


and reducing beneath the of law, the phenomena 
of matter and of mind. ‘nd iment phenome be Ue 
capable of treatment Heart balance and the micrometer, 
can we any longer hold that mind is distinct from matter? 
Must not tho same inexorable reign of law which is 
Sreart init is of brute inleabe extended to the 
feelings of the human heart? Are not plants and 
animals, and ultimately man himself, merely crystals, ax it 
were, of a complicated form? If so, our boasted free eh 
‘becomes a delusion, moral responsibility a fiction, spirit 
mere pani Ses, the ere Pisiee mantis bio “tetera 
jt, ope Senate eee 
guraile or painful, is b but the outcome of the necessary 
relations of time and space and force, 
oe eee seems, then, to be the coming religion, and 
ation to the BOC of aoe will the only duty, 
Bu may nob generally be the reflections of men of 
science, but I believe that, an ah thus deseribe the 
a eye of fear which the constant advance of 
utific investigation excites in the minds of many. Is 
arn then, essentially atheistic and materialistic in ite 
tendency t Does the uniform action of material causes, 
which we learn with an ever-increasing approximation to 
certainty, preclude the h: esis of 2 bere Creator, 









who has not only ‘the existing universe, but who 


still retains dhe power’ to: alter Gta ecm a AC 
to time 

To enter upon actual theological discussions would be 
evidently beyond the scope of this work, It is with the 
scientific method common to all the sciences, and not with 
any of the separate sciences, that we are concerned, 
Theology therefore would be at least. as much beyond: 
my scopa ag chemistry or geology. But I believe that 


pers misapprehensions exist as regards the natura 


at acientitic method. There are scientific men she wal assert 
that the interposition of Providence is inypossil 
prayer an absurdity, because the laws of nature ee 
ductively proved to be invariable, Inferences are drawn 
not so much from particular sciences us from the aa 
nature of science itself, to negative the impulses and 
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of men. Now I may state that my own studies in 
Jead me to call in question such inferences, 

son of creda tebral ngeae, bu ir lopially tmponsle 
ol in mat agents, but it ly 

to show that all eae must behave as these do. 

‘The too exclusive study of particular branches of 

‘science scems to generate an over-confident and 

ane Rejoicing in the success with which a few grow 

facts are brought beneath the apparent sway of laws, 

investigator hastily assumes that he is close upon the ulti- 

‘mate sprins Se are} A particle of gelatinous matter is 

found to obey the ordinary laws of chemistry; yotit moves 

and lives. The world {s therefore asked to believe that 

chemistry can resolve the mysteries of existence, 


The Meaning of Natural Law, Pa 


Pindar speaks of Law as the Ruler of the Mortals and 
the Immortals, and it seems to be commonly supposed 
that the so-called Laws of Nature, in like manner, rule 
man and his Creator. The course of nature is led. 
a8 determined by invariable principles of m 
which have acted since the world n, and will act for 
evermore. Even if the origin of all things is attributed 
to an intelligent creative mind, that Being is ded as 
having yielded up arbitrary power, and as belng subject like 
human legislator to the laws which he has himself 
enacted. Such notions I should describe a3 superficial and 
erroneous, being derived, as I think, from false views of 
the nature of scientific inference, and the degree of certainty 
of the knowledge which we acquire by inductive investi- 
gation, 

A law of nature, as I regard the meaning of the 
ake) is nota uniformity which must be obeyed by 

objects, but merely a uniformity which is as a matter of 
fuct obeyed by those objects which have come beneath 
our observation. There is nothing whatever incompa- 





lated, that it will hold trae in the next case. Now, 
found (p. 259), sti number of instances can warrant 
wit 


mothod of probabilities a unit alw: to 
the probability that our = be phrtore, 
domur to the assumption that thore is an; truth 
even jn such fundamental laws of nature Tithe Thvbsbaied 
tibility of Matter, the Conservation of Energy, or the Tawa 
of Motion. Certain it is that men of science have 

nised the conceivability of other laws, and even int 


their mathematical consequences, the 
mathematical conditions of a motion (p. 223), 
and Laplace and Newton discussed laws of fortes 


inconsistent with those observed to operate in the universe 


(pp. 642, 706). 
eg are I venture to regard them, are 
simply general aloe concerning the correlation of 
Ca Sad lee vo boon obser to hold true of 
ies hitherto observed. On the assumption that our 
experience is of adequate extent, and that no arbit 
interference takes place, we are then able to essign the 
probability, always less than certainty, that the next 
object of the same apparont nature conform to the: 
same laws, 


Infiniteness of the Universe, 


‘We may safely accept as 2 satisfactory selentific 
thesis the doctrine s0 grandly put forth by 
asserted that a perfect knowledge of the universe, as it 
existed at any given moment, would give a perfeet know 
ledge of what was to happen thenceforth and for ever 
after, Scientific inference is impossible, unless we may 
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hs tha onteains ob, GEE HE De O08 the 
paso et at is to come. a ee ae a Dee intel 


Eri nothing is uncertain. The astronomer can calculate 

jong of the heavenly bodies when thousands of 
eons of mon haye away, and in this fact 
we have some illustration, as lace emacs at ie power 


gence, Reverie, a Pare with eee wisdom 
tance from the 
goal ‘of our aspirations. 

Tet ns assume, for a time at least, as a highly probable 
hypothesia, that whatever is to. aboet must be the out- 
come of what is; there then arises question, What is? 
Now our knowledge of what exists must ever remain im- 

erfect and fallible in two respects, Firstly, we do not 

now all the matter that has been created, nor the exact 
manner in which it has been distributed "¢hrough space. 
Secondly, assuming that we had that, knowledge, we 
should still be wanting in a perfect knowledge of tha 
way in which the particles of matter will act upon each 
other. The power of scientific prediction extends at the 
most to the limits of the data employed. Every con- 
clusion {¢ purely bypotbetlea! and conditional upon the 
non-interferonce of agencies previously undetect The 
Taw of gravity asserts that every bady tends to approach 
towards avery othor body, with a certain determinate 
force ; but, even supposing the law to fa a Ente it, does 
not assert that the body wild approve No single law 
of nature can warrant ua in making ee absolute predic- 
tion, We must know all the laws of nature and all the 
existing surg. natin Tate according to those laws before we 
can say w ‘To assume, then, that scientific 
method can ce oe Pabtag within its cold embrace of 
uniformity, is to imply that the Creator cannot outetrip 
the antelbaaues of his creatures, and that the existing 
Universe is not infinite in extent and com complexity, an as 
sumption for which I see no logical basis wha! 


| Théorie Anal; des Probabilités, quoted by Bubbaye, Ninth 
Brldpoacer Tloe p73 ie ae 
B 
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a The Indeterminate Problem of Creation. 
A second and serious misapprehension concern- 
ing the import of a law of nature may now be pointed | 
ous Tt is not uncommonly supposed that a law deter- 
mines the character of the results which shall tako place, | 
as, for ora Siren a of pees pies es what 
foree o! wity act upon a given ‘ile. ay 
alittle reection must render it plain @ law by iteel 
determines nothing. Tt is law plus agenis ing low 
which has results, and it ia no function of law to govern or | 
define the number and ign of its own or 
‘ particle of matter shall gravitate, pie Be only upon 
the law of Newton, a ee pte is distribution of ae 
rounding particles.’ The theory of gravitation 
be true ee all time and tn all parte ppd: and 
the Creator may never find occasion to create those possible 
exceptions to it which I have asserted to be conceivable, 
jis be as it may ; our science cannot certainly deter~ 
mine the question. Certain it is, that the law of gravity 
does not alone determine the forees which may be brought 
to bearat any point of space. The force of gravitation net 
ing upon any particle depends upon the mass, distance, and 
relative position of all the other particles of matter within 
the bounds of at the instant in question, Even 
assuming that all matter when once distributed throu; 
space at the Creation was thenceforth to act in an in- 
variable manner without subsequent interference, yet the 
actual configuration of matter at any moment, and the 
consequent results of the law of gravitation, must have 
been entirely a matter of free choice, 

Chalmers has most distinctly pointed out that the 
existing collocations of the material world are as important 
as the laws which the objects obey. He remarks that a 
certain class of writers entirely overlook the bea 
and forget that mere laws without collocations w 
have afforded no security against a turbid and disorderly | 
chaos! Mill has recognised? the truth of Chalmers’ 
statement, without drawing the proper inferences from 

1 First Bridgewater Teeative (1834), pp. 16~ 

: 3 prone of Lope, elit We TAY ea 49 # ching, KVL 


— 
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it, He says? of the distribution of matter through space, 
“ We can discover nothing regular in the distribution itself; 
we can reduce it to no uniformity, tono law." More lately 
the Duke of Argyll in his well-known work on the Reign 
of Law has drawn attention to the profound distinction 
between laws and collocations of causes, 

The original conformation of the material universe, as 
far as we can tell, was froe from all restriction. There 
was unlimited space in which to frame it, and an unlimited 
number of material particles, each of which could be placed 
in any one of an infinite number of different positions, It 
should be added, that each particle might be endowed 
with any one of an infinite number of quantities of vs 
vive acting in any one of an infinite number of different 
direction. The problem of Creation was, then, what a 
mathematician would call an indetorminate problem, and it 
was indeterminate in a great number of ways. Lufinitely 
humerous and various universes might then have been 
fashioned by the various distribution of the original 
nebulous matter, although all the particles of matter 
should obey the law of gravity, 

Lucretius tells us how in the original min of atoms 
some of these little bodies diverged from the rectilinear 
direction, and coming into contact with other atoms gave 
rise to the various combinations of substances which exist, 
He omitted to tell us whence the atoms came, or by what, 
force some of them were caused to diverge; but surely 
these omissions involve the whole question. I accept the 
Lucretian conception of creation when properly supple- 
mented. Every atom which existed in any point of 
must have existed there previously, or must have 
created there by a previously existing Power. When 
placed there it must have lind a dofinite mass and a 
definite energy. Now, a3 before remarked, an unlimited 
number of atoms can be placed in unlimited space in an 
unlimited number of modes of distribution. Out of in- 
finitely infinite choices which were open to the Creator, 
that one choice must have been made which has yielded 
the Universe as it now exists. 

It would be # mistake, indeed, to suppose that the law 


+ System of Logic, wol. 1, p. 384 
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of gmvity, when it holds true, is no restriction on the 
distribution of forea.- That law is a - Taw, and 
it would in many cases be mathemal 3 
far as-we can see, that the force of gravity on one 
particle should be ‘small while that on a neighbour 
particle is great. We cannot conceive that even - 
Ae ‘ad should nae the oom ofa Slang Tetra 
‘two right angles. i laws of tl ib an 

the Thndinhestad tai of the mathematical selences do 
‘not com to admit of error or alteration, Into the meta- 
physical origin and meaning of the apparent necessity 
ened such Jaws I have not attemy to inquire in 
this work, and it is not requisite for m; past . 
If the law of gravity were the only law of natury and tho 
Creator had chosen to render all matter obedient to that 
Jaw, there would doubtless be restrictions upon the effects 
derivable from any one distribution of matter. 


Hierarchy of Natural Laws. 


A further consideration presents itself, A natural law 
like that of gravity expresses a certain uniformity in the 
action of agenta submitted to it, and this produces, as we 
have seen, certain geometrical restrictions upon the effects 
which those agents may produce. But tl are other 
forces and laws besides gravity. One force may override 
another, and two laws may each be obeyed and may each 
diaguise the action of the other, In the intimate constitu- 
tion of matter there may be hidden springs which, while 
acting in accordance with their own fixed laws, may Tead 
to sudden and unexpected changes. So at least it has 
been found from time to time in the past, and go there 
is every reason to believe it will be found in the futuro, 
‘To the ancients it seemed incredible that one lifeless stone 
could make snother leap towards it, A piece of irom 
while it obeys the magnetic force of the loadatone does 
not the less obey the law of gravity, A ee vitates 
downwards as regards every constituent or fibro, and 
yet it persists in growing upwards, Life is altogether ‘ani 
exception to the simpler phenomena of mineral substances, 
not in the sense of disproving those laws, but in supermdding 
forces of new and inexplicable character. Doubtless no 
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yenture to affirm thet we have exhausted the strange 
phenomena which may have been ided for in the 
original constitution of matter. The Universe might have 
been 50 designed that it ae for long intervals 
through the same round of um existence, and yet 
that events of exceptional character should be produced 
from time to time. Babbage showed in that most profound 
and eloquent work, The Ninth Bridgewater Treatise, that it 
was theoretically possible for human artists to design a 
machine, consisting of metallic wheela and levers, which 
should work invariably according to a simple law of action 
during any finite nomber of steps, yet at a fixed 
moment, however distant, should manifest a single breach 
of law. Suchan engine might goon counting, for instance, 
the natural numbers until they would reach a number 

airing for its expression a hundred million digits. “If 
Ba SS SS srs eyes)" 
anys Babbage? “wore changed into a and if all the 
figures contained in « thousand such volumes were arranged 
in order, the whole together would fall far short of the 
vast induction the observer would have had in favour of 
the truth of the law of natural numbers... Yet shall 
the engine, true to the prediction of its director, after the 
lapse of myriads of ages, fulfil its task, und give that one, 
the first and only exception to that time-sanctioned law, 
What would have been the chances against the appearance 
of the excepted case, immediately prior to its occurrence ¢” 

As Babbage further showed," a calculating ongine, after 
proceeding through any required number of motions 
according to a first law, may be made suddenly to suffer 
a change, so that it shall then commence to calculate 

» Ninth Briilyoowler Treatise, p. 140. 
2 Ibid. pp, 3443+ 
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ing to awl new law. ws the natural 
Siete tue tae it might ely bint give 
triangular, or aquare, OF cube numbers, these 
might be conceived theoretically as occurring time 
time, Sd a pel pipers area ip 2 
seen by a human artist, it is surely within the capacity of 
the Divine Artist to provide for analogous ch: of law 
in the mechanism of the atom, or the co: of the 


heavens, 

Physical science, go far ag ita highest epeculations can 
be trusted, gives some indication of a change of law in 
the past history of the Universe. to Sir WL 
‘Thomson's deductions from Fourier’s Theory io Heat, we 
can trace down the dissipation of heat by cor ion and 
radiation to an infinitely distant time when all things will 
be uniformly cold. But we cannot similarly trace the 
heat-history of the Universe to an infinite distance in the 
past. For a certain negative value of the time the formule 
give impossible values, indicating that there was some 
initial distribution of heat which could not have resulted, 
according to known laws of nature, from any previoms 
distribution? There are other cazes in which a considera- 
tion of the dissipation of ens leads to the conception of 
a limit to the antiquity of the present order of things® 
Human science, of course, is fallible, and some oversight 
or erroneous simplification in these theoretical calculations 
may afterwards be discovered; but ag the present atate of 
scientific knowledge is the only ground on which erroneous 
inferences from the uniformity of nature and the supposed 
reign of law are founded, L am right in cpronlng oe 

ent state of science in opposition to these in! 
Now the theory of heat places us in the dilemma either of 


Pre Clin i mow intresting Jet Th Fit 
an it Catastrophe” (Fortnis vewiow, April 1875, Ter 
wine by ais Gastar Teams otaig 20) shies aT ae 
‘etroncously substituted * known laws of nature” for “knows lawa 
of couduction of heat,” I quite admit the error, without adinitty 
‘all the conclusions which Professor Clifford proceods to draw ; but 
sovitain the paragraph unchanged, in ender that it may ‘be diseussod 
it the Prefae 

2 Maids Thermodynamics, p38 Combridge Malheeniiea! Journal 
yo. dif. p. 174. 

* Clefk Maxwell's Theory of Heat, p. 245. 
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believing in Creation at an assignable date in the past, or 
else of supposing that some inexplicable change in the 
working of natural laws then took place. Physical science 
gives uo countenance to the notion of infinite duration of 
matter in one continuous course of existence, And if in 
time past there has been a discontinuity of law, why may 
there not be @ similar event awaiting the world in the 
future? Infinite ingenuity could have implanted some 
agency in matter so that it might never yet have made 
its tremendous powers manifest. We have a very good 
theory of the conservation of energy, but the foremost 
physicists do not deny that there may possibly be forms of 
energy, neither kinetic nor potential, and therefore of un- 
Known nature* 

We can imagine roasoning creatures dwelling in a world 
where the atmosphere was a mixture of oxygen and in- 
flammable gas like the fire-damp of coal-mines, If devoid 
of fire, they might have lived through long ages unconscious 
of the tremendous forces which a single spark would call 
into play. In the twinkling of an eye new laws might come 
into action, and the poor reasoning creatures, so confident 
about their knowledge of the reign of law in their worl 
would have no time to speculate ce the overthrow of 
their theories. Con we with our finite knowledge be sure 
that such.an overthrow of our theories is impossible? 


The Ambiguous Bupression, “ Uniformity of Nature” 


+ Maxwell's Theory of Heat, p. 92. 
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ota my ‘ePaal y"  ae na ‘ca 


eee a sun seems ae rer a 
bie ca space that Mea sae patie motion would 
fot bog ta nearest known star (a Centauri) in less 
than 139, ea oe But in onder to be sure that this 
aural oe an urbed life is granted to our OE we 
must e that there are no stars moving 80 as to moet 
U3, no dark bodies of considerable size flying Hed 
intervening space unknown tous. The intrusion of 
into our system, and the fact that many of them have 
hyperbolic paths, is sufficient to show that the surround- 
ing parts of space are occupied by multitudes of dark 
bodies of some size. It is quite probable that small aim 
may have cooled sufficiently to become non-lumin 
for even if we discredit tho gate that the varintion n of 


oe lee of periodic stars is due to the revolution of — 


companion stars, yet there is in our own globe 
Tok es 


jueationable example of a amaller body wl 
sate io Tuminous point, 


ia too 
ea the reign of law. For all that our science can 
aoe erate aeons in the noxt instant af time, 
6 world m: ed to inst a 
star; it say te invelved. rage fabs caname eh 
hydrogen to be Lhe second pipet it creme be 
scorched up or dissipated into some great 
explosion in the sun; there Sagat even be within the 
globe itself some seoret cuuse of disruption, which only 
needs time for ita manifestation. 


There are some indioations, as already noticed (p. 5), 
that violent disturbances have actually occurred in the 


history of the solar system. Olbers sought for the minor 


planets on the supposition that they were fmgments of an 

exploded planet, and he was rewarded with the 

of some of them. The retrograde motion of the satellites 

of the more distant planets, the abnormal position of the 

poles of Uranus and the excessive distance of Nepeaaiee 
ve 


other indications of some vivlent event, of which we 
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no other evidence. Tadduce all these facts and its, 
not to show that there is any considerable pro! a8. 


far a8 we can j) of i ‘ion within the of 
pested Seah jb verre sued the Uniformity of Natnre 

is the ically consistent with the most unexpected events 

of which we can form a conception, 


Possible States of the Universe. 


‘When we give the rein to scientific imagination, it 
becomes apparent that conflict of Bed ri ly must 
not be regarded as the rare exception, but as the 
rule and the inevitable fate of each star system. So far 
as we can trace ont the results of the law of gravitation, 
and of the dissipation of energy, the universe must ia 

led as undergoin; condensation into a single 
an solid body at rae dimensions, Those who so 
Feaiendy use the expreasion Uniformity of Nature seem 
to forget that the Universe might exist consistently with 
the laws of nature in the most diverse conditions. Ib 
might consist, on the one hand, of a glowing nebulous 
mass of gaseous substances, The heat might be so intense 
that all elements, even carbon and silicon, would be 
in the state of gas, and all atoms, of whatever nature, 
would be flying about in chemical independence, diffusing 
themselves almost uniformly in the neighbouring parte 
of apace. Tiare ope ian ‘be no life, le Seg 
apply that name to the throug) ol 
aaa of similar average tains of pone, nay or 
succession of atoms being governed only theory 
of probability, and the os of divergence from a mean 
exhibited in the Arithmotical Triangle. Such a universe 
would correspond partially to the Lucretian rain of atoms, 
and to that nebular hypothesis out of which 


According to another extreme supposition, the intense 
heat-energy of this nebulous mass might be radiated away 
into the unknown regions of outer space. The attraction 
of gravity would exert itself between cach two particles, 
and the energy of motion thence arising would, by in- 
cessant conflicts, be resolved into heat and dissipated. 


a 
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constant variety and ever-progressing change is the real 
outcome, 


Speculations on the Reconcentration of Energy. 


a ane unequivocal indications, as I have said, that 
material universe, as we at present sce it, is progressing 
from geome act of creation, or some discontinuity of exist- 
ence of which the dato may be approximately fixed by 
scientific inference It is progressing towards a state im 
which the available enorgy of matter will be dissipated 
through infinite ermal space, and all matter will 
become cold and lifeless. is constitutes, ag it were, the 
historical pane of physical science, that over which our 
scientific foresight may more or less extend. But in this, 
a3 in other cases, we have no right to interpret our ox 
perience negatively, so a8 to infer thab because the present 
atate of things began at a particular time, there was no 
previous existence, It may be that the present period of 
imaterial existance is but one of an indefinite series of like 

that we can see, and feel, and infer, and 
reason about may be, as it were, but a part of one single 
pulsation in the existence of the universe. 

After Sir W. Thomson had pointed out the prepon= 
derating tendency which now seems to exist towards the 
conversion of all energy into heat- » and its equal 
diffusion by radiation throughout. space, the late Professor 
Rankine put forth aremarkublespeculation, He suggested 
that the ethereal, or, as I have called it, the adamantine 
medium in which all the stars exist, and all mdiation 
takes place, may have bounds, beyond which only empty 
space exists. All heat undulations SR: this boundary 
will be totally reflected, according to tho theory of undu- 
lations, and will be reconcentruted into foci situated in 





extinct star happens to pass through one of these fc 
will be instantly eat ond resolved by intense heat into 
ite constituent ¢lemanta, Discontinuity will occur in the 
history of that portion of matter, and the star will begin 
ita history with a renewed store of energy. 


3 Report of the British Association (1332), Report of Sections, p12, 





might attribute various ee to the adamantine medium, 

the coneequences would be various, But there is this 
value in such speculations, that they draw attention to the 
finiteness of our knowledge, We cannot deny the 





‘truth of such an \esis, nor can we place a to 
the scientific imagination in the framing of other lke 
hypotheses, It is it ible, indeed, to follow out our 


scientific inferences without falling into speculation. If 
heat be radiated into outward space, it must either 
ad infinitum, or it must be stopped somewhere, In the 
Tattor case we fall upon Rankine's hypothesis, But if the 
material universe consist of a finite collection of heated 
matter situated in a finite portion of an infinite adamantine 
medium, then either this univeree must have existed for a 
finite time, or else it must have cooled down during the 
ae, of past SET near ve os abeolute 2ero 
ter ture, I obj to Lucreti it against 
the destructiility of matter, that we have: no ku 
whatever of the laws according to which it would uw 
destruction. But we do know the laws accordiag to 
the dissipation of heat appears to i, ani 
clusion inevitably is that a finite heated material body 
placed in a perfectly cold infinitely extended medium 
would in an infinite time aink to zoro of temperature. 
Now our own world ix not yet cooled down near to zero, 
80 that physical science seems to place us in the dilemma 
of admitting cither the finiteness of past duration of the 
world, or else the finiteness of the portion of medium in 
which we exist, In either case we become inyolved in 
metaphysical and mechanical difficulties surpassing our 
mental powers, 


The Divergent Scope for New Discovery, 
Tn the writings of some recent philosophers, especial; 
of Auguste Comte, and in some degree John Stuart Mill 
there is an crroncous and hurtful tendency to represent 


our knowledge as assuming an approximately complete 
character, Ar Janse thane and many pe ema fa to 


, aoe} 
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impress upon their readers a truth which cannot ‘be too 
constantly borne in mind, namely, that the utmost successes 
which our scientific method can accomplish will not enable 
us to comprehend more than an infinitesimal fraction of 
what there doubtless is to comprehend.* Professor 

seems to mo open to the same charge in a loss degree. He 
remarks * that we can probably never bring natural pheno- 
mena completely under mat tical laws, because the 
approach of our sciences towards completeness may be 
asymptotic, so that however far we may go, there may 
stil remain some facts not subject to sciontitic explanation, 
He thus likens the supply of novel phenomena to a con- 
vorgent series, the earlier and larger terms of which have 
‘been successfully disposed of, so that comparatively minor 
groups of phenomena alone remain for future investigators 
to occupy themselves upon. 

On the contrary, as it appears to me, the supply of new 
and unexplained facts is divergent in extent, so that the 
more we have explained, the more there is to explain. 
The further we advance in Gin generalisation, the more 
numerous and intricate are the exceptional cases still 
demanding further treatment, The experiments of Moyle, 
Mariotte, Dalton, Gay-Lugeae, and others, upon the physical 
properties of gases, might seem to have exhm that 
subject by showing that all gases obey the same laws 
4s regards temperature, Gated and ‘volume, But in 
reality these laws are only approximately true, and the 
divergences afford a wide and quite unexhausted field for 
further generalisation. The recent discoveries of Professor 
Andrews have summed up some of these exceptional facts 
under a wider generulisation, but in reality they have 
opened to us vast new regions of interesting inquiry, and 
they leave wholly untouched the question why one gas 
behaves differently from another. 


4‘ Mr, ©, J. Monroe objects that in this statement T do injusticn 
to Comte, who, he thinks, did impress upon hia readers the inado- 
quacy of our mental powers compared ‘with the vastness of tho mbjoct 
matter of science, ‘The error of Comte, he holds, was in maintaining 
that sclence had been carriel about as far a4 it ia worth while to 
carry it, which isa different matter, In either case, Cornte's position 
iy so wutenable that T aim es to leave the question undecided. 

: Be 362 
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‘The seience of 3 a hy is that perbaps in which 
the most precise and general Jaws have been detected, but 
it would be untrue to assert that it has lessened the area of 
future discovery, Wo can show that dach one of the seven 
or eight hundred forms of calvite is derivable by geome- 
trical modifications from an hexagonal prism; but who has 
attempted to explain the molecular forces producing these 
modifications, or the chemical conditions in which they arise? 
The law of isomorphiam is an important generalisation, for 
it establishes a general resemblance between the forms of 
crystallisation of natural classes of elements But if we 
examine a little more closely we find that these forms are 
only approximately alike, and the divergence peculiar to 
a substance is an unexplained exception. 

By many similar illustrations it might readily be shown: 
that in whatever direction we extend our investigations 
and Lissa harmonise a few facts, the result 1s only 
to raise up a host of other unexplained facta, Can any 
scientific man venture to state that there is leas opening 
now for new discoveries than there was three centuries ago ¢ 
Is it not rather true that we have but to open a ie 
book and read page or two, and we shall come to some 
recorded phenomenon of which no explanation can 
be given? In every such fact there is 8 possible opening 
for new discoveries, and it can only be the fault of the 
investigator's mind if he can look sround him and find 
no scope for the exercise of his faculties, 


Infinite Tncompleteness of the Mathematical Sciences, 


‘There is one privilege which a certain amount of know= 
ledge should confer; it is that of becoming aware of the 
weakness of our powers compared with the taske which 
they might undertake if stronger, To the poor savage who 
cannot count twenty the arithmetical accomplishments of 
the schoolboy are miraculously great. The schoolboy eannot 
comprehend the vastly greater powors of the student, who 
has acquired facility in algebraic es. The student 
can but look with feelings of surprise and reverence at the 
powers of a Newton or a Laplace, But the question at 
once suggests itself, Do the powers of the highest human 
intellect bear a finite ratio to the things which are to be 
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understood and calculated? How many further steps mast 
we take in the rise of mental ability and the extension of 
mathematical methods before we to exhaust the 
knowable ? 

Tam inclined to find fault with mathematical writers 
because they often exult in what they can accomplish, and 
omit to point out that what they do is but an infinitely 
small part of what might be done, They exhibit a general 
inclination, with few exceptions, nob to do so much as 
mention the oxistence of problems of an impracticable 
character. This may be excusable as far aa the immediate 
practical result of their researches is in question, but. this 
custom has the effect of misleading the general public into 
the fallacious notion that mathematics ix a perfect science, 
which accowplishes what it undertakes in a complete 
manner, On the contrary, it may be said that if a mathe~ 
matical problem were selected by chance out of the whole 
number which might be proposed, the probability is in- 
finitely slight that a human mathematician could solve it. 
Just as the numbers we can count are nothing compared with 
the numbers which might exist, so the accomplishments 
of a Laplace or a Lagrange are, as it were, the little corner 
of the multiplication-table, which has really an infinite 
extent. 

I have pointed out that the rude charactor of our ob- 
servations prevents vs from being aware of the greater 
number of effects and actions in nature, Tt must be added 
that, if we perceive them, we should usually be incapable 
of incloding them in our theories from want of mathe- 
matical power. Some persons may be surprized that 
though nearly two centuries have elapsed since the time 
of Newton's discoveries, we have yet no general theory of 
molecular action, Some ophhosi netlaea a been made 
towunds such a theory. Joule and Clausius have measured 
the velocity of atoms, or oven determined the 
average distance between the collisions of atom and atom, 
Thomweon bas approximated to the number of atoms in a 
given bulk of substance, Rankine has formed some rea~ 
sonable hypotheses as to the actual constitution of atoms. 
It would be a mistake to suppose that these ingenious 
results of theory and experiment form any appreciable 
approach to a complete solution of sues mations, 

° 
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‘There is every reason to believe, judging from the spectra 
of the elements, their atomic 2a Si anil other data, that 
chemical atoms are very complicated structures. An atom 
of pure iron is probably a more complicated system 
than that of the planets and their satellites, A compound 
‘atom may perhaps be compared with a stellar systera, each 
star a minor system in itself, he smallest particle of 
solid substance will consist of a great number of such stellar 
systems united in. Belge order, each bounded by the othar, 
communicating with it in some manner yet wholly incom- 
prehensible. What are our mathematical powers in com- 
‘igon with this problem ? 

After two centuries of continuous labour, the most gifted | 
men have succeeded in calculating the mutual effects of 
three bodies each upon the other, under the simple 
hypothesis of the law of gravity. Concerning these caleu~ 
Intions we must further remember that they are purely 
approximate, and that the methods would not apply where 
four or more bodies are acting, and all produce considerable 
effects upon each other. There is reason to believe that 
each constituont of a chemical atom goes through an orbit 
in the millionth part of the twinkling of an eye. Tn eatel: 
revolution it is successively or simultaneously under the 
influence of many other constituents, or possibly comes into 
collision with them. It is no exaggeration to say that 
mathematicians have the least notion of the way in which 
they could successfully attack so difficult a problem of 
forces and motions, As Herschel has remarked,' each of 
these :particles is for ever solving differential equations, 
which, if written out in full, might belt the earth. 

Some of the most extensive calculations ever made 
were those required far the reduction of the measurements 
executed in the course of the Trigonometrical Survey of | 
Great Britain. The calculations arising out of the principal 
triangulation occupied twenty calculators during three or 
four years, in the course of which the computers had to 
solye simultaneous equations involving seventy-seven 
unknown quantities, ¢ reduction of the levellings: 
required the solution of a system of ninety-one equations. 
But these vast caloulations present no approach whatever to 


¥ Familiar Lectures on Scientific Subjects, p. 458. 
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what would be requisite for the complete treatment of any 
one physical problem, Tho motion of glaciers is supposed 
to be moderately well understood in the present ay A 
glacior is a viscid, slowly yielding mass, neither absolutely 
solid nor absolutely rigid, but it is expressly remarked by 
Forbes, that not even an approximate solution of the 
mathematical conditions of such a moving mass can yet be 
possible. “Every one knows,” he says, “that such problems 
are beyond the compass of exnct mathematics ;" but though 
mathematicians may know this, they do not often enough 
impress that knowledge an other people, 

The problems which are solved in our mathernatical 
books consist of a small selection of those which happen 
from peculiar conditions to be solvable. But the very 
simplest problem in appearance will often give risa to 
impracticable calculations. Mr. Todhunter® seems to blame 
Condoreet, becange in one of his memoirs he mentions a 
problem to solve which would require a great and imprac- 
ticable number of successive in! tions, Now, if our 
mathematical sciences are to cope with the problems which 
await solution, we must be prepared to effect an unlimited 
number of euccessive integrations; yet at present, and 
almost beyond doubt for ever, the probability that an 
integration taken haphazard will come within our powers 
is execedingly small, 

Tn some passages of that remarkable work, the Ninth 
Bridgewater Treatise (pp. 11 nt 5), Babbage has pointed 
out that if we had power to follow and detect the minutest 
effects of any disturbance, each ae of existing matter 
would furnish a register of all that has happened. “Tho 
track of every canoe—of every vessel that has yeb disturbed 
the surface of the ocean, whether impelled by manual force 
or clemental power, remains for ever registered in the future 
movement of al! succeeding particles which may occupy its 
place. The farrow which it left is, indeed, instantly filled 
up by the closing waters; but they draw after them other 
and larger portions of the surrounding eloment, and these 
again, once moved, communicate motion to others in endless 
succession." We may even say that“ The air itself is one 
‘yast library, on whose pages are for ever written all that 


1 Philosophical Magarins, sd Series, vol axvb po 
2 History af the Theory of Erotailty, pe ag8" 
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man has ever said or even whispered, There, in their 
mutable but unerring characters, mixed with the earliest 
‘aa woll ag tho latest sighs of mortality, stand for over 
recorded, vows unredeemed, promises unfulfilled, 
tuating in the united movements of each particle the 
testimony of man’s changeful will." 

When we read reflections such asx these, we may eon= 
gratulute ourselves that we have been endowed with minds 
which, rightly employed, can form some estimate of their 
ineapacity to trace out and account for all that reeds. 
in the simpler actions of material nature, It ought to be 
added that, wonderful as is the extent of physical pheno- 
mena open to our investigation, intellectual phenomena are 
yet vaatly more extensive. Of this I might present one 
satisfactory proof were space available by pointing out that 
the mathematical functions employed in the calculations 
of physical science form um infinitely small fraction of the 
functions which might be invented. Common trigonometry 
consists of  grent series of useful formule, all of which arise 
out of the Saietics of the sine and cosine expressed in one 
equation, sin “#4 cos*a=1, But this is mot the only 

jonometry which may exist ; mathematicians also recog= 
aise hyperbolic trigonometry of which the fundamental 
equation is, cos *2—sin*2=1. De Morgan has 
out that the symbols of ordinary algebra form but three 
of an interminable series of conceivable systems.* As the 
logarithmic oporation is to addition or addition to multi- 
plication, so is the latter to a higher operation, and so on. 
without limit, 

We may rely upon it that immense, and to us incon- 
ceivable, advances will be made by the human intellect, in 
the absence of any catastrophe to the species or the globe. 
Within historical periods we can truce the rise of mathe~ 
matical science from its simplest germs. We can prove 
our descent from ancestors who counted only on their 
fingers. How eaeely is a Newton or a Laplace above 
thowe simple savages. ‘Pythagoras is said to have sacrificed 
a hecatomb when he discovered the forty-seventh propo- 
sition of Kuclid, and the occasion was worthy of the gactifiea, 
Archimedes was beside himself when he first perceived 


4 Trigonometry and Double Algebra, chap, ix, 





xsxu) LIMITS OF SCIENTIFIC METHOD, 79 





his beautiful mode of determining specific gravities, Yet 
these great discoveries are the commonplaces of our school 
books, Step by step we can trace upwards the acquirement 
of new mental powers. What could be more wonderful 
than Napier's discovery of logarithms, a new mode of 
calculation which has multiplied perhaps a bundredfold 
the working powers of every computer, and has rendered 
eaay calculations which were before impracticable? Since 
the time of Newton and Leibnitz worlds of problems have 
boen solved which before were hardly conceived as matters 
of inquiry. Tn our own day extended methods of mathe- 
matical reasoning, such as the system of quaternions, have 
‘been brought into existence. What intelligent man will 
doubt that the mecondite speculations of a Cayley, a Syl- 
veater, or a Clifford may lead to some new development of 
new mathematical power, at tha simplicity of which a 
fuvnre age will wonder, and yet wonder more that to us they 
were so dark and difficult, “May we not repeat: the 

of Seneca; " Veniet tempus, quo ista fun nune latent, in 
lucem dies extrahat, et longioris wvi diligentia : ad inquisi- 
tionem tantorum «tas una non suificit. Veniet tempus, 
quo posteri nostri tam aperta nos nescisse mirentur.” 


The Reign of Law in Mental and Social Phenomena, 


After we pass from the so-called physical sciences to 
those which attempt to investigate mental and social 
pososmens, the same general conclusions will hold trae, 

0 one will be found to deny that there are certain uni- 
formities of thinking and aeting which can be detected 
in reasoning beings, and so far as we detect auch laws 
we successfully apply scientific method. But those who 
attempt to eatablish social or moral sciences soon become 
aware that they are dealing with subjects of enormous 
perplexity, Take ay an instance the acience of political 
economy. If a science at all, it must be a mathematical 
science, because it deals with quantities of commodities, 
But as soon as we attempt to draw out the sine 
cxreesiog the laws of demand and supply, we discover 
that they have a complexity entirely surpassing our powers 
of mathematical treatment. We may lay down the general 
form of the equations, expressing the demand and supply 


, 
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for two or three commodities among two or three trading 
bodies, but. all the functions involyed are so complicated in 
character that there ig not much fear of seientitie method 
inaking rapid progress in this direction, If such be the 
prospects of a comparatively formal science, like political 
economy, what shall we say of moral science? Any 
complete theory of moras must deal with quantities of 
pleasure and pain, as Bentham pointed ont, and must sam 
up mas it tendency of each kind of action upon the 

the community. If we are to apply scientific 
method to morals, we must have a calculus of moral effects, 
a kind of physical astronomy investigating the mutual per= 
turbations of individuals, But as astronomers have not 
yet fully solved the problem of three gravitating bodies, 
when shall we have a solution of the problem of three 
moral bodies ? 

The sciences of political economy and morility are eom= 
paratively abstract and general, treating mankind from 
simple points of view, and attempting to detect general 
principles of action, They are to social phenomena what 
the abstract sciences of chemistry, heat, and electricity 
are to the concrete science of meteorology, Before we can 
investigate the actions of any aggregate of men, we must 
have fairly mastered all the more abstract sciences applying 
to them, somewhat in the way that we have acquired 
fair comprehension of the simpler traths of chemistry and 
physics. But all our physical sciences do not enable us to 
prodict the weather two days hence with any great proba- 
bility, and the general problem of meteorology is almost 
unattempted as yet, What shall we say then of the general 
problem of social science, which shall enable us to predict 
the course of events in a nation? 

Several writers have proposed to lay the foundations of 
the science of history. Buckle undertook to write the 
History of Civilisation ia England, and to show how the 
character of a nation could be explained by the nature of 
the climate and the fertility of the soil He omitted to 
explain the contrast betweon the ancient Greck nation and 
the present one; thers must have been an extraordinary 
revolution in the climate or tho soil, Auguste Comte 
detected the simple laws of the course of orelo pci 
through which nations pass There are always three 
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phases of intellectual eondition—the theologieal, the 
motaphysical, and the positive; applying this general 
law of progress to concrete cases, Comte was enabled 
to predict that in the hierarchy of European tations, 
Spain would necessarily hold the highest place, Such 
are the parodies of xeience offered to us by the positive 
ilmopene 

A science of history in the trae sense of the term is 
an absurd notion. A nation is not a mere sum of indi- 
viduals whom we can treat by the method of averages; 
it is an organic whole, held together by ties of infinite 
fect Hote © Each individual acts and re-acte upon his 
smuller or greater circle of friends, and those who acquire 
a public position exert an influence on much larger sections 
of the nation, There will always be a few greab leaders 
of exceptional genius or opportunities, the unaccountable 
phnoses of whose opinions and inclinations sway the whole 
body. From time to time arise critical situations, battles, 
delicate negotiations, internal disturbanees, in which the 
slightest incidents may change the course of history, A 
rainy day may hinder a forced march, and change the course 
ofa aropaign ; a few injudicious words in a despatch may 
irritate the national pride; the necidental discharge of 
ge may precipitate @ collision the effects of which will 
last for centuries, It is said that the history of Europe 
depended at one moment upon the question whether the 
look-out man upon Nelson's vessel would or would not 
descry a ship of Napoleon's expedition to Exypt which was 
pasaing not far off. In human alfairs, then, the smallest 
causes may produce the greatest effects, and the real appli- 
cation of scientific method is out of the question, 


The Theory of Evolution, 


Profound philosophers have lately generalised concernin; 
the production of living forms and the mental and maid 
henomena regarded ag their highost development. Herbert 
Spencer's theory of evolution purports to explain the origi 
of all specific differences, so that not even the rise of a 
Homer or a Beathoven would escape from hia broad theories, 
The homogeneous is unstable and must diflirentiabs 
itself, says Spencer, and hence comes tho variety of human 
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institutions and characters, In order that a living form 
‘shall continue to exist and its kind, says iy 
it must be suitable to its Feumetances, and” t the most 
suitable forms will prevail over and extirpate which 
are less suitable. mm these fruitful ideas are 

theories of evolution and natural selection which go far 
towards accounting for the existence of immense numbers 
of living creatures—plants, and animals. Aj adap~ 
tations of organs to useful purposes, which 

as distinct products of creative intelligence, are now seen 
to follow as natural effecte of a constantly acting tendency, 
Even man, according to these theories, is no distinct crea- 
tion, but rather an extreme cage of 

His nearest cousins are the apes, and his pedigree extends 
backwards until it joins that of of the lowliest zoophytes. 

The theories of and Spencer are doubtless not 
demonstrated ; they are to some extent hypothetical, just 
as all the theories of physical science are to some extent 
hypothetical, and open to doubt. Jndging from the 
immense numbers of rane facts which harmonise 
and explain, I venture to look upon the of evolu~ 
tion and natural selection in them main Saitek as two of 
the moat probable hypotheses ever propoged, T question. 
whether any scientific works which have appeared or ! 





Principia of Newton are comparable in importance 
those of Darwin and Spencer, eee ‘as they do all 
our views of the origin of bodily, mental, moral, and social 
phenomena, 

Granting all this, I cannot for a fea that the 
theory of evolution will destray theol That 
embraces several laws or uniformities wl are ol 
to be true in the production of living AS Dut these laves 
do not determine the size and figure of living o creatures, any 
more than the Jaw of gravitation determines the 
and distances of the planets. Suy that Darwin is 
correct in eaying that man is deacende oe 
yet the precise form of the human body must Eee been 
influenced by an infinite train of circumstances affe 
the reproduction, owt, and health of the whole chain 
intermediate beings, No doubt, the Referee 
what they were, man could not be otherwise than ein and is, 
if in uny other part of the universe an exaetly similar earth, 
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furnished with exactly similar germs of life, existed, a 
race must have grown up thers exactly similar to the 
homan race. 

By a different distribution of atoma in the primeval world 
a different series of living forms on this earth would have 
eon produced. From the same causos acting according to 
the same laws, the same results will follow; but from 
different causes acting according to the same laws, different 
results will follow. 55 far a8 we can soe, then, infinitely 
diverse living creatures might have heen created con- 
sistently with the thoory of evolution, and the precise 
reason Why we have a backbone, two hands with opposable 
thumbs, an erect stature, a complex brain, about 223 bones, 
and many other poculiarities, 1a only to be found im the 
original act of creation. I do not, any less than Paley, 
believe that the eye of man manifests design, I believe 
that the eye was gradually developed, and we can in fact 
trace its gradual development from the first germ of a nerve 
affected by light-rays in some simple zoophyte. In propor- 
tion as_ the GR became a more accurate instrament of 
vision, it enabled ita possessor the better to escape destruc- 
tion, but the ultimate result must hnye been contained in 
the aggregate of the causes, and these causes, as far as we 
Gan gee, were subject to the arbitrary choice of the Creator, 

Although Agunit was clearly in holding. that 
every species of living creature ap; on earth by the 
immediate intervention of the Creator, which would amount 
to saying that no laws of connection between forms are 
discoverable, yet he seems to be right in asserting that 
living forms are distinct from those produced by purely 
physical causes, “The Hoses of what are commonly 
called physical agents,” says,' “are here the 
same (ie. npon the whole surface of the earth), and have 
always been the same (é« during all geological periods) ; 
while organised beings are everywhere different and haye 
differed in all ages, Between two such series of phenomena 
there can be no causal or genctic connection.” Laying forms 
as we now regard them are essentially variable, but from 
constant mechanical causes constant effects would enauo, 
If vegetable cells are formed on geometrical principles 


' Agassiz, Breoy on Olaasification, p. 75. 
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dolatedea then all cells should have similar forms. In 

the Foraminifera and some other lowly organisms, we seem 

to observe the production of complex forms on geometrical 
principles. But from similar causes acting according to 
Similar Jaws only similar results could be produced If 
the original life-germ of each creature is a pups particle 

of ead toe unendowed with any distinctive forces, then 

the whole of the complex phenomena of animal and 

table life are effects without causes. TProtoplasm may 
chemically the same substance, and the germ-cell of a man 
and of o fish be ap tly the same, so far as the: 
microscope ean decide ; but if certain cells produce men, 
and others as uniformly produce a species of fish, Hore | 
must be a hidden constitution determining the extremely . 
different results, If this were not so, the generation of 
every living creature from the uniform gorm would have 

to be led us a distinct uct of creation. 

Theologians have dreaded the establishment of tho 
theories of Darwin and Hualey and Spencer, as if they 
thought that those theories could explain everything 
the purest mechanical and material principles, and ex: 
all notions of design. They do not see that those theories 
have opened up more questions than they have clowed. 
The doctrine of evolution gives a complete explanation of 
no single living form. While showing the general prin- . 
ciples which prevail in the variation of living creatures, it 
only points out the infinite complexity of the causes and. 
circumstances which have led to the present state of thinge. 
Any one of Mr. Darwin's books, admirable though they all 
are, consists but in the setting forth of a multitude of 
indeterminate probletas He proves in the most beautiful 
mauner that each flower of au orchid is adapted to some 
insect which frequents and fertilises it, and these adapta~ 
tions are but a few cases of those immensely numerous ones 
which have oceurred in the lives of planta and animals. 
But why orchids should have been formed so differently 
from other plants, why anything, indeed, should be as it is, 
rather than in some of the other infinitely numerous ible 


modes of existence, he can never show. The origin of 
; thing that exists is wrapped up in the past history of thas 





universe, At some onc or more points in past time thers 
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must have been arbitrary determinations which led to the 
production of things aa they ara, 


Possibility of Divine Interference, 


T will now draw the reader’s attention to pages 149 to 152. 
I there pointed out that all inductive inference involves 
the assumption that our knowledge of what exists is com- 
ete, and that the conditions of things remain unaltered 
tween the time of our experience and the time to which 
our inferences refer, Recurring to the illustration of a 
ballot-box, employed in the chapter on the inverse method 
af probabilities, we assume when predicting the probable 
nature of the mext drawing, firstly, that our previous 
drawings have been sufficiently numerous to give us 
knowledge of the contents of the box; and, secondly, that 
no interference with the ballot-box takes place betwoon 
the previous and the next drawings. The results yielded 
by the theory of probate are quite plain. No finite 
number of casual drawings can give us sure knowledge of 
the contenta of the box, so that, even in the absence of all 
disturbance, our inferences are merely the best which can 
be made, and do not approach to infallibility. If, however, 
interference be possible, even the theory of probability 
ceases to be applicable, for, the amount and nature of that 
interference being arbitrary and unknown, there coases to 
be any connection between premises and conclusion. Many 
years of reflection have not enabled me to se0 the way of 
avoiding this hiatus in scientific certainty. The conclusions 
of scientific inference appear to be always of a hypothetical 
and provisional nature. Given certain experience, the 
theory of probability yields us the trae interpretation of 
that experience and is the surest guide open tous But 
the best calculated results which it can give are never 
absolute probabilities; they are purely relative to the extent 
of our information, It seems to be impossible for us to 
jndge how far our experience gives us adequate information 
of the universe aa a whole, and of all the forces and pheno- 
mena which can have place therein. 
1 feel that I cannot in the space remaining at my com- 
mand in the peeent yolume, sufficiently follow out the 
lines of thought suggested, or define with precision my 
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own conclusions. This chapter contains morsly Reflections 
upon subjects of so weighty a character that T should 
myself wish for many years;—nay for more than a lifetime 
of further reflection. My purpose, as I have repeatedly 
said, is the purely negative one of showing that atheism 
and materialiam are no necessary results of scientific 
method. From the preceding reviews of the value of one 
ecientific knowledge, I draw one distinct conclusion, that 
we cannot disprove the possibility of Divine interference 
in the course of nature. Such interference might arise, 20 
far as our knowledge extends, in two ways Tt might 
consist in the disclosure of the existence of some pl 
epring of energy previously unknown, but which ¢! a 
given pu ata given moment, Like the ee 
change of law in Babbage’s imaginary caleulating me 
there may exist eee surprises in the order 

nature, a3 it presents itself to us. Secondly, the same 
Power, which created material nature, might, 80 far a 
T can see, create additions to it, or annihilate portions 
which do exist, Such events aro in a cortain senee incon- 
etivable to us; yeb they are no more inconceivable than 
the oxistence of tho world as it is, Tho indostructibility of 
matter, and the conservation of energy, are very probable 
scientific hypotheses, which accord satisfactorily with ex- 
perimente of scientific men during afew years past, but it 
would be gross misconeeption of scientific inference to 
suppose that they are certain in the sense that a propo- 
sition in geometry is certain, Philosophers no doubt hold 
that de nihilo nihil fit, that is to say, their senses give them 


no means of irhagining to the mind how creation can take _ 


place, But we are on the horns of a trilemma; we must 
either deny that anything exists, or we must allow that it 
was created out of nothing at some moment of past time, 
or that it existed from eternity, The first ulternative is 
absurd ; the other two scem to me equally conceivable, 


Conclusion, 


Tt may seem that there is one point where our spocu- 
lations must end, namely where contradiction bogina, ‘The 
laws of Identity and Difference and Duality were the 
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foundations from which we started, and they are, so far as 
Lcan sce, the foundations which we can never quit without 
tottering. Scientific Method must begin and end with the 
Jaws of thought, but it does not follow that it will eave ue 
from encountering inexplicable, and at least apparently 
ie nature of continuous quantity 





‘eontradictory re: 
leads us into extrome difficulties, Any finite space is 
composed of an infinite number of infinitely small 5 
each of which, again, is composed of an infinite number of 
spaces of a second order of smallness; these spaces of the 
second order are composed, again, of infinitely small 
spaces of the third order, Even these spaces of the third 
order are not absolute geometrical points answering to 
Euclid’s definition of a point, as position without mag- 
nitude. Go on as far as we will, in the subdivision of 
continuons quantity, yet we never get down to the ab- 
solute point, Thus scientific method leads us to the 
inevitable conception of an infinite series of successive 
ordera of infinitely small quantities, If so, there is nothing 
impossible in the existence of a myriid universes within 
the compass of a needle’s point, each with its stellar sys. 
tems, and its suns and planets, in number and variety 
unlimited, Science does nothing to reduce the number 
of atrange things that we may believe, When. fairl 
pursued it makes absurd drafts upon our powers of com- 
prehension and belief. 

Some of the tosh precise and beautiful theorems in 
mathematical science seam to me to invalve apparent con- 
tradiction, Can we imagine that a point moving along a 
perfectly straight line towards the west would ever get 
round to the east and come back again, having performed, 
as it were, a circuit through infinite space, yet without 
ever diverging from a perfectly straight direction? Yet 
this is what happens to the intersecting point af two 
straight lines in the same plane, when one line revolves, 
‘The same patadox is exhibited in the hy ‘perbola regarded 
as an infinite ellipse, one extremity of wl has rene to 
an infinite distance and ae back in the opposite mn 
A\ varying quantity may change ite sign by passing either 
through zero or tug infinity. In the ater ease there 
must be one intermediate value of the variable for which 
the variant is indifferently negative infinity and positive 





xxi} LIMITS OF SCIENTIFIO METHOD. Toa 





in the denominators of the binomial expansion (p. 190), 
which are reproduced in the natural constant ¢, or 
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and in aa ate ns Seeaeeag mie: = 
perceive, a3 ly ex] ‘PP. 33, 160, 3 
soe out of tho fact tbat the relations of space do not opply 
to the logical conditions governing the numbers of com~ 
hinations as contrasted to those of permutations. So far 
am I from accepting Kant’s doctrine that space is a 
necessary form of thought, that I sean it as an accident, 
and an impediment to pure logical reasoning. Material 
existences muat exist in space, no doubt, but intellectual 
existences may be neither in space nor out of space ; rae 
may have no relation to space at all, just as space its 
has no relation to time. For all that I can see, then, there 
may be intellectual existences to which both time and 
space are nullities, 

Now among the most unquestionable rules of scientific 
method is that first law that whatever phenomenon is, ts. 
‘We must ignore no existence whatever; we may variously 
interpret or explain its meaning and origin, but, if a phe- 
nomenon does exist, it demands some kind of explanation, 
Wf then there is to be competition for scientific recog- 
nition, the world without us must yield to the undoubted 
existence of the spirit within. Our own hopes and wishea 
ond determinations are tho most undoubted phenomena 
within the sphere of consciousness. If men do act, feel, 
and live ns if they were not merely the brief products of a 
casual conjunction of atoms, but the instruments of a far- 
reaching purpose, are we to record all other phenomena 
and poss over these? We investigate the inatincts of the 
ant and the bee and the beaver, and discover that they are 
led by an inscrutable agency to work towards a distant 
purpose, Let us be faithful to our scientific method, and 
investigate also those instincts of the human mind by 
which man is led to work as if the approval of a Higher 
Being were the aim of life, 
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